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Preface to the Third Edition

I was very pleased that the publisher asked me for a further edition of this book
on Statistical Physics. It deals not only with the topic of Statistical Mechanics but
also with Data Analysis and it gives an thorough introduction into mathematics of
random variables. Insofar it occupies a special position among physics textbooks on
Statistical Physics.

Since meanwhile the physics of complex systems has received a greater impor-
tance, it was therefore obvious to expand that part of the book which deals with
the Data Analysis. In particular the concept of Granger causality and the Unscented
Kalman filter are discussed.

I thank my colleague Jens Timmer for some advice in this regard and I am very
grateful to Dr. Bjorn Schelter for the formulation of the relevant sections.

Emmendingen Josef Honerkamp
January 2012






Preface to the Second Edition

The first edition of this book was appreciated very well, though, for some physicists,
it seems to contain an unconventional collection of topics. But more and more
complex systems are studied in physics, chemistry and biology so that knowledge
and experience in data analysis and model building becomes essential. Physics
students should learn more in statistical physics than only statistical mechanics,
they should also become acquainted with the mathematical background of numerical
methods for data analysis.

In this second edition I eliminated some misprints and some conceptual short-
comings, and I added some topics which are very useful and central for data analysis
and model building: the Monte Carlo Markov Chain method, the estimation of
realizations and of parameters in hidden systems such as hidden Markov systems
and state space models, and I introduced also some basic facts about testing of
statistical hypotheses and about classification methods. I hope that this enlargement
will meet some needs or, at least, will arouse interest in the reader.

I would like to thank many colleagues and students for discussions and clarifica-
tion, especially H.P. Breuer, J. Timmer, and H. Voss.

Emmendingen J. Honerkamp
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Modeling of Statistical Systems



Chapter 2
Random Variables: Fundamentals
of Probability Theory and Statistics

A fundamental concept for any statistical treatment is that of the random variable.
Thus this concept and various other closely related ideas are presented at the begin-
ning of this book. Section 2.1 will introduce event spaces, probabilities, probability
distributions, and density distributions within the framework of the Kolmogorov
axioms. The concept of random variables will then be introduced, initially in a
simplified form. In Sect. 2.2 these concepts will be extended to multidimensional
probability densities and conditional probabilities. This will allow us to define
independent random variables and to discuss the Bayes’ theorem. Section 2.3 will
deal with characteristic quantities of a probability density, namely, the expectation
value, variance, and quantiles. Entropy is also a quantity characterising a probability
density, and because of its significance a whole section, Sect. 2.4, is devoted to
entropy. In particular, relative entropy, i.e., the entropy of one density relative to
another, will be introduced and the maximum entropy principle will be discussed.
In Sect. 2.5, the reader will meet the calculus of random variables; the central limit
theorem in a first simple version is proven, stressing the importance of the normal
random variable; various other important random variables are also presented here.

Because many questions in statistical mechanics can be reduced to the formu-
lation of limit theorems for properly normalized sums of random variables with
dependencies given by a model, the subsequent sections present further discussion
of the concept of a limit distribution.

Section 2.6 introduces renormalization transformations and the class of stable
distributions as fixed points of such transformations. Domains of attraction are
discussed and the distributions in such domains are characterized by their expansion
in terms of eigenfunctions, which themselves are obtained by a stability analysis.

Finally, Sect. 2.7 addresses the large deviation property for a sequence of random
variables Yy, N = 2,... and it is shown how the characteristic features of the
density of Yy can then be revealed. It can already be seen that the shape of the
density of Yy may, as a function of an external parameter, become bimodal so that
in the thermodynamic limit N — oo not only one but two equilibrium states exist.
Thus the phenomenon of different phases and of a phase transition can already be
demonstrated on this level.

J. Honerkamp, Statistical Physics, Graduate Texts in Physics 38, 5
DOI 10.1007/978-3-642-28684-1_2, © Springer-Verlag Berlin Heidelberg 2012



6 2 Random Variables: Fundamentals of Probability Theory and Statistics
2.1 Probability and Random Variables

During the course of history many people devoted much thought to the sub-
ject of probability (Schneider 1986). For a long time people sought in vain to
define precisely what is meant by probability. In 1933 the Russian mathematician
A.N. Kolmogorov formulated a complete system of axioms for a mathematical
definition of probability. Today this system is the basis of probability theory and
mathematical statistics.

We speak of the probability of events. This means that a number is assigned
to each event and this number should represent the probability of this event. Let
us consider throwing a die as an example. In this case each possible event is an
outcome showing a certain number of points, and one would assign the number 1/6
to each event. This expresses the fact that each event is equally likely, as expected
for a fair die, and that the sum of the probabilities is normalized to 1.

The Kolmogorov system of axioms now specifies the structure of the set of events
and formulates the rules for the assignment of real numbers (probabilities) to these
events.

2.1.1 The Space of Events

We consider a basic set £2, whose elements consist of all possible outcomes of an
experiment, irrespective of whether this experiment can actually be performed or is
only imaginable. A single performance of this experiment is called a realization. It
yields an element w in £2.

We now want to identify events as certain subsets of §2. One may think of
events as the sets {w}, which contain one single element w, and as such represent
elementary events.

However, one may also think of other sets which contain several possible
outcomes, because the probability that the outcome of a realization belongs to a
certain set of outcomes might also be interesting.

A more detailed mathematical analysis reveals that in general not all subsets of §2
can be considered as events to which one can assign a probability. Only for certain
subsets, which can be made members of a so-called Borel space, can one always
consistently introduce a probability. Here, a Borel space is a set B of subsets of £2,
for which:

e 2¢eB

« If A € Bthen A € B, where A is the complement of 4

e fA,BeBthenAUBeB
and, more generally, the union of countably many (i.e., possibly infinitely many)
sets in BB also belongs to 5.
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For sets of a Borel space the axioms imply immediately that @ € 3. Furthermore,

for A, B € Bwealsohave AN B € B,since ANB = AU B.
Of course, a Borel space should be defined in such a way that all possible
outcomes of an experiment are really contained in this space.

Remarks.

e We should distinguish between experimental outcomes and events. Each exper-
imental outcome @ is an event {w}, but not every event is an experimental
outcome, because an event which does not correspond to an elementary event
contains many outcomes. We want to assign a consistent probability not only to
experimental outcomes, but to all events.

» Frequently, a set of events {A;,..., Ay} is given such that 4; N A; = @ for
i # j,and

AU UAdy = 2. @.1)

Such a set is called complete and disjoint.
Examples.

* When we throw a die the outcomes are the elementary events {i}, i = 1,...,60.
Further examples of events are {1, 2} (points smaller than 3) or {1, 3, 5} (points
are odd). Hence, not only the probability for the elementary outcome {1} may be
of interest, but also the probability that the points are odd.

We have
{I}U---U{6} =2 ={1,...,6}. (2.2)

* The Borel space may contain all intervals {x; < x < x,} on the real axis. It then
also contains all points and all open intervals, as well as the event {x < A} for
AeR.

Subsets not belonging to this Borel space can only be defined by complicated
mathematical constructions (see e.g. Dudley 1989). We do not want to pursue
this any further, because such sets are not relevant in physical considerations.

2.1.2 Introduction of Probability

Having dealt with the space of events we can now introduce the notion of
probability. To each event A in the space of events I3 we assign a real number P (A),
the probability of A. This assignment has to satisfy the following properties:

e P(A) > 0forall A € B,

« P(2) =1,

e Let A;,i = 1,... be countably many (i.e. possibly infinitely many) disjoint sets
in Bwith A; N A; = @ fori # j, then
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P(UA) =) P(4). (2.3)
i

These three conditions are certainly necessary for P(A4) to be a probability. It
was the achievement of Kolmogorov to show that these three requirements allow a
complete and consistent definition of such an assignment for all events.

Note that we have introduced probability without saying what it means, i.e.,
how to measure it. We have merely introduced an assignment which has all
properties one would expect of the notion of probability. In Part II we will deal
with the measurement of probabilities and of quantities which are calculated from
probabilities.

Remarks.

« From P(A) + P(4A) = P(2) = 1 we find P(4) < 1.
e It can be shown: P(A;) < P(A),if A C A,.
* More general, the following can be shown:

P(Al U Ay) = P(A)) + P(A4y) —P(A4; N Ay). 2.4)

Examples. For the throw of a die, for example, we take P({i})=1/6 for
i=1,...,6. Hence we have, e.g., P({1,3})=1/3, P({1,3,5})=1/2, P({2,4,
5,60)=2/3,P({1,3}) < P({1.3,5}).

Next we will consider the Borel space containing the intervals and points on the
real axis. We introduce the probabilities of all events by defining the probabilities
P(x < A}) for the sets {x < A} for all A. The function P({x < A}) will be denoted
by P(A) and is called the probability distribution.

This function satisfies:

A—>+o00:  PA)—>P(2) =1, (2.52)
A——oc0: PQA)—>P@W@) =0. (2.5b)

When P(A) is differentiable we also consider

_dP(})
o(d) = EFTI (2.6)
from which we get
A
P} :/ o(x)dx. 2.7

Using o(x) we may now calculate the probability for any interval {x; < x < x,}

and represent it as
X2

Pxi <x <x}) = / o(x)dx. (2.8)

X
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In particular, we have

+o00
/ o(x)dx =1, (2.9)
and also
P({x}) =0. (2.10)

If dx is small enough, o(x) dx is the probability of the event (x, x +dx). In other
words it is the probability of obtaining a value x” € (x, x + dx) as the result of a
realization (i.e., the performance of an experiment). The function o(x) is referred to
as the density function or density distribution. In physics and certain other fields the
name ‘distribution function’ is also frequently used. In the mathematical literature,
however, the latter name is reserved for the function P(A).

2.1.3 Random Variables

A discrete random variable is a collection of possible elementary events together
with their probabilities. A ‘realization’ of a random variable yields one of the
elementary outcomes and it does so with the probability which has been assigned to
this elementary event.

When we throw a die the random variable ‘number of spots’ is realized. The
possible realizations are the numbers 1-6, each with probability 1/6.

Hence, to characterize a random variable one has to list the possible elementary
events (realizations) together with their probabilities. Each realization will yield an
outcome which in general is different from the previous one. Where these outcomes
are numbers, they are also called random numbers.

If the possible realizations (outcomes) do not form a discrete set but a continuum
in R, the collection cannot contain the probabilities of all elementary events, but
instead the distribution function P(A) or the density o(x). If we denote the possible
outcomes (realizations) by x, the random variable will be denoted by X, the
corresponding distribution function by Py (1), and the density by oy (x). Hence,
the random variable X is defined by the set of its possible realizations together with
the probability density gx (x) or the probability distribution Py (1). We have

P(x|x <A}) = Px(d) (2.11)
and
dP)((X)

dx

One may also consider functions Y = f(X) of random variables. Y is the random
variable with the realizations y = f(x) given the realization x of X, and the

ox(x) = (2.12)
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distribution function is
Py(}) = PQx|f(x) < A}). (2.13)

In Sect. 2.5 we will see how to perform calculations with random variables.

In the mathematical literature (see e.g. Kolmogoroff 1933; Feller 1957) the
concept of a random variable is often introduced in a more general way. One usually
proceeds from a general basic set §2. The events of the Borel space B should
be measurable, but they do not have to be intervals of the real axis. The random
variables are then defined as mappings X (w) of the outcomes @ onto the real axis,
and the sets {x|x < A} are replaced by the sets Ay = {®w|X(w) < A}, A € R,
to which a probability is assigned. For this to be consistent, one has to require
Ay e B,A eR.

Having physical applications in mind, we have defined the basic set £2 to be the
real axis and, consequently, were able to choose the mapping as the identity. In this
way, the concept of a random variable is very simple. However, the generalization
of this concept is straightforward.

Some important random variables are the following:

(a) Let the set of the possible realizations of X be the real numbers in the interval
(a, b) with uniform probability. Then

ox(x) = (2.14)

b—a
Almost every computer provides a more or less reliable random number gen-
erator which claims to yield uniformly and independently distributed random
numbers on the interval (0, 1).

(b) The Gaussian or normal distribution: The set of possible realizations of X are
all real numbers. The density is

_ 1 (x — p)?
ox(x) = Nir? exp (_T) (2.15)

Here oy (x) represents a normal curve with a maximum at x = p and a width
characterized by o. For larger values of o the curve gets broader, but also
flatter (see Fig.2.1). ox (x) is the density function of the Gaussian distribution,
which is also called the normal distribution N(1,02). For 4 = 0Oand o = 1
one also speaks of the standard normal distribution. Normal random variables
(i.e., random variables with a normal distribution) will play an important role in
subsequent discussions and we will frequently return to them.

(¢) The binomial distribution (also called the Bernoulli distribution): Let K be the
discrete random variable with possible realizations k = 0,1,...,n and the
(discrete) probability density
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Fig. 2.1 Density function of the Gaussian distribution for various values of o
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B, p:ik) =, )P =p)" ", k=01...n (2.16)

Such a probability for a realization k occurs (naturally) in the following way:
Let X be a random variable with the only two possible outcomes x; (with
probability p) and x, (with probability (1 — p)). Now consider an n-fold
realization of X. K then represents the multiplicity of the occurrence of xj.
An example of this latter case is the following:

Consider two adjoining boxes of volumes V; and V,. Through a hole in a
dividing wall particles of a gas can be exchanged. A particle will be in the
volume V; with probability p = Vi /(V1+V>) and in V, with probability 1—p =
Vo/ (Vi + V3). For a total of n particles we will find k particles in volume V;
with probability

o= (i) () e

- () Gz

Of course, we should expect that B(n, p; k) has a maximum at k = np =
n Vy/(Vy 4+ V3). This will be confirmed later (see Fig. 2.2, left).

(d) The Poisson distribution: Let K be the discrete random variable with possible
realizations k = 0, 1, ... and the discrete density
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Fig. 2.2 Densities of the binomial distribution (left ) and the Poisson distribution (right )
/\k
Q(K;k)ZFe_A, k=0,1,.... (2.19)

The density o(A; k) results from B(n, p; k) in the limit p — 0, n — oo and
pn = A = const. K is equal to the number of events occurring within a time
interval (0, T), if the probability for the occurrence of one event within the time
interval dz is just p = Adt/T. To see this, we divide the time interval (0, T')
into n equal segments of length dt = T'/n. Then

AT A 290

PETw T w (2:20)

and the probability that in k of these n segments one event occurs is then just

given by B(n, p; k) of (2.16). For n — oo one takes df — 0 and p — 0 such

that p n = A remains constant. The density function is shown in Fig. 2.2(right).

It will turn out in Sect.2.3 that A is the average number of events in the time
interval (0, T').

Radioactive decay provides a physical example of the Poisson distribution.
We consider a radioactive element with a radiation activity of o Becquerel,
i.e., on average o decays occur within 1s. Then we have A/T = as~!'. The
probability that no decay occurs within a time interval of 7" seconds is

oA =aT;k =0)=e*T, (2.21)
and the probability of just one decay within the time interval T is

oA =aT;k=1)=aTe . (2.22)
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2.2 Multivariate Random Variables and Conditional
Probabilities

2.2.1 Multidimensional Random Variables

In analogy to the definition of random variables one can introduce d-dimensional
random vectors X = (Xi,..., X,) as n component random variables. In this case
the basic space of possible outcomes is R”, and events are, among other things,
domains in R” as cartesian products of events belonging to the Borel spaces of the
components. The probability density is now a function o(xy,..., x,) on R". The
probability that a realization of X yields a value in the interval (x;, x; + dx;), and,
similarly, that realizations of X>, ..., X, yield values in the corresponding intervals
is o(xy,...,x,)dx; ...dx,. Two examples will help to clarify this:

In a classical description, the momentum p of a particle with mass m in a gas may
be considered as a (three-dimensional) random variable. For the density distribution
one obtains (see (2.29))

2

o(p) = %eXp (—ﬂp—) ., where f

o (2.23)

~ kel

Here T represents the temperature, kg is Boltzmann’s constant, and A is a
normalization constant. The density o(p) in (2.23) is thus given by a three
dimensional Gaussian distribution. The general n-dimensional (or ‘multivariate’)
Gaussian distribution reads

Qm)™/?

Ax)y= T
Q(”’v ,x) (detA)Uz

1
~1
exp (_E(x —p)i(A7)ij (x — ﬂ)j) . (2.24)
Here we have used the summation convention, i.e. one has to sum over all indices
appearing twice. The vector g and the matrix A are parameters of this distribution.
As our second example of a multivariate distribution we consider a gas of N
classical particles characterized by the momenta and positions of all particles:

(p,q)=(p1,.... PN q1s---.qN). (2.25)

We will describe this state at each instant by a 6N-dimensional random vector.
When the volume and the temperature of the gas are specified, one obtains for the
probability density in statistical mechanics (see (3.49))

1 _
o(p.q) = e R (2.26)
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where again T denotes the temperature, kg Boltzmann’s constant, and A a normal-
ization constant. Furthermore, H(p, q) is the Hamiltonian function for the particles
in the volume V. This density is also called the Boltzmann distribution.

2.2.2 Marginal Densities

When one integrates over some of the variables of a multidimensional probabil-
ity density, one obtains a probability density describing the probability for the
remaining variables, irrespective of the values for those variables which have been
integrated over. Let, for instance,

0'(x) = /dxz...dxn (X1, X2, ..., Xp), (2.27)

then o'(x;)dx; is the probability of finding X; in the interval [xi,x; + dxi],
irrespective of the outcome for the variables X, ..., X,.

This may be illustrated for the case of the Boltzmann distribution (2.26). With
the Hamiltonian function

N
p<
H = E ﬁ + V(qi.....qn), (2.28)

i=1

one obtains, after taking the integral over p»,..., pn,4q1,...,qnN, the probability
density (2.23) for a single particle, in this case in the form

1 2
o'(p1) = 7 &P (—,3 211—}711) . (2.29)

2.2.3 Conditional Probabilities and Bayes’ Theorem

With the Boltzmann distribution (2.26) we have already met a distribution where
certain given parameters need to be included explicitly, for instance, the temperature
T and the volume V. The number of particles N may also be counted among these
given parameters. In probability theory one writes A | B for an event A under the
condition that B is given. So the probability P(A) is then more precisely denoted
by P(A | B), i.e., the probability of A when B is given. P(A | B) is called the
conditional probability.

This notion extends to the probability densities. The Boltzmann distribution can
therefore be written as

o(p.q | T,V,N), (2.30)
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or in words, the probability density for the positions and momenta at given
temperature, volume, and number of particles. In the same way,

o(px | Py, p2)

is the probability density for the x-component of the momentum of a particle under
the condition that the y- and z-components are given.
One may form

P(A,B) =P(A| B)YP(B). (2.31)

which is the joint probability for the occurrence of A and B. If B is an event in the
same Borel space as A, then the joint probability P(A, B) is equivalentto P(AN B).
One may also define the conditional probability by

P(A, B)

(2.32)

If the denominator P(B) vanishes, it is also not meaningful to consider the
conditional probability P(A4 | B).

Similarly, conditional densities might also be introduced by using the multivari-
ate probability densities, e.g.,

o(px, Py, Pz)

2.33
o(py. p2) &=

o(px | py,p) =

Example: Consider a fair die and B = {2, 4,6}, A = {2}. (Here A and B belong
to the same Borel space.) Then
P(ANB) P4 1/6 1

PAIB == =5 " 12" 5 (2.34)

The probability for the event {2}, given the number of points is even, is 1/3.
Obviously also P(B | A) = 1.
We note that if

B =8 (2.35)

i=1

is a disjoint, complete partition of £2 (such that B; N B; = ¥ and the union of all
B; is equal to the total set £2), then obviously

N N
P(A) =P(A.2) =) P(A.B)=> P(A| B)P(B;). (2.36)

i=1 i=1
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This should be compared with the formula

ox,(x1) = /dxz 0x,.x, (X1, X2) = /dxz o(x1 | x2) 0x,(x2). (2.37)

In the remainder of this section we describe two useful statements about
conditional probabilities.

Independence of Random Variables

Let A; and A, be two events (in the same, or possibly in different Borel spaces).
A is said to be independent of A, if the probability for the occurrence of A; is
independent of A, i.e.,

P(A; | A2) = P(4)). (2.38)
In particular we have then also:
P(A1, A2) = P(A1)P(A2). (2.39)
If A, is independent of A, then A, is also independent of A;: Statistical
(in)dependence is always mutual.

Similarly, the joint density of two independent random variables may be writ-
ten as

0x,.x, (X1, X2) = 0x, (x1) Qx,(x2). (2.40)
Bayes’ Theorem
From
P(A,B) =P(A| BYP(B) =P(B | A)P(A) (2.41)
it follows that
__ P(A| B)P(B)
P(B|A) = P (2.42)

Hence P(B | A) can be determined from P(A | B), if the a priori probabilities
P(A) and P(B) are known.

This statement was first formulated by the English Presbyterian and mathemati-
cian Thomas Bayes (1702—-1761) in an essay that was found after his death.
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Bayes’ theorem is a very useful relation for determining the a posteriori
probabilities P(B | A). It has enormous numbers of applications, of which we
merely give two examples here.

(a) A company which produces chips owns two factories: Factory A produces 60%
of the chips, factory B 40%. So, if we choose at random one chip from the
company, this chip originates from factory A with a probability of 60%. We
further suppose that 35% of the chips coming from factory A are defective, but
only 25% of those coming from factory B.

Using Bayes’ theorem one can determine the probability that a given defective
chip comes from factory A. Let d be the event ‘the chip is defective’, A the event
‘the chip comes from factory A’, and B(= A) the event ‘the chip comes from
factory B’. From Bayes’ theorem we then have

P(d|A)-P(4) _ P(d|A) - P(4)

Plald) = Pd) "~ P(d|A)-P(A) +P(d|B)-P(B)’

(2.43)

Inserting the numbers P(4) = 0.60, P(d|A) = 0.35, P(d|B) = 0.25 yields a
value of P(A|d) = 0.68.

In the same manner we can determine the probability of having a certain illness
when the test for this illness showed positive. Luckily enough, this is not as large
as one might first expect. Let A be the event ‘the illness is present’ and B the event
‘the test is positive’. The conditional probabilities P(B|A) and P(B|A) yield the
probabilities that a test has been positive for a sick patient and a healthy patient,
respectively. P(B|A) is called the sensitivity, P(B|A) = 1—P(B|A) the specificity
of the test.

The probability P(A) that the illness is present at all is in general of the order
of magnitude 0.01 — 0.001. From this a surprisingly small value for the probability
of being ill may result even if the test has been positive. In numbers: If we set e.g.
P(B|A) = 0.95 and P(B|A) = 0.01 one obtains

P(A|B) = P(patient is ill | test is positive) (2.44a)
1
= (2.44b)
(1-"P(4))
14+ 0.0105——
i P(A)
1
13103 ~ 0.087 for P(A) = 1000
_ +1 : X (2.44c¢)
———— ~ 0490 f A) = —.
1+ 1.04 or P = 100

Hence, the results depend sensitively on the probability P(A), i.e., on the overall
frequency of the illness and on P(B | A), the probability that the test is positive for
a healthy patient.
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(b) An amusing application of Bayes’ theorem is in solving the following problem,
which we cite from von Randow (1992):

You are taking part in a TV game show where you are requested to choose one of three
closed doors. Behind one door a prize is waiting for you, a car, behind the other two doors
are goats. You point at one door, say, number one. For the time being it remains closed. The
showmaster knows which door conceals the car. With the words ‘I’ll show you something’
he opens one of the other doors, say, number three, and a bleating goat is looking at the
audience. He asks: ‘Do you want to stick to number one or will you choose number two?’.

The correct answer is: It is more favorable to choose number 2, because the
probability that the car is behind this door is 2/3, whereas it is only 1/3 for door
number 1.

Intuitively, most people guess that the probabilities for both remaining possibili-
ties are equal and that the candidate has no reason to change his mind. In the above
mentioned booklet one can read about the turmoil which was caused by this problem
and its at first sight surprising solution after its publication in America and Germany.

We define (von Randow 1992):

Al: the event that the car is behind door number 1, and similarly A2 and A43.
M1: the event that the showmaster opens door number 1 with a goat behind;
similarly M2 and M 3.

As we have denoted the door the showmaster has opened as number 3 we are
interested in

P(A1|M3) and  P(A2| M3). (2.45)

Are these probabilities equal or different?
First argument (not using Bayes’ theorem):

P(A1 | M3) is independent of M 3, because the showmaster acts according to the
rule: Open one of the doors that the candidate has not chosen and behind which is
a goat.

So

P(Al | M3) = P(Al) = 1/3, (2.46)

from which follows P(A2 | M3) = 2/3.
Second argument (using Bayes’ theorem):
We have

A
Pz | m3) = M 3P|( MZ;ZD(AZ). (2.47)
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Now
P(A2) = 1/3, (2.48a)
P(M3| A2) =1, (2.48b)
P(M3| A1) =1/2, (2.48¢)
P(M3)=P(M3| A1)P(Al) + P(M3 | A2)P(A2)
=1/2-1/3+1-1/3=1/2, (2.48d)
and therefore
P(A2 | M3)=2/3. (2.49)

Similarly, one obtains:
P(A1 | M3)=1/3. (2.50)

One can simulate the game on a computer and will find that after N runs in
approximately 2N /3 cases the goat is behind door 2, so that a change of the chosen
door is indeed favorable.

2.3 Moments and Quantiles

2.3.1 Moments

Let X be a random vector in R” with the distribution o(x). The expectation value
of a function H(X) of the random variable X is then defined as

(H(X)) = /d”x H(x)o(x). (2.51)

In the mathematical literature, the expectation value of H(X) is also written as
E(H(X)).
A particularly important moment is

n=EX)=(X)= /d"xxg(x), (2.52)

which is the expectation value of the random variable itself. (Any possible outcome
is multiplied by its probability, i.e., one forms x o(x) d"x, and then the sum is taken
over all possible outcomes).

Some other important properties of moments and relations involving them are
the following:
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e When H(x) is a monomial of degree m, the expectation value is also called the
mth moment of the distribution function. Hence, the mth moment for a scalar
random variable is simply

(X™ = /dx x" o(x). (2.53)

* An important combination of moments is the variance. For a scalar random
variable it is given by:

Var(X) = (X = (X))’) = (X?) — (X)? (2.54)
= / dx (x — (X))? o(x). (2.54b)

Hence, the variance is the expectation value of the squared deviation of the
random variable X from the expectation value (X ). Therefore, the more scattered
the realizations of X are around (X), the larger the variance is. 1/ Var(X) is also
called the standard deviation.
For the one-dimensional Gaussian distribution o(u, 0%; x) givenin (2.15) one
obtains
(X) = pu, (2.55)

and

o

Var(X) = / dx (x — )2 o(p, 0% x) = o2, (2.56)

i.e., the parameter o2 in (2.15) is identical to the variance of the normal
distribution.
The higher moments of the normal distribution are easily calculated:

0, if k is odd,

1-3-...-(k—1)- 0o, if k is even. 2.57)

(X — k) = {

e For a multivariate distribution we may define second moments with respect to
different components, for example,

(XiX;) =/d”xx,-xj o(x1, ..., xn). (2.58)
In analogy to the variance we now define a covariance matrix:
Cov(Xi, Xj) = 0 = (X — )i (X — p);) (2.59)

= /d”x (i — i) (xj — pj)oxr, ..., xy).  (2.59b)
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For the multivariate normal distribution given in (2.24) we get
(X) =n. (2.60)

and
(X = )i (X —p);) = Ay (2.61)

Hence, the matrix A in the expression of the multivariate normal distribution
given in (2.24) is the covariance matrix for the normal distribution.

* The correlation between two random variables X;, X; is obtained from the
covariance by normalization:

Cov(X;. X, of;
Cor(X;, X;) = ovXi Xp) % (2.62)
V/ Var(X;)Var(X ;) 0ii0jj
When X; and X; are mutually independent, one obtains immediately
COI'(X,‘ s X]) = COV(X,', X]) = 0. (263)

On the other hand, if the correlation or the covariance of two random variables
vanishes one can in general not conclude that they are statistically independent.
Only when X; and Y; are both normally distributed, is this conclusion correct,
because in this case the covariance matrix, and hence also the matrix A in (2.24),
is diagonal, and the total density function is the product of the density functions
of the individual random variables.
* An important expectation value for a probability density is

G(k) = (e**) = / dx e oy (x), (2.64)

which is called the characteristic function. G (k) is thus the Fourier transform of
the density function. When all moments exist, G (k) can be expanded in a power
series and the coefficients contain the higher moments:

o0 .
k n
Gk)y=Y_ (L (Xm. (2.65)
o n!
The expansion of In G (k) with respect to k yields a power series, in which the
so-called cumulants k,, appear:
o0 .
(ik)"
nG(k) =Y o (2.66)

n=1
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with the cumulants

ki = p=(X) (2.67a)
Ky = Var(X) = (X?) — (X)? (2.67b)
K3 = (X3) = 3(X2)(X) 4+ 2(X)3, (2.67¢c)

and so on for higher cumulants.
It is now important to note that the Fourier transform of the Gaussian or
normal distribution is

1
G(k) = exp (mk — Eozkz) , (2.68)

i.e., one obtains for the Gaussian distribution

K1 = | (2.69a)
Ky = 072, (2.69b)

and thus for a normal distribution all higher cumulants vanish!

Individual moments, in particular the expectation value, need not be adequate
characteristics of a distribution. For a distribution with two maxima, symmetric
around x = 0, the expectation value is © = 0, although x = 0 may never or
seldom be assumed. (see Fig. 2.3). Similarly, for a broad or skew distribution the
expectation value, for instance, is not a conclusive quantity.

The moments may not always be finite. The Lorentz or Cauchy distribution (also
called Breit—Wigner distribution),

1
o(x) = — Y —00 < X <00 (2.70)

7 (x—a)?+y?’

decays so slowly at infinity that all moments diverge. This may also be seen from
the characteristic function, for which one obtains

G(k) = ekalkly, (2.71)
This function has no power series expansion around k = 0.
For distributions other than probability distributions moments can also be used

for a global characterization. For instance, for a distribution of charges o(r) we
know the electric dipole moment

p= /d3rrg(r), (2.72)
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Fig. 2.3 A density with two
maxima (also called a
bimodal distribution). The 0.6
expectation value is zero, but
x = 0 is never assumed
0.4
p(x)
0.2
0
-4 -2 0 2 4
X
and for a distribution of mass m(r) the moments of inertia
Iij = /d3rm(r) (—I‘,‘I‘j +8,‘jl‘2). (2.73)

* For discrete probability distributions the moments are defined in an analogous
way. For instance, for the Poisson distribution p(A; k),

(K) =Yk pA:k) = Zkk—!e—* =2 (2.74)
k=1 k=1
and -~
(K?) = > K> p(h:k) = A7 + A (2.75)
k=1

For a Poisson random variable the variance is therefore equal to the mean:
Var(K) = A. (2.76)
For the binomial distribution one obtains

(K) =np, (2.77a)
Var(K) =n p (1 — p). (2.77b)

2.3.2 Quantiles

The «-quantile for a probability distribution of a scalar random variable X is defined
as the value x,, for which
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o(x) P(x)
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Fig. 2.4 Median, expectation value and 0.9-quantile of a probability distribution P (x), also shown
for the density o(x)
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Fig. 2.5 The area of the shaded region is 0.6827 times the total area under the curve, which is
1. The probability that the random variable X assumes a value in the interval [u — o, u + o] is
therefore 0.6827 or 68.27%

P(xy) = /-xu dx ox (x) = «. (2.78)

The probability of a realization yielding a value in the interval [—o0, x,] is then «
or 100 «%, the probability for a value x > x, is equal to (1 — &) or (1 — &) 100%.
The 1/2-quantile is also called the median (see Fig.2.4).

The quantiles of the standard normal distribution can be found in a table for the
distribution function or a table for the quantiles themselves. For instance xp5 = 0,
X0.8413 = 1, X0.97720 = 2. In this case symmetry reasons imply that x|, = —X4, i.€.,
we also have x¢ 1587 = —1, X0.0228 = —2. The interval (—1, 1) contains 84.13% —
15.87% = 68.27%, the interval (—2,2) 95.45% of the values (see Fig.2.5). For a
general normal distribution N (i, 0%) one finds the following values:
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Interval Percentage of values
(pL —0o, U+ O') 68.27% (2.79)
(n—20, u +20) 95.45%
(u—30, 1+ 30) 99.73%.

2.4 The Entropy

An important characteristic feature for a random variable is the entropy, which we
will introduce in this section.

2.4.1 Entropy for a Discrete Set of Events

Let {A;,..., Ay} be a complete, disjoint set of events, i.e.,
AfUA, U---UAy = £2. (2.80)

Furthermore, let P be a probability defined for these events. We then define the
entropy as

N
S ==k Y P(4;) In(P(4))). (2.81)
i=1
Here k represents a factor which we set equal to 1 for the moment. In the framework
of statistical mechanics k£ will be Boltzmann’s constant kg.

We observe:

* The entropy is defined for a complete, disjoint set of events of a random variable,
irrespective of whether this partition of §2 into events can be refined or not. If £2
is the real axis, we might have, e.g., N = 2, A} = (—00,0), A, = [0, 00).

e Since 0 < P(A;) < 1 we always have S > 0.

* IfP(A;) = 1foracertain j and P(4;) = 0 otherwise, then S = 0. This means
that if the event A; occurs with certainty the entropy is zero.

 If an event has occurred, then, as we will show in a moment, —log, P(4;) is a
good measure of the number of questions to be asked in order to find out that it
is just A; which is realized. In this context, ‘question’ refers to questions which
can be answered by ‘yes’ or ‘no’, i.e., the answer leads to a gain of information
of 1 bit. Hence, on average the required number of yes-or-no questions is

N
S ==Y P(4)) logs(P(4))) = § + const. 282)
j=1
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The entropy is thus a measure of the missing information needed to find out
which result is realized.

To show that —log, P(4;) is just equal to the number of required yes-or-no
questions, we first divide £2 into two disjoint domains £2; and £2, such that

Yo Py = ) P = % (2.83)

A€y A €S

The first question is now: Is A; in §£2;? Having the answer to this question we
next consider the set containing 4 ; and multiply the probabilities for the events
in this set by a factor of 2. The sum of the probabilities for this set is now again
equal to 1, and we are in the same position as before with the set £2: We divide
it again and ask the corresponding yes-or-no question. This procedure ends after
k steps, where k is the smallest integer such that 2% P (A ;) becomes equal to or
larger than 1. Consequently, —log, P(4;) is a good measure of the number of
yes-or-no questions needed.
 If the probabilities of the events are equal, i.e.,

1
A) = —, 2.84
P(A;) N (2.84)
we have
S =InN. (2.85)

Any other distribution of probabilities leads to a smaller S. This will be shown
soon.

The above observations suggest that the entropy may be considered as a lack
of information when a probability density is given. On average it would require
the answers to S yes-or-no questions to figure out which event has occurred. This
lack is zero for a density which describes the situation where one event occurs with
certainty. If all events are equally probable, this lack of information about which
event will occur in a realization is maximal.

A less subjective interpretation of entropy arises when we think of it as a measure
for uncertainty. If the probability is the same for all events, the uncertainty is
maximal.

2.4.2 Entropy for a Continuous Space of Events

In a similar manner we define the entropy for a random variable X, where the space
of events is a continuum, by

(2.86)

Slox] = & [ax ox() n (Q"()‘)) .

Qo
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When oy (x) has a physical dimension, the denominator g in the argument of the
logarithm cannot simply be set to 1. Since the physical dimension of px (x) is equal
to the dimension of 1/dx, the physical dimension of gy has to be the same, in order
that the argument of the logarithm will be dimensionless.

It is easy to see that a change of g by a factor « leads to a change of the entropy
by an additive term k Inca. Such a change of o only shifts the scale of S. Notice
that we no longer have S > 0.

We now calculate the entropy for a Gaussian random variable N(ut,0?%). We
obtain (fork = 1,09 = 1):

_ 2
S = / dx ((xz—z“) 5 In2ro )) ox (%) (2.87)
= %(1 + In(270?)). (2.88)

The entropy increases with the width o2 of the probability density, i.e., with
the spreading around the expectation value. In this case we again find that the
broader the distribution, the larger our ignorance about which event will occur in
arealization, and the larger the entropy. Again, entropy means a lack of information
or uncertainty.

2.4.3 Relative Entropy

The relative entropy of a density function p(x) with respect to a second density
function ¢ (x) is defined by

Stplal =~k [ax pe) n (p E ;) (2.89)

Obviously, p(x) = ¢g(x) if and only if S[p|g] = 0. However, while the entropy for
a complete and disjoint set of events is positive semi-definite, the relative entropy
of a density function p(x) with respect to a given density function g(x) is negative
semi-definite, i.e.,

Splq] = 0. (2.90)

This is easy to see: We use the inequality

Inz<z-—1 2.91)

forz = @, multiply by p(x), integrate over x, and obtain
4

(x)
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— / dx p(x) In (%) < /dx (q(x) — p(x)). (2.92)

Since both densities are normalized, the integrals on the right-hand side are equal,
from which (2.90) follows.

2.4.4 Remarks

The notion of entropy was first introduced into thermodynamics as an extensive
quantity, conjugate to temperature. The revealing discovery of the connection
between this quantity and the probability of microstates was one of the great
achievements of L. Boltzmann, and the equation S = kInW appears on his
tombstone. The introduction of entropy as a measure of the uncertainty of a density
originated from Shannon (1948). Kullback and Leibler (1951) were the first to
define the relative entropy, for which reason it is sometimes called Kullback—Leibler
entropy. The relation between thermodynamics and information theory has been
discussed extensively by Jaynes (1982).

Entropy and relative entropy may also be introduced as characteristic quantities
for density functions which are not probability densities, for example, the mass
density, charge density, etc. However, in these cases the densities are not necessarily
normalized, and in order to obtain such a useful inequality as (2.90) one has to define
the relative entropy by (see (2.92), setting k = 1)

Stolal = [ ax (p0 - g) — [ axpo (%) L oy

2.4.5 Applications

Using the inequality (2.90) satisfied by the relative entropy it will now be easy to
see that a constant density distribution always has maximum entropy (compare with
the statement in connection with (2.85) about the probability distribution (2.84)).
Notice, however, that such a constant density distribution is only possible if §2, the
set of possible outcomes, is a compact set, e.g., a finite interval.

Let g(x) = qo be the constant density on §2 and o(x) be an arbitrary density.
The entropy of this density can also be written as

Sle]l = Slelqo] —k In (@) : (2.94)
Q0

From S{o|qo] < 0 and S|[o|qo] = 0 for o = g follows: S|e] is maximal for ¢ = g.
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As a second application we now consider two random variables X, X, their
densities ox,(x), ox,(x), and the joint density ox, x,(x1,x2). For the relative
entropy

Slox,.x, | ox,0x, ] (2.95)

= — /Xm dx, QXl,Xz(xl,XQ) In [w}
ox; (x1)ex, (x2)

a short calculation yields
Slox,.x, | ox,0x,]1 = S12 — 81 — 52, (2.96)

where S; is the entropy for the density oy, (x),i = 1,2 and S, the entropy of the
joint density oy, x,(x1, X2). As the relative entropy is always smaller than or equal
to zero, one always has

S < S1 + 8s. (2.97)

Hence, the entropy of the joint density is always smaller than or equal to the sum of
the entropies of the single densities. Equality holds if and only if

0x,.x, (X1, x2) = ox,(x1)ox,(x2), (2.98)

i.e., if the two random variables are independent: the entropies of independent
random variables add up. For independent random variables the total entropy is
maximal. Any dependence between the random variables reduces the total entropy
and lowers the uncertainty for the pair of random variables, i.e. any dependency
corresponds to an information about the pair of random variables. The relative
entropy S|ox, x, | 0x,0x, ] is also known as mutual information.

In the remainder of this section we address the maximum entropy principle.
We are looking for the density function o(x) which has maximum entropy and
satisfies the supplementary conditions

(gi(X))E/dxg,-(x)Q(x)zn,-, i=1,...,n. (2.99)

Here g; (x) are given functions and 7; are given real numbers.

From the proposition about the relative entropy proven above, one finds that the
density function with maximum entropy satisfying the supplementary conditions
(2.99) has the form

1
Q(-x) — Ze_)llgl(x)_m_)tngn(x)‘ (2100)

Here A is a normalization factor and {A;} may be calculated from {n;}. With the
help of this maximum entropy principle we can determine density functions.
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Proof. For the density function (2.100) one obtains (with k = 1)

Slel = In(4eo) + ) Aimi, (2.101)

i=1

where ¢ represents the factor which might be necessary for dimensional reasons.
Let ¢(x) be a second density satisfying the supplementary conditions (2.99).
Then, according to (2.90)

S[elo] =0, (2.102)
and therefore

Slp] = —/dx ¢(x) In (@) (2.103)

Qo
< —/dx ¢(x) In (@) (2.104)

Qo
= / dx ¢(x) |:1n(AQ0) + > digi (x):| (2.105)

i=1

= In(4go) + Y Aini = Sla] - (2.106)

i=1
Hence, o(x) given by (2.100) is the density with maximum entropy.
Let us look at two examples. First we seek the density defined on [0, co) which
has maximum entropy and satisfies the supplementary condition
(X) =n. (2.107)

We immediately find this density as

1
o(x) = —e ™

f > 0. 2.108
v orx > ( )

The normalization factor A is given by
00 ) 1
A= dxe™ = —, (2.109)
0 A

and A is determined by 7 according to

o0
n=(X)=/ dxxie ™™ (2.110)
0
9 [ 1
=—)— dye™ = —. 2.111
), F° ) (2110
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Therefore |
o(x) = —e /. (2.112)
Ui

As a second example we seek the density o(q, p), defined on the 6N-
dimensional phase space for N classical particles, which has maximum entropy
and satisfies the supplementary condition

(H(q,p)) = E, (2.113)

where H(q, p) is the Hamiltonian function for the N particles. One obtains
1
olg.p) = e M@ (2.114)

i.e., the Boltzmann distribution. We still have to determine A and A. The former
follows from the normalization condition

A= / N p a3V geH@p), (2.115)
In particular, we find
1 04
a5 = (H@.p) (2.116)

A follows from the supplementary condition:

1 -
E=(H(g.p)) = Z/d”vp d*q H(g, p)e 1P, @117

The right-hand side yields a function f(A, N, V'), which has to be equal to E. The
resulting equation has to be solved for A to obtain A = A(E, N, V).
The meaning of A becomes more obvious when we consider the entropy. We have

S[ol = In(Ago) + AE (2.118)
and therefore, using (2.116),
a.S [o] oA 9 oA
——=——1n(4 — E+ A=A 2.11
9E ~ 9E gx N g E (2.119)

The quantity A indicates the sensitivity of the entropy to a change in energy.
In Chap.3 on statistical mechanics we will introduce the temperature as being
proportional to the inverse of this quantity A, and we will consider a system of
N particles in a volume V, for which the temperature, i.e. the parameter A, is held
fixed by contact with a heat bath. In this system, which will be called the canonical
system, we will obtain the Boltzmann distribution as the probability density for the
positions and momenta of the particles. In the present context it results from the
requirement of maximum entropy under the supplementary condition (H) = E.
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This has a twofold significance: First, that the energy is not fixed, but the system
may exchange energy with the environment (i.e. the heat bath), and second, that
(H) is independently given, which is equivalent to fixing the temperature in the
canonical system. Both approaches to the Boltzmann distribution proceed from the
same physical situation.

If we were looking for a system with maximum entropy which satisfies the
supplementary conditions

(Hy=E and (H? =C, (2.120)

we would construct a system where both (H) and (H?) are independently given. In
the canonical system, however, one can determine (H?) as a function of £, N, V or
T,N,V.

2.5 Computations with Random Variables

2.5.1 Addition and Multiplication of Random Variables

Random variables can be added if their realizations can be added; they can be
multiplied if the product of their realizations is meaningful. We may consider
functions or mappings of random variables. The question then arises of how to
determine the probability density of the sum, the product, and of the mapping.

Multiplication of a random variable with some constant. Let us first consider a
random variable X with a density distribution gy (x). We set

7Z=alX, (2.121)
and find {
Z
02(2) = / ded(e—ax)x () = oox(C). (2.122)
Obviously
(Z) = a(X), (2.123a)
Var(Z) = o*Var(X), (2.123b)
because

(Z) = /dZZQZ(Z) = /dzz /de(z—ozx)QX(x) (2.124)
:a/dxeX(x):a(X). (2.125)

In the same way one can derive the relation for Var(Z).
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Function of a random variable. Now let us take the more general case
Z = f(X). (2.126)

One obtains for the density function
0z = / ax 0x (13— /() @.127)

where {x;(z)} are the solutions which result from solving the equation z = f(x)
for x. There may be several solutions, which we denote by x;(z),i = 1,....

Apart from this complication, the transformation of the densities under a
coordinate transformation x — z(x) may also be obtained from the identity

1=/deX(x)=/dz

and we find, in agreement with (2.128),

d—z‘ ox(x(z)) = /dz 0z (2). (2.129)

0z(z) = ox(x(2)) ‘i—i'. (2.130)

A similar relation holds for several dimensions. Let X = (X, X»,..., X,) be an
n-tuple of random variables and

Zi=Z(X), i=1,....n (2.131)

amapping X — Z = (Zy, ..., Z,). For the density function pz(z) one then finds

0z(z) = ‘H ox(x(z)). (2.132)
Examples.
(a) Let
Z=-InX, ox(x)=1 for x €[0,1]. (2.133)

With dz/dx = —1/x, and hence |dx/dz| = |x| = e%, one obtains

0z(z) = e “ox(x(2)). (2.134)

Thus, with px (x) = 1, Z is exponentially distributed.
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(b) Let
(Z1,7Z5) = v/—21In X (cos 2 X7, sin 27 X>), (2.135)

where X and X, are independent and uniformly distributed in [0, 1]. Then

d(x1, x2)

o ~te_L e (2.136)
0(z1,22)

TV Vn

In this case (Z;,Z,) are also independent, each with a standard normal
distribution.

ox(x)

0z(z) = ‘

Addition of random variables. Let X, X, be two random variables with proba-
bility density o(x1, x2). We set

Z =X+ Xs. (2.137)

Then
02 = [ dndrade—x - v ol 2.138)
= /dxl o(x1,z—x1). (2.139)

Three distinct cases are of interest. If X and X, are both normally distributed, then,
according to (2.24), the joint density o(x;, Xx2) is an exponential function with an
exponent quadratic in x; and x,. For Z = X, 4+ X, one may derive the density
from (2.139). The integrand in (2.139), i.e., o(x1,z — x1), and also the result of
the integration are therefore exponential functions with quadratic exponents. This
implies that ¢ (z) is also of this form, and therefore Z is also a normally distributed
random variable.

Hence, the sum of two normal random variables is always (even if they are
mutually dependent) another normal random variable. More generally, every linear
superposition of normal random variables is again a normal random variable.

Next, if X; and X, are independent with probability densities o, (x) and ox, (x),
respectively, we find

0z(2) = /dxl ox, (x1) ox,(z — x1), (2.140)

i.e., the density function for a sum of two independent random variables is the
convolution of the individual density functions. For the characteristic function we
obtain

G2 (k) = G, ()G, (k). (2.141)
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It is easy to show that for independent random variables X, X»
(Z) = (X1) + (X2), (2.142)
Var(Z) = Var(X;) + Var(X3). (2.143)

The first relation follows from

(Z) = /dz /dxl dxyz68(z — x1 — x2) 01(x1) 02(x2) (2.144)

= /dxl dxz (x1 + x2) 01(x1) 02(x2) (2.145)
= (X1) + (X2). (2.146)
The equation for Var(Z) can be derived similarly.

When all cumulants exist, we may use (2.141) for the characteristic function to
prove the sum rules, because it is a direct consequence of

Gx (k) = exp (ik/q(X) — %kzkz(X) —.. ) (2.147)

that the cumulants of a sum Z = X; + X, are the sums of the cumulants. As
k1(X) = (X) and k2 (X) = Var(X), (2.142) and (2.143) follow.

Finally, for two dependent random variables X, X5, (2.142) still holds, which is
not necessarily true for (2.143). In this case

Var(Z) = Var(X,) + 2Cov(X}, X3) + Var(X>). (2.148)

Multiplication of independent random variables. Let X, X, be two independent
random variables with probability densities ox, (x) and ox, (x). We set

Z =X X (2.149)

Then

0z(2) = / dx; dx; 8(z — x1x2) 0x, (X1)0x,(x2) (2.150)

1
= /dxl ox,(x1) — ox, (i) . (2.151)

|1 ] X1
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2.5.2 Further Important Random Variables

Having learnt how to calculate with random variables, we can now construct
some important new random variables by combining some of those that we have
already met.

First, we consider n independent random variables X, ..., X, with standard
normal distributions and set

Z=X+-+X~ (2.152)

The density distribution of Z is given by

0z(2) = /dxl cdx, 8 —xt = = xDo(x1,. ... x), (2.153)
with
—n/2 L 2
o(x1,...,x) = (2m) exp —E(x1 +4x) ). (2.154)
We obtain |
R —— R PR 2.155
0z(2) PTm)° ¢ (2.155)

where I'(x) is the gamma function (I'(x + 1) = xI'(x), I'(1/2) = /=,
I'(N+1)=N!forN =0,1,...).

This random variable Z occurs so frequently that it bears its own name: x> with
n degrees of freedom. One finds

() =n, (2.156a)
Var(y2) = 2n. (2.156b)

One is equally likely to encounter the random variable v/Z = ,, with density

1

—1,—72%/2
mz” € . (2.157)

0y, (2) =

The three components v; of the velocities of molecules in a gas at temperature
T are normally distributed with mean 0 and variance 0> = kgT/m (cf. Sect.2.2).
Here, m denotes the mass of a molecule and kg Boltzmann’s constant. Therefore,
n = 3 and v; = oX,;, where X; is a random variable with a standard normal

distribution. For the absolute value of the velocity v = / v% + v% + v% we obtain
the density

2

1 v 2m3 mv
—— )= /= - ). 2.158
Q(V) O_QX} (o_) ﬂ(kBT)3 V™ exp ( szT) ( )
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This is also called the Maxwell-Boltzmann distribution. Furthermore, we find

mo\_m oo mksT 3
<5v>_2o(x3)_2 3= kel (2.159)

Next, consider two y>-distributed random variables Y} and Z, with k and ¢
degrees of freedom, respectively. The ratio

Y,
7 _ K/ k
Zq/q

(2.160)

is a so-called Fy 4-distributed random variable. For the density one obtains

(126 + @)
er, (@) = (‘) r(1/2k)r(1/2q)

k O\ ka2
x K271 (1 + gz) . (2.161)

Finally, let Y be a random variable with a standard normal distribution and Z,
be a y2-distributed random variable with ¢ degrees of freedom. The ratio

Y
T, = (2.162)

T \/Zq/q

defines a ¢-distributed random variable with g degrees of freedom. The density

(2.163)

1 I(1/24q/2) 2\t
o= L L0 D 2)

Jaraprag 'ty

is also called the density function of the Student z-distribution (after the pseudonym
‘Student’ assumed by the English statistician W. S. Gosset).

Remark. Above we have introduced the probability densities of some frequently
occurring random variables. In the computation of characteristic quantities, in
particular the «-quantiles for general «, which are often required in practice, one
encounters special functions like the incomplete beta function. Here we do not want
to deal with such calculations, since quantities such as the «¢-quantiles can be found
from any statistics software package.

However, we do want to introduce the graphs of some densities in Fig. 2.6. As can
be seen from the formulas, the densities of the -, y2-, and F-distributions tend to
zero for z — 0, when n exceeds 1 or 2, or when k exceeds the value 2. For z — oo
these functions decrease exponentially or as a power law. For large values of ¢ the
density of the 7-distribution strongly resembles the normal distribution.
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Fig. 2.6 Density functions of the y-distribution (upper left ), the y>-distribution (upper right ), the
F -distribution (lower left ) and the ¢-distribution (lower right )

2.5.3 Limit Theorems

In this subsection we consider sums of N independent and identically distributed
random variables and investigate the properties of the densities for such sums as
N — o0. The resulting propositions are called limit theorems. They play an
important role for all complex systems which consist of many subsystems and
where the characteristic quantities of the total system result from sums of the
corresponding quantities of the subsystems.

The central limit theorem. Let X;,i = 1,..., N, be independent and identically
distributed random variables. All cumulants shall exist and let

(Xi) =0, (2.164a)

Var(X;) =02, i=1,...,N. (2.164b)

We set

Zy = Xi + -+ Xy). (2.165)

L
JN
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If follows that

(Zn) =0, (2.166a)

N
Var(Zy) = % Z Var(X;) = 02, (2.166b)
i=1
furthermore, all higher moments and cumulants decrease at least as fast as N ~!/2
for N — oo.

Thus for N — oo the random variable Zy is a Gaussian random variable with
mean 0 and variance o2. Because of its far-reaching significance this statement is
also called the ‘central limit theorem’. It has been proven for many different and
more general conditions (see e.g. Gardiner 1985).

So, according to the central limit theorem, we may describe the total influence
resulting from a superposition of many stochastic influences by a Gaussian random
variable. For this reason one often assumes that the measurement errors are
realizations of Gaussian random variables.

We will make frequent use of the central limit theorem. A first simple application
is the following: Suppose the random number generator of a computer provides us
with random numbers x which are uniformly distributed on the interval [0, 1]. Then
o(x) = 1forx € [0, 1], and

1
(X) = 3 (2.167a)
! 11 1
Var(X) = / XAy — (X =-—- = —. (2.167b)
0 3 4 12
Hence
1
X' =X- 5)«/ 120 (2.168)
is a random number with vanishing mean value and variance o2, uniformly
distributed in [—% V120, 1/120]. If we select N such numbers and set
1
Zy = — (X[ + ...+ X)), (2.169)

N

then Z is approximately a Gaussian random variable with variance o> and mean 0.
For N = 12 this approximation is already quite good.

The mean of random variables. Consider the independent random variables
X, X1,..., Xy, all having the same probability density. All moments and all
cumulants shall exist. We set

1
Zy = N(Xl 4+ Xy). (2.170)
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Then
1 N
(Zn) =+ ;(X,-) = (X), (2.171a)
Var(Zy) = %Var(X), (2.171b)

and all higher moments and cumulants decrease like 1/N? or faster in the limit
N — oo.

As an application, consider N independent realizations xi, ..., xy of the random
variable X and form the expectation value
1
= ﬁ(xl‘f‘""f‘xN)- (2.172)

Each x; may also be thought of as a realization of X;, where each random variable
X; is a ‘copy’ of X; therefore zy is a realization of Zy. For N large enough the
higher cumulants are negligible and thus Z y may be regarded as a Gaussian random
variable with expectation value (X) and variance Var(X)/N. For larger values of
N the realization zy of the mean value scatter less and less around (X), and the
distribution of Zy is better and better approximated by a Gaussian distribution. For
N — oo the support of the density for the random variables Zy, i.e., the domain
where the density is larger than any arbitrarily small g, shrinks to the value (X).

Thus, by forming the mean value of N realizations of a random variable X one
obtains a good ‘estimator’ for (X ). This estimator gets better and better for larger
values of N. This is the origin of the casual habit of using the expressions ‘mean
value’ and ‘expectation value’ as synonyms, although the expectation value is a
quantity which is derived from a probability density, while the mean value always
refers to the mean value of realizations. In Part II we will make the concept of
estimators more precise.

Above we have considered two differently normalized sums of N independent
and identically distributed random variables with finite variance. In the first case the
limit distribution is again a normal distribution, in the second case it is concentrated
around a point. These are two typical scenarios which occur frequently in statistical
physics. There, however, we mostly deal with dependent random variables, and
the dependence is described by the models of the interactions among the different
subsystems.

Sums of random variables will be further considered in the next two sections.

2.6 Stable Random Variables and Renormalization
Transformations

In Sect.2.5.3 we identified the normal distribution as the limit of a large class
of distributions. Now we will become acquainted with other classes of random
variables that all have prominent distributions as limit distributions.
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2.6.1 Stable Random Variables

We first introduce the notion of a stable distribution. Let X, X;,..., Xy be
independent and identically distributed random variables with a density o(x), and,
furthermore, let

Sy =X1+...+ Xn. (2.173)

We define the density o(x) as stable if there exist constants cy > 0 and dy for any
N > 2 such that Sy has the same density as cy X + dy. The density o(x) is called
strictly stable if this statement is true for dy = 0.

For example, the normal distribution is stable: A sum of normal random variables
is again normally distributed. But the Cauchy distribution, which we met in
Sect. 2.3, with its density and generating function,

(x) : i (2.174)
X)) = — s .

€ 7 (x — p)? + y?

G(k) = (") = ekrlkly -y > 0 (2.175)

is also stable. The sum of N Cauchy random variables is again a Cauchy random
variable, because in this case the characteristic function of Sy is

G, = eNkn=Niy (2.176)

and therefore
1
Y=N(X1+...+XN) 2.177)

is again Cauchy distributed with the same parameters. The densities of the normal
distribution and the Cauchy distribution differ with respect to their behavior for large
|x]. The moments of the Cauchy distribution do not exist.

Thus the normal distribution and the Cauchy distribution are two important stable
distributions, the first one with cy = N /2, the second one with ¢y = N. One can
now prove the following statement (Feller 1957; Samorodnitzky and Taqqu 1994):
The constant ¢y can in general only be of the form

ey =NV with 0<a <2. (2.178)

The quantity « is called the index or the characteristic exponent of the stable density.
For the Cauchy distribution we find @ = 1; for the normal distribution o = 2.
A stable density with index o = 1/2 is

1
e /2 for x>0,

o(x) = 4§ V2nx3 (2.179)

0 for x <O.
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For such random variables {X;} with @ = 1/2,

1
Y = 5+ Xy) (2.180)

is again a random variable with the density given in (2.179).

For a stable density o(x) with exponent o # 1 one can always find a constant p
such that o(x — ) is strictly stable. For @ = 1 this shift of the density is unnecessary
as the Cauchy distribution is strictly stable even for u # 0.

The generating function of strictly stable densities is

G(k) = e K7, (2.181)
with some scale parameter y > 0. Thus for @ < 2 one obtains for x — 0o
|x|'" "0 (x) — const. # 0. (2.182)

The stable densities with characteristic exponents ¢ < 2 do not have a finite
variance.

More generally, stable densities may be characterized not by three but by four
parameters: In addition to the index «, the scale parameter y, and the shift parameter
W, one has the skewness 8, which we now meet for the first time. The skewness
measures the deviation from symmetry. For 8 = 0 we have o(—x) = o(x). As
we want to deal here only with strictly stable densities, for which § = 0 for all
a € (0,2], we give no further details concerning this parameter or its role in the
characteristic function.

Remark. A realization x of a random variable with a strictly stable density for an
index o and a scale parameter y = 1 can be constructed as follows (Samorodnitzky
and Taqqu 1994): Take a realization r of a uniformly distributed random variable
in the interval [—7/2, /2] and, independently, a realization v of an exponential
random variable with mean 1. Then set

sin (ar) (cos = a)r))(l—a)/oc

- (cosr)l/e %

(2.183)

A series of such realizations is represented in Fig.2.7 for various values of «.
For decreasing « the larger deviations become larger and more frequent. A real-
ization x of a Cauchy random variable (¢ = 1) with scale parameter y and shift
parameter u is more easily constructed: Take a realization r of a random variable
uniformly distributed in [—7/2, /2] and set

X =ytanr + Q. (2.184)

Special constructions also exist for ¢ = 27% k> 1.
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Fig. 2.7 A series of realizations of a random variable with a stable density for four different values
of the index o

2.6.2 The Renormalization Transformation

There is a further way to characterize stable distributions: Let X = {X;}?2___ bea
sequence of independent and identically distributed random variables with density
o(x). We consider the transformation 7, n > 1, for which

| (i+1)n—1
X = (LX) = > X, (2.185)

j=in

In this transformation the random variables are thus combined into blocks of
length n. The random variables within each block are summed up and this sum
is renormalized by a power § of the length n of this block. This transformation is
called a renormalization transformation. The familiy of transformations {7,,,n > 1}
form a semi-group, i.e. T,,, = T, T,. This semi-group is also called renormalization
group. A sequence X = {X;}72__ is a fixed point of this group of transformations
if the X l/ resulting from 7, X have the same density o(x) as the X;.

A sequence of independent strictly stable random variables with characteristic
exponent « is obviously a fixed point for {7,,,n > 1} with § = 1/«. Therefore,
such stable densities appear as the limit of sequences of densities, which result
from successive applications of the transformation 7, with n fixed (or a single
transformation 7, with increasing n) to a given sequence of random variables with
a given density. Under successive transformations all densities with finite variance,
i.e., « = 2, approach the normal distribution. This corresponds to the central limit
theorem.
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Hence, stable densities have a domain of attraction of densities. For the transfor-
mation with index « all densities with the asymptotic behavior (2.182) belong to the
domain of attraction of the stable density with exponent .

Suppose we are given a density which belongs in the above sense to the domain
of attraction of a stable density with index «. If the ‘wrong’ transformation is applied
to this density, i.e., a transformation with index 8 # «, then the limit is either not a
density or there is a drift towards a density which is concentrated around one point.
There are also densities which do not belong to the domain of attraction of any stable
density.

2.6.3 Stability Analysis

We now want to examine the behavior of densities close to a fixed point. Forn = 2
the renormalization transformations may also easily be formulated on the level of
densities. For § = 1/« one obtains

(Th0)(x) = ox/(x) = 2"/ / dy 0(2"“x — y)o(»). (2.186)

The stable density representing the fixed point will be denoted by o*(x).
Let o(x) = 0*(x) 4 n(x). For the deviation 7(x) the transformation 7 leads to

n = Ta(o* + 1) — Tro* = DTan + O (2.187)

with
(DTym)(x) = 22/ / dy 0*2"%x — y)(y). (2.188)

Let ¢, (x) denote the eigenfunctions of DT and A, the corresponding eigenval-
ues. Then

(DT2pn)(x) = Appu(x). (2.189)

Obviously, o*(x) itself is an eigenfuction with eigenvalue 2. We set ¢y = 0*(x),
Ao = 2.
Let v, be the coefficients of an expansion of the deviation 7(x) with respect to

the eigenfunctions ¢y, i.e.
o0

n(x) =Y v (x). (2.190)

n=1

Remark. For « = 2, i.e., for the densities with finite variance, the eigenfunctions
and eigenvalues are simply

1
n(x) = \/2—

e_xz/zaan (f) and A, = (‘/E)z_n' (2.191)
o o
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Here { H,} denote the Hermite polynomials. In particular, the first polynomials are

— — 2 _
Hi(x) = xé Hy(x) = x4 1, . 2.192)
Hi(x) = x° —3x, Hy(x) = x* — 6x~ 4 3.
When a density o(x) belonging to the domain of attraction of the normal distribution
is approximated by the density of the normal distribution with the same variance and
the same mean value, the difference 1 can be represented as (cf. Papoulis 1984)

1 —x2 2 1 2 2 > X
= " H, (=), 2.193
1) = o) — ——e Gmat T (2). @19

and the coefficients {v, } are proportional to the moments {, } of the density o(x).
One obtains, for example,

1

BEIT L

V3 (4 — 30%). (2.194)

~ 4o
For a more general distribution we also have

1

V=i v (12— 07). (2.195)

~ 202

In a linear approximation the deviation n(x) changes under a renormalization
transformation according to

n'(x) = (DTan)(x) = ) vi'¢u (), (2.196)
n=1

where
v; = AV, (2.197)

i.e. the coefficients {v,} are the characteristic parameters of the density o(x),
which in a linear approximation transform covariantly under a renormalization
transformation. We will also call them scale parameters.

For the density o(x) to belong to the domain of attraction of the density o*(x)
under the renormalization transformation 75, the eigenvalues A, obviously have to
satisfy A, < 1, unless v, = 0. In physics, those parameters v, for which A, > 1
are called relevant parameters. If A, = 1 one speaks of marginal parameters, and if
An < 1 they are called irrelevant parameters.

The subspace of the space of parameters {v,} for which all relevant parameters
vanish is called a “critical surface’ in physics. So this space is identical to the domain
of attraction of the stable density 0™ (x).
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2.6.4 Scaling Behavior

For a given renormalization transformation we now examine the transformation
properties of a density which does not belong to the domain of attraction of the cor-
responding stable density, but which is close to this domain in the following sense:
There shall exist an expansion of this density with respect to the eigenfunctions
{@n}s

0(x) = *(x) + Y vathu(x). (2.198)

n=1
such that the relevant parameters, which we take to be v, and v, without loss of
generality, are supposed to be small. If they were to vanish, o(x) would belong to
the domain of attraction.
The generating function of the cumulants,

Flo(x),t] =In ( / dx Q(x)ei”‘), (2.199)

is now considered as a functional of o(x) and a function of 7. Let o' (x) = (T»0)(x),
then

Flo'(x).1] = 1n</dx 21/“/dy Q(Zl/ax—y)g(y)eitx) (2.200)

—2F [g(x), 21%} . (2.201)

The functional F[o(x), t] transforms covariantly under the renormalization transfor-
mation. As the densities may equivalently be characterized by their scale parameters

{va} and {v,}, F can also be considered as a function F(v,...,?) of these scale
parameters and the variable 7. Thus

t
F(W ViV, . 1) =2F (vl,vz,V3, e m) , (2.202)

or, taking v/, = A, v, A = 2,4, = A% A% =21/«
F(A", A%vy, A3, ., A% ) = AF (v, v2,v3, ..., 1). (2.203)
For densities close to the fixed point of the renormalization transformation the
irrelevant scale parameters vs, ... will be small. To a good approximation F can be
considered as independent of these parameters and one obtains the scaling relation:

F(A% vy, Ay, A% 1) = AF (vy, va, ). (2.204)

This behavior holds for all densities that are close to the domain of attraction of the
corresponding stable density. In this sense it may be called universal.
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From such a scaling law one can easily determine the behavior of F (and other
derived quantities) close to the domain of attraction (the critical surface) of the stable
density corresponding to the renormalization transformation. We will come back to
this point in Sect.4.7, where we will consider renormalization transformations in
the context of random fields, in particular for spin systems.

Remark. For those densities in the domain of attraction of the normal distribution,
F can be explicitly represented by an expansion in cumulants:

Flo(x),1] =Y (1’2 K. (2.205)

n=1

The cumulants {k,} transform in the same way as the {v,}, i.e. K, = 2!7"/%,,
because the cumulants of a sum of random variables is the sum of the cumulants
and the renormalization by the factor 27!/2 produces a further factor 27"/, Then
also k(A4 t)" = 217/ 2, (/21)" = 2k,1", hence, in this case there exists an easier
way to derive the scaling relations:

F(A" k1, A%k, AP k3, ..., AYE) = AF (K1, K2, K3, ..., 1). (2.206)

It is of the same form as (2.203) with {v,} now replaced by {k,}. Note, however,
that the two sets of covariant parameters are easily transformed into each other.

2.7 The Large Deviation Property for Sums
of Random Variables

In Sect. 2.5 we have learnt the arithmetic of random variables and investigated the
behavior of densities of N independent random variables for large values of N. We
have formulated a first version of the central limit theorem. In Sect. 2.6 we studied
special classes of random variables which can also be seen as limits of a sequence
of properly normalized sum of N (N = 2,...) random variables.

A sum of random variables represents a prototype of a macrovariable for a
statistical system. In systems having many degrees of freedom, quantities describing
the total system are often represented by sums of quantities pertaining to the
single components or degrees of freedom. The kinetic energy of the total system
is composed of the kinetic energies of the single constituents; the magnetization of
a spin system is the mean value of all magnetic moments. Every extensive quantity
is a sum of corresponding quantities for the subsystems.

In this section we will study the density of such sums for large N. We first
introduce a special property for such a sequence which will turn out to be very
relevant in statistical systems and, whenever this property is met, some strong
statements can be made about the density of the macrovariable.
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In order to be able to introduce this property and to make the statements about
the density we first introduce two new concepts.

The free energy function. Let X be a random variable with density o(x). Then

ft)=mn(e*)=1n [ / dx e”‘g(x)i| (2.207)

is called the free energy function. This name for f(z) refers to the fact that
in statistical mechanics this function is closely related to the free energy of
thermodynamics. f(¢) is the generating function of the cumulants, if they exist.
In Sect. 2.3, formula (2.66), we introduced f(ik) = In G(k) as such a generating
function. But f(¢) is real and it is easy to show that it is also a strictly convex
function, i.e., the second derivative always obeys f”(z) > 0, unless the density
o(x) is concentrated around a point.

We give some examples:

« For the normal distribution X ~ N (1, 02) one finds
1 5
f@) = pt + 5 . (2.208)

 For the exponential distribution o(x) = me™"* we have

() =—In (mn; [) L t<m. (2.209)

¢ For a random variable with discrete realizations {—1, +1} and o(£1) = 1/2 one
obtains
f(t) =In(cosht). (2.210)

The Legendre transform. Let f(¢) be a strictly convex function, then the Legen-
dre transform g(y) of f(¢) is defined on [0, c0) by

g(y) = sup (ty — f(0). (2.211)

g(y) is again strictly convex.
Hence, in order to write down g(y) explicitly one first has to determine the
supremum; it is found at ¢ = ¢(y), where #(y) follows from solving the equation

y=f') (2.212)

for ¢t. The convexity of f(¢) guarantees that ¢(y) exists. Thereby one obtains

gy) =ty — f@(y) (2.213)
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and
dg = ydt +tdy — f'(1)dt =tdy, ie.also g'(y) =1(y). (2.214)

In this way the Hamiltonian function H(p, q) of a classical mechanical system
is the Legendre transform of the Lagrange function L(q, ¢):

H(p.q) = sup (p q—L(. q)). (2.215)
q

The Lagrange function is convex with respect to the argument ¢, since L(g,q) =
mg/2+ ...
Let us determine the Legendre transforms for the above mentioned examples.

¢ For the normal distribution N (i, 02) one obtains from (2.208)

(v —mw’
g0) == 5 (2.216)
o
* For the exponential distribution follows from (2.209)
g(y) =my—1~—Inmy, (2.217)

e And for a random variable with discrete realizations {—1, +1} and o(+1) = 1/2

one finds
1+
2

11—y
2

¢(y) = — L1 +y) + In(1 - y). (2.218)

The convexity of f(¢) and g(y) is easily verified for each case.

Armed with these preparations we are now able to introduce the central notion,
the large deviation property.

We consider a sequence Yy of random variables with densities oy (y). We may
think of them as the densities for Yy = (X1+...+ Xy)/N, where {X; } are random
variables with a density o(x). However, any other sequence is also possible.

We say that such a sequence has the large deviation property, if the densities for

on(y) obey
on(y) = e NSDIHo), (2.219)

with ay — N for N — oo. The residual term o(N) contains only contributions
which increase sublinearly as a function of N. In the limit N — oo the probability
of an event being in (y, y + dy) should therefore be arbitrarily small for almost
all y. For large N a significant probability remains only for minima of S(y).

The function S(y) therefore plays an essential role for the densities oy (y)
for large N. In the so-called thermodynamic limit, i.e. N — oo, the probability
limy_ 00 on(y) is different from zero only at the absolute minimum y;, of the
function S(y).
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We will see that in models of real statistical systems such a value ypin
corresponds to the equilibrium state and that the function S(y) corresponds to the
negative of the entropy, and we know that the entropy assumes its maximum for an
equilibrium state.

But we can already see the following: If the function S(y) assumes its absolute
minimum at two (or more) values, one also obtains two (or more) possible equilib-
rium states. In this case one speaks of two phases. Which phase or which mixture
of phases is realized depends on the initial conditions and/or boundary conditions.

If S(y) depends on a parameter and if for a certain value of this parameter the
minimum splits into two minima, this value is called a critical point. The splitting
is called a phase transition. Hence this phenomenon can already be described at this
stage.

The determination of the function S(y) is, of course, of utmost importance. An
example where this quantity is particularly easy to calculate is the following.

Let X, X|,... be identical and independent random variables with a density
o(x). Furthermore, let the free energy function,

ft)y=M({*)=1n (/ dx e”‘g(x)) , (2.220)
be finite for all 7. Set
LN
Yy = Z X;. (2.221)

Under these conditions the sequence oy, (y) has the large deviation property.
Indeed, (2.219) holds with ay = N, and we find that

e The function S(y) is the Legendre transform of f(t):

S(y) = sup (ty — f(2)). (2.222)

* The function S(y) is the negative relative entropy S0, (x) | o(x)], where o(x)
is the density of X and g, (x) follows from the density of o(x) after a shift of the
expectation value to y.

If the realizations of X assume only discrete values in a finite set {xi, ..., x,} with
X; < ... < Xy, then S(y) is finite and continuous in the interval (xy, x,), while
S(y) = oo for y outside (x1, x;).

For a proof of these statements we refer to the literature (Ellis 1985; Shwartz
and Weiss 1995). However, we want to illustrate them for the above-mentioned
examples.

 Let o(x) be the normal distribution N (i, 02), i.e., f(t) is given by (2.208) and
its Legendre transform by (2.216). As expected, one finds

(y—u)z'

S(y) = 752

(2.223)
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The same result may be obtained by forming the negative relative entropy:

e~ (x=y)?/20° }

= Sfoy(x) [ o(x)] = /dx 0y(x)In [m (2.224)

- / dx 0,(x) [(x — 1)?/20° — (x — )?/20°]

_=-w

e (2.225)

* For large values of N, the mean value Yy of N exponential random variables
has a density (cf. (2.217))

on(y) xexp(—=N(my — 1 —1Inmy) + o(N)). (2.226)

The sum Z = NYy of N exponential random variables is also called a gamma
distributed random variable. One obtains for its density

N—1
0z(2) = %e""i (2.227)

which is in accordance with (2.226).
e For the discrete random variable with the possible realizations {—1, 1} and
o(£1) = 1/2 one finds according to (2.218)

N
1 1 _
en(y) = 55 > S(y—ﬁ > x,-) oce VSO, (2.228)
i=1

{x;==%x1}

where

1 1—y

S(y) =

;y In(1+y)+ In(1—y). (2.229)

One obtains the same results by forming the negative relative entropy:

— Sloy(x) | o(x)] = o(1)(1 4 y)In [%}
SPVPRO (L1

2y In(l—y). (2231

1+
= — L+ +
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In this case we may use the Bernoulli distribution for an explicit calculation of
o(y) and thus also S(y). It gives us the probability that N realizations of X yield
g times the value 1 and therefore y = (¢ — (N —¢q))/N =2g/N — 1,

N 1\ /1\N-9 N N
() e

Using Stirlings formulaln N! = N(In N — 1) + o(N) we obtain

N N
Ino(y) = N(InN —1) — E(l 4+ y)In (?(1 + y))

—%(1 — ) (%(1 - y)) — NIn2+ o(N) (2.233)

— N [1—;yln(1+y)+ lgyln(l—y)} Fo(N).  (2.234)

In the next chapter we will make use of the representation of the density given in
(2.219).



Chapter 3
Random Variables in State Space:
Classical Statistical Mechanics of Fluids

Using the concepts of probability theory and statistics introduced in Chap. 2, the
problem of statistical mechanics can be stated as follows: Consider a system of N
particles with momenta and positions p;,q;, i = 1,..., N. At each instant, the
microscopic state x = (p1,..., Pn,q1,--.,qn) may be considered as a realization
of a random variable in the 6 N -dimensional phase space. For this random variable
the density function has to be determined under various external, macroscopically
given conditions. Furthermore, we will consider only systems in a stationary state
so that the density function may be assumed to be time independent.

In Sects. 3.1 and 3.2 the density function for different external, macroscopically
fixed conditions will be formulated. The microcanonical, canonical and grand
canonical system is introduced.

Section 3.3 introduces the different thermodynamic potentials and relates them
to one another.

In Sect. 3.4, the susceptibilities, which characterize the response of a material to
external changes, will be defined. Their relation to the variances and covariances of
corresponding quantities of the macroscopic system will turn out to be a special
case of the fluctuation—dissipation theorem which will be discussed in a more
general form in Chap. 5. Relations among susceptibilities are discussed as well as
the Maxwell relations.

While the ideal classical gas will already be discussed when introducing the
various densities, the subsequent sections deal with the case where the interaction
between the particles can no longer be neglected. Here equations of state for liquids
can also be formulated. As gases and liquids together are referred to as ‘fluids’, one
speaks in this context also of the theory of fluids.

First, in Sect. 3.5, the law of equipartition, useful for many approximate con-
siderations, will be proven. Section 3.6 focuses on the particle density N(r); the
corresponding covariance function Cov(N (r)N(r’)) is the natural quantity in which
the interaction between the particles of the statistical system becomes apparent.
Therefore, this quantity, or equivalently the radial distribution function derived
from it, is the central quantity in the theory of fluids. Its relation to experimentally
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accessible quantities and to the structure functions will be discussed as will its use
in formulating the equations of state and the virial theorem.

Section 3.7 is dedicated to approximation methods. The virial expansion will
be presented and its results compared with those of molecular dynamics. Ways of
formulating integral equations for the radial distribution function will be discussed
briefly, perturbation expansion will be introduced, and a generalized equation of
state will be formulated, from which in the following section, Sect. 3.8, the equation
of state for the van der Waals gas will be derived. This will allow us to discuss phase
transitions in fluids, corresponding states, and critical behavior.

3.1 The Microcanonical System

We consider a closed system of N particles in a volume V. As the system is closed
the total internal energy has a fixed value E. (Here the internal energy of the system
results only from the internal degrees of freedom.) A system where the macroscopic
quantities £, N, and V' are given will be called a microcanonical system and the
probability density for the microstate x = (p1,..., PN, 41, ---,qn), Which we are
going to determine in the following, is the microcanonical density.

The dynamics of the individual particles is given by the Hamiltonian function

H(x) = H(pi,....PN.41,---.4N) (3.1)

and as a constraint for x one thus obtains
Hx)=E. (3.2)

Fixing the energy to a sharp value is, of course, only an idealization. It is
mathematically simpler and physically more realistic to determine the probability
density in a domain

E<Hx) <E+ AE. (3.3)

It will turn out that the value of A E has no actual significance.
As we do not have any information about this density distribution, it is most
plausible to assume that all microstates within this domain are equally probable.

This corresponds to a choice for the density in accordance with the maximum
entropy principle (Sect. 2.4). It has the form

1
— for{x|E < H(x) < E + AE}

o(x|E,V,N) =1 4 (3.4)
0 otherwise .

The denominator A follows from the normalization condition:

A= /dx (O (E + AE — H(x)) — O (E — H(x))) , 3.5)
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where @ (x) is the Heaviside function,

1 forx >0,

@ =
x) 0 otherwise.

(3.6)

A has the dimension (pg)3V = (Js)*V.

For the entropy of the random variable belonging to the microstate x, we then
obtain according to Sect. 2.4, (2.86), setting the constant k equal to the Boltzmann
constant kg:

S = kg 1n(Ago), 3.7

and now we have to decide about the value of gy. This cannot be done without
anticipating some knowledge from quantum mechanics. The uncertainty relation of
quantum mechanics suggests that one introduces cells with a volume proportional
to 43" in phase space because the product of the standard deviations 040, for any
component is of order /. Furthermore, if two cells differ only with respect to the
exchange of single particles, they are quantum mechanically considered identical.
Thus all N! cells, related by a permutation of the particles, must be considered
identical and therefore N3V is a natural volume in phase space for a microstate.
Then the probability of finding a microstate x in a certain cell Z; of the phase space
(or in one of those which have to be considered identical) is

1 NN
i = NI dx — = . 3.8
P /Z xg = (3.8)

These probabilities all have the same value provided the cells lie within the domain
of the energy shell {E < H(x) < E 4+ AE}; otherwise, p; = 0.
The inverse

A

2(E.V.N) = o

3.9)

may be regarded as the number of microstates in the interval (E, E + AE),
and 2(E,V,N) is called the density of states (number of states per energy
interval AE).

For the entropy one now easily obtains (see Sect. 2.4)

S(E,V,N) =kg nQ2(E,V,N) . (3.10)
Comparing with (3.7), we have obtained

1

Qo
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Example. For an ideal gas the Hamiltonian function is given by

=

2
D’
H(x)=H(p1,...,PN-q1,---,qN) = ﬁ’

i=1

(3.12)

and 2(E, V, N) is easily determined. We introduce, as an auxiliary quantity,

Q(E,V,N) = /dx OE — H(x)) (3.13)

= VN/d3Np O(E — H(p)) . (3.14)

The integral over the momenta represents the volume of a sphere in 3 N -dimensional
space with radius «/2mE; it is given by

T3N/2

3N
| —+1
(2+)

QUE,V,N)y=V"V Q2mE)*N? . (3.15)

Thus to first order in A E one obtains

992" AE
A=QE+AE,V,N)—Q(E,V,N)= E 2222 (3.16)
0E E
3N/2 AE
—yN T omE)yNrED (3.17)
(3N) E
| —
2
and finally
QE.V.N)= —_yN e QmE)N? (3.18)
) T NN F(3N) " ’ ‘
2

where we have neglected the contribution AE/E. (It is of order 107, where x is
of order 10; but £V is of order 10* with x ~ 10%!)

Using the expansion of the gamma function for large arguments,
In"(x) =x(nx —1) + O(lnx) , (3.19)
yields for the entropy

3 (anE

S(E,V,N)szN[an+§ln 5 ):|—kBN(ln(N)—l)

—kB%N (ln (%N) - 1) + O(nN). (3.20)
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So for the entropy of the classical ideal gas we obtain

|4 3 damFE 5

For a fixed volume per particle, /N, and fixed energy per particle, E/N,
the entropy is strictly proportional to the number of particles N, as it should
be. However, had we not taken into account the indistinguishability of particles
postulated by quantum mechanics, the factor N!in (3.18) and thus the term N In N
in (3.20) would be missing. The entropy per particle would increase with the number
of particles N and for N — oo even become infinite. This contradicts the laws
of classical thermodynamics and was the origin of extensive discussions among
physicists before the formulation of quantum mechanics. This contradiction, as well
as others which would occur without the incorporation of the indistinguishability of
particles, is known as Gibbs paradox (named after the American physicist Gibbs,
who discussed the indistinguishability of particles). This Gibbs paradox should not
be confused with the Gibbs phenomenon, which we will address in Sect. 9.3.

For gases under normal conditions one finds

S 1o (3.22)
kN ' ‘

3.2 Systems in Contact

Up to now we have considered a closed, isolated system. Energy, number of particles
and volume were fixed, externally given values, and, as the system was closed, these
values remained unchanged.

We now want to bring two such systems into contact and thereby remove their
isolation in various ways. In Sect. 3.2.1 we will assume contact in such a way that
interactions of the particles allow energy to be exchanged. Such contact will be
called thermal contact.

In Sect.3.2.2 we will consider exchange of energy and volume, and, in
Sect. 3.2.3, exchange of energy and particles.

For each case we will introduce new system variables — temperature, pressure,
and chemical potential, respectively — and then also discuss systems where these
variables are held fixed.

3.2.1 Thermal Contact

We first consider two closed systems with £ 0 V,Nand E g, Vg, Np as given values
for the system variables energy, volume, and particle number, respectively. We bring
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these systems into thermal contact, i.e., allow an exchange of energy, while the total
system remains closed. Having established the contact we wait for a certain time
until we know for sure that the total system is in a stationary equilibrium state.

The energies of the two systems, denoted by e and e g, will have changed. At each
instant they can be considered as realizations of the random variables £ and Ep.
However, because of energy conservation one always hase+ep = Eo = E '+ E g.

We are interested in the probability density o(e) for the energy of the first system.
To determine this we consider the number of microstates of the total system in which
the first system has the energy e. This numberis £2(e, V, N) 2p(Ew — e, Vg, Np),
because each state of the first system can be combined with a distinct state of the
second system.

In the closed total system all states are equally probable. Denoting the number of
states of the total system by A, we therefore obtain

1
ole) = 4 82(e. V. N)S25(Ew — €. V5. Np) . (3.23)

We will analyze this expression for the energy density of the first system and find
that it may also be written as

o(e) cce™eW) 1y = v (3.24)

where y is the energy per particle in the first system. Therefore, the random variable
has the large deviation property. In the thermodynamic limit N — oo the energy
per particle will assume a unique value determined by the minimum of g(y).

Introduction of Temperature

First we determine the maximum of p(e) by setting the derivative of kg In o(e) with
respect to e equal to zero. Denoting the entropy of the microcanonical density by
S = kg In £2 we have

kB an(e) = S(E, V,N) + SB(Etol —e, VB,NB) —kB InA s (325)

and therefore

8k31nQ(€) _ aS(E,V, N) _ 3SB(€B,VB,NB)

=0. 3.26
de de dep ep=E—e (3-26)
In order to analyze this equation, we introduce
1 aS(e,V,N)
-—= — (3.27)

T de
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and call 7' the temperature. Similarly, we introduce the temperature 7. Note that
kg T has the dimension of an energy. Thus (3.26) implies that the maximum of p(e)
is determined by the solution of the equation

T(ev V, N) = TB(EIOt_ev VBvNB) ) (328)

that is, the most probable value of e is that for which the temperatures of the two
systems are equal.

Remarks.

We have introduced a new system variable, the temperature, which can be
attributed to each system. When the entropy function of the microcanonical
density S(E, V, N) is known, the temperature is given by (3.27). For the ideal
gas, for instance, we have from (3.21)

SE.V.N) = kN |1n (L) 42 m (FZMEN 3 (3.29)
=B N Ty M 3N ) T2 ‘

and therefore one obtains for the temperature

1 3S(E,V,N) 3]
_——— = k - —, .
T 9E sN3 (3.30)
or
E
T=3—orE=§NkBT. (3.31)
kg N 2

Of course, we still have to show how a variable like the temperature can be
measured (see Sect. 7.2).

The temperature is an intensive variable. These are system variables which
mutually adjust when two systems enter corresponding contact.

As the entropy increases with the number of possible states (cf. Sect.2.4) and,
in addition, the number of possible states generally increases with energy, the
temperature will, in general, be positive. However, when there exists a maximum
value for the energy, the number of states can decrease with growing energy. In
this case it might happen that 7" < 0 (e.g., for the ideal paramagnetic crystal; see
Sect. 4.4).

One can show (see, e.g., Kittel (1980)) that energy and entropy flow from
the system with initially higher temperature to the system with initially lower
temperature.

If two systems with slightly different temperatures are in thermal contact and
there is an energy flow 6Q into one system, then the change of entropy is given by

S(e+80Q,V.,N)—S(e,V,N) = 2—§8Q , (3.32)
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i.e.,

dS(e,V,N) = %SQ . (3.33)
The change of energy for a system in thermal contact is therefore

80 =TdS(e,V,N). (3.34)

This quantity of energy which is exchanged in connection with a change of
entropy is called heat (cf. Sect. 7.1).

The Density of the Canonical System

We now come back to the analysis of formula (3.23) for the density o(e).

Let the energy Ep of the second system be so large that the energy which
will be exchanged in a contact is negligible compared to Ep. Then T will also
be practically unchanged, and the first system will assume the temperature 7’5
as a consequence of the contact. A system that is large enough to determine the
temperature of any other system it is in contact with, is called a heat bath. If the
system variables 7', VV, N for a system are given, one speaks of a canonical system.

The density o(e) of a canonical system has to be interpreted as o(e|T, V, N), i.e.,
the density of a canonical system. According to (3.23) we have

1
o(|[T,V.N) = ZQ(e,V, N)$2p(Ewt — e, V. Np) (3.35)

1 1
ZQ(e, V,N)exp (k_SB(Etol —e, Vs, NB)) . (3.36)
B

where £2(e, V, N) is the number of cells, i.e., the number of microstates in the
interval (e, e + de), and Sg(e, V, N) is the corresponding entropy.

The expression Sp(Ew; — e, Vp, Np) can be expanded with respect to e and one
obtains

1 1
Sp(Ewi—e, Vg, Np) = Sp(Eior, Vg, Ng) — e + O | — | , (3.37)
T Np

so that, finally, we get the result
1
0(e|T.V.N) = —82(e, V. N)e™"*
o exp(—pfe + S(e,V,N)/kg) , (3.38)

where B = 1/kgT.
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Fig. 3.1 The energy density

of a canonical system. To a

good approximation this is

the density of a Gaussian p(e)
distribution with variance

oz ~N

Ed < O

(E)xN e

We note that if we introduce the energy per particle Yy = E/N as a random
variable and take s(yy) = S(e, V, N)/N as the entropy per particle, the density
ovy (¥) of Yy has, according to (3.38), the form

—Ng(y)

oyy(y) xe , where g(y) = By —s(y)/ks . (3.39)

The sequence of random variables {Yy, N — oo} whose realizations are equal to
the energy per particle, thus has the large deviation property.
We want to illustrate this further by determining the variance of the density p(e).
The value where g(e) assumes its maximum, will be denoted by é;, and we
expand o(e) and kg In o(e) near é,: With e = &y + n we obtain

N N 1
kgIng(éy + n) = kg Inp(éy) + Enzk +..., (3.40)
where
0°S(e,V,N) d (1 1 aT
A= ————— =—|==—-—. 3.41
de? o=z, Oe (T) T? de ©41)

This result shows the following:

e ) is negative because e increases with 7'; a similar result holds for Ag. This
implies that we really are dealing with a maximum.

e Frome = O(N) we find A = O(%). The higher order terms in 1 will also
be of higher order in 1/N. Up to terms of order 1/N the exponent of p(e) is
thus a quadratic function of 1, and o(e) corresponds to the density of a Gaussian
distribution with variance 0125, which is of the order N (Fig.3.1).

From this we find

% _ o (L) . (3.42)
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For N ~ 10? the ratio is therefore oz /&y ~ 107'2. This implies that, although the
internal energy of a system which is in thermal contact with a second system is not
fixed, in practice it assumes a fixed value €y, which can be derived from (3.28) and
is practically identical to (E).

The Boltzmann Density
Knowing the density o(e) = o(e|T,V,N) we now can calculate the density

o(x|T,V, N) for a system in contact with a heat bath of temperature 7. Using (3.4)
and (3.9) one finds

o(x|T,V,N) = /de o(xle,V,N)o(e|T,V,N) (3.43)
[ el Dae e
= de — — (e, V,N)e™ "¢ (3.44)
Hx—-ae A A
H(x) 1 p
= de —————eP¢ 3.45
/H(x)_AE CAVNIC (3-45)
1
_ —BH (x)
= vy €V AE (3.46)
1 - X
= e PHC) (3.47)

This density is called the canonical density or Boltzmann density. We have already
derived it in Sect.2.4.5 proceeding from the maximum entropy principle as the
density of maximal entropy in the situation where the energy H(X) is not given
but is a random variable with

(HX))=E | (3.48)

where E turns out to be precisely the energy the system assumes according to (3.28)
in a thermal contact. For the Boltzmann density we will also use the form

o(x|T,V,N) = e P (3.49)

mWNN!Z
where, in anticipation of quantum mechanical results, we have split off the factor
h3N N from the normalization factor Z. This remaining dimensionless normaliza-
tion factor Z is called the partition function. From the normalization condition we
find

1
Z(T,V.N) = / &N pdNyg TN e PHPO) (3.50)
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The Free Energy

Having determined the probability density for the microstates of a system with given
values of temperature, volume, and number of particles, it now seems natural, from
a probabilistic point of view, to define the generating functions of the moments and
the cumulants. But as only the expectation values of macroscopic quantities like
H(x) are of interest in statistical mechanics, the partition function already plays
the role which is played otherwise by the generating function of the moments: The
repeated differentiation with respect to a parameter yields all moments. The variable
F(T,V,N), defined by

—BF(T,V,N)=mZ(T,V,N), (3.51)
so that

Z(T,V,N) = e PFTVN) (3.52)

serves now as a generating function of the cumulants. We will call it the free energy.
The prefactor B = 1/kgT provides the free energy F (7T, V, N) with the dimension
of an energy. For E(T,V, N) = (H(X)) we thus obtain

1 1 _
(HOO) = 5 [ @ pdYg e Hpape ™00 353
_L(_2), 3.54
=7 (-3) 39
d
=3 InZ(T,V,N), (3.55)
and for Var(H (X)) we have

Var(H(X)) = (H?) — (H)? (3.56)

1 #Z 1 (0Z)\*
-2 7 (5) (337

32

=—InZ. (3.58)

0p?
For the entropy of the canonical density one obtains immediately from (2.86),
setting o = 1/(h*N N1),
1
S(T,V,N):—F(F(T,V,N)—E(T,V,N)) (3.59)

with
E(T,V,N)={(H(X)). (3.60)
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Therefore, we also have
F(T,V,N)=E(T,V,N)—TS(T,V,N) . (3.61)

Notice that the entropy of the canonical density S(7, V, N) is a function entirely
different from the entropy S(E, V, N) of the microcanonical density. Nevertheless,
as ‘usual’ in physics, we will use the same name ‘S’ for it.

In addition to the microcanonical system, for which the system variables E, V, N
are held fixed, we have now introduced a second system, the canonical system. It
corresponds to an externally determined temperature (through the contact with a
heat bath), volume, and particle number. The probability density of the microstates
is given by (3.49), which we also may write as

H(F-Hw) (3.62)

1
o(x|T,V,N) = N

Example. For the ideal gas we have

1 N p2
_ 3N, 13N _ Pi
Z_N!h3N/d gd pexp( B Zm)

1 N p2
_ N 3N _ Pi
_—N!h3NV /d pexp( B Zm)

i=1

1
= v V" Qrmks )2,

where we have used f_JrOZO dxe ™" = /7. With help of

h2
A= — 3.63
' 2mmkgT ( )

which in Chap. 6 will be introduced as thermal de Broglie wavelength, we may also
write

1 /v\Y
Z(T.V.N) = — (F) . (3.64)
* t

Thus

—BF =InZ = Nln(%)—N(lnN—l)

t

=¥ |m(5m)+1]-
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ie., withv = V/N:
F(T,N,V) = —kgTN [m (A—VS) + 1} . (3.65)
t
For E(T,V,N) = (H(X)) one obtains

E(T,V,N) = —% InZ(T,V,N) (3.66)

3
= NkaT . (3.67)

One can easily show that

1
—__(F—-E
S T( ),

and therefore

% 5
S(T,N,V)=kgN [ln (/\_3) + §i| .

3.2.2 Systems with Exchange of Volume and Energy

After we have considered in the previous section the thermal contact of two systems
and thereby introduced the temperature, we now want to allow not only the exchange
of energy but also the exchange of volume for two systems in contact. Let E°, VO, N
and E%, Vg , Np be the initial values for energy, volume, and number of particles,
respectively, for two initially isolated systems. After these two systems come into
contact and a time independent state of equilibrium has been established, we
have to consider the energy E, Ep and the volume V, Vp as random variables
with realizations e, ep,v,vp. Because of the conservation laws, we always have
e+ep=Eqou=E"+ E% andv4vg = Vie = VO + Vg. Therefore, we now want
to study the density of the random variables V' and E:

1
Q(es v, N) = Z Q(E, v, N)Q(Elot —e, Vlot -V, NB) . (368)

This will again turn out to be the density of a Gaussian distribution, where the
dispersion around the most probable values will be very small and indeed vanishes
in the thermodynamic limit N — oo.
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Introduction of Pressure

These most probable values €, ¥ follow from the condition that the change of density
(or rather the logarithm of the density) has to vanish to first order in de and dv. One

finds
de
eg=E—e

aS(e,v, N aS(ep,vp, N
L[ 25eN)  95(es vp, Ni) dv.  (3.69)
dv dvp ve=Vio—v

dS(e,v.N)  9S(ep,vp. Np)
de dep

d(kIno(e,v)) = (

We introduce

9S(e,v,N)
av

and similarly pg(ep,vp, Np). This new system variable will be called pressure; the
justification for this will follow shortly. But already at this point it can be seen that
the physical dimension of p is energy/volume, or, equivalently, force/area.

As e and v can vary independently, the prefactors of de and dv in (3.69) have to
vanish separately. Therefore, the values ¢é, v, for which the density o(e, v) assumes
a maximum, are determined by the equations:

ple,v,N) = T(e,v,N), (3.70)

T(e,V,N) =Tg(ép,v5, Np) (3.71a)
p(e. v, N) = pp(ép.vp, Np) . (3.71b)
Not only the temperatures but also the pressures of both systems adjust to each other.
Hence, the pressure is also an intensive variable.
Remarks.

e If S(E,V,N) is known for a system, the temperature and also the pressure are
easy to calculate. For the ideal gas we have from (3.21)

|4 3 damFE 5
E N)=k In{ — —In| —— — 72
S(E,V,N) BN[n(N)+2n(3Nh2)+2:|, (3.72)

and therefore

1 E  ksN 2
E,V,N =TkN—=—
p( ) BY Y T 32NV

. (3.73)

<t

e In the first equation of (3.73) we have already established the well known
equation of state for the ideal gas, if we treat 7" not as a function of E, but as
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an independent variable. In Sect.3.3 we will see that p(7,V, N) can also be
calculated as

_OF(T.V.N)

T,V,N) = 3.74
p( ) T2 (3.74)
and with (3.65) we also find immediately
JoF (T,V,N kg TN
oV, Ny = — 2 ) _ e (3.75)

1% Vv

e With increasing volume the number of possible microstates also increases, i.e.,
the pressure is always positive if the temperature is positive.

* One can show (see e.g., Kittel (1980)) that, for two systems being in contact,
volume ‘flows’ into the system which initially has the larger pressure (i.e., that
system increases its volume). This increase of volume leads to a decrease of
pressure, while for the other system the pressure increases as the volume gets
smaller until both pressures are equal.

* The second derivatives of kglng(e,v, N) at its maximum (¢, V) are again of
order 1/N. This implies that o(e, v, N) is a two-dimensional Gaussian density.
The relative dispersion around the maximum (&, 7) is again of the order 1/v/N.

* When two systems of slightly different temperature and pressure are in contact
and there is a flow of energy d £ and volume dV into one system (i.e., this system
increases its volume by dV’), then the change of entropy is

aS as 1 80
dS = —dE + —dV = = (dE V)= —=. 3.76
op gy dV =g UE+ V) =7 (.70
Hence, the change of energy under these conditions is
dE =TdS — pdV . (3.77)

Thus the pressure determines the change of energy which results from a change of
volume. This change of energy is positive when the change of volume is negative,
i.e., when the volume becomes smaller.

This agrees with our intuitive understanding and provides the justification for
referring to this system variable as pressure.

Furthermore, consider, for instance, a gas in a box with a movable wall of area A
(Fig.3.2). If this wall is slowly pressed inwards under the action of a force F' such
that the mechanical pressure pyecn = F/A is only infinitesimally larger than the
counterpressure of the gas and any nonequilibrium states are avoided in this process,
then the work done by the displacement of the wall by a distance d# is

dW = Fdh = pmecn Adh . (3.78)
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Fig. 3.2 Change of volume | !
dV = —Adh by the
displacement d/ of a wall
with area A

Pmech = F/A
-—

The energy dW is transferred to the gas. If we interpret A d/ as the change of volume
—dV of the gas, the respective change of energy of the gasis dE = — pyecndV'. The
pressure p defined in (3.70) from the entropy is therefore identical to the mechanical
pressure in (3.78) and to the counterpressure.

The Density of the T—p System

If Ep and V3 are large enough that under contact to another system the flow of
energy and volume can be neglected, one speaks of a heat and volume bath. The
system variables 7" and p of the smaller system can be regulated by bringing it into
contact with such a bath. As a result the energy and the volume adjust. In this case
one has to interpret the density o(e, v) as o(e, v|T, p, N), and it is given by

o(e,v[T,p.N)

1
Z.Q(e,v,N) 2p(Ewt — e, Viot — v, Np) (3.79)

%Q(e,v, N) eS8(Ewo—e.Vi—v.Np)/ks (3.80)
The entropy Sz may be expanded in e and v and one obtains

1 1
Sp(Ewi—e, Vi — Vv, Np) = SB(Etola Viot» Np) — T e — F pv

1
+0 (N_B) , (3.81)

and therefore
1
o(evIT, p, N) = — Q(e, v, N) e P (3.82)

For a system in contact with a heat and a volume bath one thus obtains for the
density of a microstate x

o(x,VIT,p,N)

H(x) VAV
/ de / dvo(xle,v,N)o(e,v|T, p,N)
H(x)—AE v

1
— T e PH)+pV) (3.83)
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Notice that the volume V' is an argument as well as the microstate x. In the derivation
of (3.83) we have used the fact that o(x|e,v, N) is different from zero only for
(H(x) — AE <e < H(x)) and (now) for (V <v <V + AV).

This density can also be written as

1 ! Le—ﬁ(H(X)-FpV) ) (3.84)

o(x.VIT,p,N) = VNI AV Y

Here AV is a reference volume ensuring that the expression has the correct physical
dimension. The value of AV is not important, as it drops out in all calculations of
measurable quantities. Y is called the partition function of the T—p system. From
the normalization conditions one obtains

1 o0
Y'(T,p,N) = PNTAT / av / N p @3N gePHPOTPY) (3 85)
. 0
1 o0

=— dV Z(T,V,N)e PV . 3.86
v, ( )e (3.86)

Y’ may be represented as
Y'(T.p,N) = e PCTPN) (3.87)

and G(T, p, N) is called the free enthalpy.
1

Setting g = one obtains from (2.86) the entropy of this density:

mNN1AV
1
S(T.p.N) = - (G(T.p.N)— E(T. p.N) — pV(T. p. N)) (3.88)

with
E(T, p,N) = (H(X)), (3.89a)
V(T,p,N) = (V). (3.89b)

Notice that contrary to (3.60) the expectation value (.) now has to be taken with
respect to the density o(x, V'|T, p, N). For instance, for the volume we get

V(T, p,N)

V)

1 * 3N _ 13N 1 —B(H(p.q)+pV)
_—Y’AV/O dV/d pd thSNN!e

1 o0
= dV Z(T,V,N)V e PPV
Y’AV/O ( Ve

1 1 9y’ d
- — =—G(T,p,N). .
57 9y = 3, 00PN (3.90)
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Solving (3.88) for G(T, p, N) one obtains

G(T,p,N)= E(T,p.N)+ pV(T.p.N)—T S(T, p,N)  (3.91)
= F(T.p.N)+ pV(T.p.N) . (3.92)

Example. For the ideal gas we have

1 2emkgT\*M?* 1 (VY
Z(T,V,N)= —VN | —— =— (=] . 3.93
( ) N! ( h? ) N!(A?) (3.93)
and therefore

1 [ 1
Y = POTPN) — / dve PPV —yN 3N (3.94)

AV J, N!

1 1

=\ - 3.95
BN Bpav G99

where we have used

*© N —aV d N *© —aV 1
/0 dvyNe o = (_E) /0 dve ™ = Nl (3.96)

Since the (dimensionless) term SpAV may be neglected, one obtains the following
expression for the free enthalpy of an ideal gas:

G(T.p.N) = —kgT [-N In(Bp) — N In}}] (3.97)
_ A
= kgTN In (kBT) . (3.98)

3.2.3 Systems with Exchange of Particles and Energy

Finally, we want to consider contact between two systems where an exchange of
energy and particles is allowed. As the argument is similar to that in the previous
sections, only the most important formulas will be given here.

* We define a new system variable

IS(E,V,N)

W(E.V.N) = =T(E.V.N) =

(3.99)

which is called chemical potential. For an ideal gas, for instance, one obtains

EVN) =koT | (V) = 3 1 (22 E 3.100
wev =kt () -5 n(SEv)] e



3.2 Systems in Contact 71

Hence, the chemical potential depends only logarithmically on the density of
particles N/ V.

e The chemical potential is an intensive variable. For two systems in contact such
that an exchange of particles is allowed, the chemical potentials become equal
in stationary equilibrium. Until this equilibrium state is reached, there is a flow
of particles from the system with higher chemical potential to the system with
lower chemical potential.

*  When two systems with slightly different temperature and chemical potential are
in contact such that a quantity of energy dE and a quantity of particles dN flows
into one system, the change of entropy for this system is

as aS 1 80
dS= —dE+ —dN = = (dE —pdN) = —. 3.101
9E " TN 7 UE—pdN) == G100

The change of energy for systems in such contact is therefore
dE =TdS + pdN . (3.102)

Thus the chemical potential determines the change of internal energy resulting
from a change in the number of particles.

* One can define a ‘particle bath’. For a system in contact with a heat bath and
a particle bath the variables 7', V, and p are fixed; the energy and the particle
number adjust. The density for a microstate x of an N -particle system where N
can vary from 0 to oo reads

o(x,N|T,V, ) = e PH@=LN) (3.103)

1
NWBNY

This is also called the grand canonical or macrocanonical density. The grand
canonical or macrocanonical partition function Y is

oo
Y(T.V.p) =Y / &V pdNg T e PHPO=IN)(3.104)
N=0 ’

o0
= > Z(T.V.N)eMV . (3.105)
N=0
A corresponding variable K (T, V, ) is introduced through the expression

Y(T,V,p) = e PKTV0

or, equivalently,

K(T,V,p) = kg TInY(T,V, ) . (3.106)
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Again setting o9 = 1/(h* N') the entropy is obtained from (2.86) as

1
S(T.V.u) = = (K(T.V.j1) = E(T.V. 1) + pN(T.V.)) . (3.107)

where
1 dY oK
NT,V,u)=(N)=kgT —— = —— . (3.108)
Y ou au
Thereby one also obtains
Example. For an ideal gas
1 (v\"
Z(T,V,N)= — | —= 3.110
= (5) a0
and one gets
1 v\
_ N BuyN — ~—BK
YTV, =) 5 (13) ()N = e 3.111)
N=0 !
where
K(T.V.p) = — Vot kyT 3.112
( s ’/“L) - = Fe BL - ( . )

t

One observes that K(7, V, i) is linear in V; this is also generally the case. This
can be seen by the following argument: The intensive variable p(T, V, i) cannot
depend on the extensive variable V' because there is no other extensive variable
available such that V' and this variable together can form an intensive quantity.
Hence, p(T,V,u) = p(T, ), and as p = — 3_115’ we find always that

K=-pV. (3.113)

From N = —dK/du, one obtains

1%
N = Feﬂﬂ \ (3.114)
t

and thus again [cf. (3.100)]

A3
w(T,V,N) =kgTIn =~ . (3.115)
v
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3.3 Thermodynamic Potentials

In Sect. 3.2 we introduced the system variables temperature, pressure, and chemical
potential and calculated the respective probability densities of the microstate x =
(p1s....PN-q1,-..,qn) for situations where one or several of these intensive
variables, in addition perhaps to other variables, are kept fixed externally.

In particular, we have represented the partition functions of these densities
Z,Y',Y in terms of the functions F(T,V,N), G(T, p, N), and K(T,V, u). By
definition these functions all have the physical dimension of an energy and they
will play a central role. We will also refer to them as the Gibbs functions of the
corresponding systems.

The starting point was the density of the microcanonical system, where the
energy, the volume, and the number of particles are held fixed externally. We have
calculated the entropy for this density and introduced the intensive variables by the
following definitions:

1 as p as 7 as

— = =, = 3.116
T JoE T v T ON ( )
The differential form dS of the entropy S(E, N, V),
1
dS = —dE+2av - Ean (3.117)
T T T

summarizes these relations in a simple and intelligible way, and the differential form
dE of the internal energy £ = E(S, V, N) then reads

dE = TdS — pdV + wdN . (3.118)

The differential form for £ will be called the Gibbs differential form.

We find that the system variables can be grouped into pairs (7, S), (p,V),
(i, N). The variables within each pair are conjugated with respect to energy (i.e.,
the product of their physical dimensions has the dimension of an energy). The first
variable in each pair is an intensive variable, the second an extensive variable, i.e.,
it scales with the number of particles. Extensive variables, such as particle number,
volume, and entropy, add when two systems come into contact.

From the fundamental form (3.118) one can read off the relations between the
corresponding energy conjugated variables:

T JdE(S,V,N) (3.119a)
= . a
as

AE(S, V., N)
= 3.119b
T ( )

AE(S, V., N)

p=2 (3.119¢)

IN
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We will first show that the differential forms of the other Gibbs functions
have the same relevance for the corresponding systems as the Gibbs form of the
internal energy E (S, V, N) does for the microcanonical system. For this reason, the
Gibbs functions F(T,V,N), G(T, p, N),and K(T, V, ) are called thermodynamic
potentials. The internal energy E(S, V, N) is therefore the Gibbs function or the
thermodynamic potential of the microcanonical system.

From (3.61) we get for the free energy, the Gibbs function of the canonical
system:

F(T,V,N)=—-T S(T,V,N)+ E(T,V,N) . (3.120)

In principle, the microcanonical and the canonical system must be considered
as different. In the microcanonical system, energy E is fixed; in the canonical
system, E is a random variable with density o(e | T, V, N). When we observe a
canonical system from time to time, we will always measure different realizations
of this random variable.

How widely these measured values vary around a mean value depends, however,
on the number of particles N. In Fig.3.1, we illustrated that the density of,
say, o(e) in a canonical system can be considered a good approximation as a normal
distribution with an expectation value (H (X)) = &y o« N and a variance 0> o N.
The variance itself is of order N and in the following section we will associate the
variance with a measurable system variable, a susceptibility.

The dispersion measured by the standard deviation o is, however, of the
order /N, and the relative dispersion of the density around & is of the order 1/+/N .
For particle numbers of the order N ~ 1023, as occur in statistical mechanics, this
is extremely small. For such a large number of particles, energy E in a canonical
system with a given temperature T is practically equal to (H (X)) = e(, and the
canonical system corresponds to a microcanonical system with fixed energy e,
where e is determined by

3S(eo. V.N) 1
3@0 - T.

If we identify (H(x)), the expectation value of the energy in the canonical
system, with energy E of the microcanonical system, then

(3.121)

dE =TdS — pdV 4+ udN, (3.122)
and thus
dF = -TdS —SdT +dE = —-SdT — pdV + udN, (3.123)

from which we can read off

_OF(T.V.N)

S(T,V,N) = o7

(3.124a)
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dF(T,V,N)

p(T,V.,N) = — % (3.124b)
OF(T,V,N
w(T,V,N) = % ) (3.124c)

Thus we have shown that the free energy is also a thermodynamic potential. For free
enthalpy, we found (cf. (3.88)) after identifying (H (x)) with £ and (V') with V:

G(T,p,N)=E(T,p,N)—TS(T,p,N) + pV(T,p,N) . (3.125)
and for the fundamental form, one obtains
dG = —-SdT +Vdp + udN , (3.126)

from which we can read off

S(T,p,N) =— w (3.127a)
V(T,p,N) = %}f’m, (3.127b)
w(T, p,N) = w . (3.127¢)
Finally, from (3.109) we find for K(7T, V, i)
KT, V,u)y=ET,V,u)—=TS(T,V, ) — uN(T,V, 1), (3.128)
and the fundamental form is
dK =—-SdT — pdV — Ndp, (3.129)
from which we read off
S(T,V,pu) =— w (3.130a)
p(T,V,pn) = — aK(aT#) (3.130b)
N(T,V,u) = — 31('(;"%) . (3.130c)

This conversion of the differential forms of the Gibbs functions suggests that the
Gibbs functions itself are related by a Legendre transformation (see Sect. 2.7). This
is the case, as we will show now.



76 3 Random Variables in State Space: Classical Statistical Mechanics of Fluids

We write the density o(e | T, V, N) in the form (3.39)

oyy(y) = exp(—=Ng(y | T,V,N)) , y=e/N, (3.131)

ZAE
where
gy I|T.V,N)=By—s(y.V.N)/ks, s=S/N. (3.132)

For the partition function, we obtain from (3.131)

1 o0
Z(T.V.N) = —— i dy e NeUITV.N) (3.133)

and one obtains for the free energy

1 o0
—BF(T,V,N) =1n [E / dy e—NW'T’V’N)} ) (3.134)
0

Now we consider the free energy f = F/N per particle and take the thermody-
namic limit N — oo, which leads us to

F(T.V,N
BFT.V.N) = fim PEELV-N) (3.135)
N—o00 N
— lim |4 / ” dy e NeOITV-N) (3.136)
N—oo | N AE Jy '
=infg(y | T.V.N) (3.137)
y
= —sup (=By +s(y,V,N)/kp) . (3.138)
y

Hence, the free energy per particle is the Legendre transform of the negative
entropy —s(y, V, N) of the microcanonical system. The entropy itself is concave,
ie., —s(y,V,N) is convex, as required for a Legendre transformation. After
multiplication by N and kg7, we obtain, of course,

F(T.V.N) = =sup(~E + TS(E.V.N)) = inf (E — TS(E.V.N)) . (3.139)
E

To find a minimum of £ — T'S(E, V, N), we have to set the first derivative of this
expression to zero. This leads to

as
1-T— =0, 3.140
B ( )
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from which we obtain some solution E(7, V, N). Then the the free energy is the
value of E — T'S(E, V, N) at this minimum:

F(T,V,N)=E(T,V,N)—TS(E(T,V,N),V,N)
= E(T,V,N)—TS(T,V,N), (3.141)
as known.

In the same manner, the thermodynamic potentials can also be converted to each
other. To see this, we consider as an example the definition of Y’ in (3.86):

1 o0
YT, p,N) = W/ AV Z(T,V,N)e P . (3.142)
0

The integral represents a Laplace transformation from the function Z(T,V, N)
to Y'(T, p, N). We again identify the dependence on N by introducing the free
enthalpy g per particle, the free energy f per particle, and the volume v per particle,
and we obtain

— Bg(T, p) = %m (ﬁ /0 " dy e VTN 4 V>) : (3.143)
For N — oo we obviously get
g(T.p) =— sup (=pv—=f(T.V.N)), (3.144)
or, equivalently,
G(T,p,N) = —sgp (—pV —F(T,V,N)). (3.145)

The free enthalpy can therefore be obtained from F(7,V,N) by a Legendre
transformation.

We can also determine the thermodynamic potential of the macrocanonical
system from the free energy. We return to (3.105), from which we find

o0
V(T V. 1) = e POV = S V@n=pr @ran (3 146)
N=0

In this case we have introduced n = N/V and the free energy per volume [’ =
F/V. As the sum now includes all possible numbers of particles, we have to define
the thermodynamic limit by V' — oo and obtain eventually

K(T,V, ) = —sup (uN — F(T, V. N)) . (3.147)
N
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Finally, the enthalpy H(S, p, N) is a thermodynamic potential for a system
where S, p, N are given. It is

H(S,p,N)=—sup(—pV — E(S,V,N)). (3.148)
14

Therefore, the fundamental form for the enthalpy reads:
dH =TdS +Vdp+ pudN . (3.149)

The space of the macroscopic states, which in a mathematical approach might be
introduced as a manifold (Straumann 1986), can be parametrized by various triplets
of coordinates. We speak of triplets, because up to now we have considered only
three independent macroscopic state variables. For magnetic systems or systems
with several species of particles the number of coordinates increases. To each set of
coordinates or triplet there corresponds a thermodynamic potential, from which the
other system variables may be calculated.

These thermodynamic potentials are convex functions on this space. A Legendre
transformation of the potentials represents a coordinate transformation and leads to
a different thermodynamic potential.

Remarks.

e Motivated by the Legendre transform of F(7,V, N) which leads to the free
enthalpy, one may also introduce the so-called Landau free energy by

A(p, T, V,N)=pV + F(T,V,N). (3.150)
Then the free enthalpy can be determined by

G(T.p.N) =infA(p.T.V.N). (3.151)

The determination of the extremum of A as a function of V' leads again to the
condition that the first derivative of A with respect to V' has to be zero, which
is identical with the relationship p = —dF/dV . In Sect. 3.8, we will study the
Landau free energy in a more complex situation, where A may have more then
one minimum. This happens when different phases can exist.

e The Gibbs fundamental form (3.118) specifies the ways in which this system can
exchange energy: in the form of heat, 7dS, in the form of work, —pdV/, or in
the form of chemical energy, © dN. We have already referred to these forms of
energy exchange in Sect. 3.2 and will return to them in Sect. 7.1.

e If heat is exchanged at constant pressure, from

dE = TdS — pdV (3.152)
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we also obtain
Q0 =TdS =d(E+ pV)=dH , (3.153)

i.e., the change of enthalpy in processes which take place at constant pressure is
equal to the exchanged quantity of heat.
* For an infinitesimal isothermal change of state we have

d(E—-TS)=—pdV =dW , (3.154)

or,with F = E—TS,
dF =dw , (3.155)

i.e., the change of the free energy in processes which take place at constant
temperature is equal to the work done by the system (cf. Sect. 7.3).

3.4 Susceptibilities

Up to now we have determined the probability densities for the various systems. The
systems differ with respect to the collection of system variables which are externally
given. The first derivatives of the corresponding thermodynamic potentials lead to
the corresponding energy conjugated system variables. However, in addition to such
relations among the system variables of a gas or a fluid, one can also measure the
so-called response functions or susceptibilities, which are a measure of the response
of a system variable to a change in a second system variable. We now will introduce
these response functions.

3.4.1 Heat Capacities

The most important response functions are the heat capacities. They describe the
quantity of heat 7dS that must be added to a system in order to achieve an increase
of the temperature by d7'. If these quantities of heat refer to a gramme, a mole, or a
single particle of the substance in question, they are called specific heats. One still
has to distinguish which system variables are kept constant.

1. When the number of particles and the volume V' are kept constant, the relevant
heat capacity is

aS(T,V,N *F(T,V,N
_pB8@V.N) L FFTV.N)

Cv aT T2

(3.156)

On the other hand, for constant volume (and constant number of particles) we
have
dE =TdS , (3.157)
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i.e., the heat absorbed is equal to the change of energy, and therefore

_JE(T,V.N)

C
v aT

(3.158)

Being the second derivative of the free energy with respect to temperature, Cy
has to be related to a variance or covariance. To find this relation we consider

E(T,N,V) = — 2 InZ, (3.159)
ap
and, using
9 B 0 1 9
— = = 3.160
0T — dT 0B ksT? 0B ( )
we obtain
IE(T,N.V) 1 & Ly ] 1 #Z 1 (0z)\?
oT ~ kgT? 0p? kT2 \Z 3p> 72\ 9B
1
(H?) — (H)?) . (3.161)

=kt

(In this section we use the symbol H to denote the Hamiltonian function, so as
to avoid confusion with the enthalpy H.) Therefore

Cy = Var(H(X)) (3.162)

1
kpT?
where X again stands for the random vector of positions and momenta. Hence,
Cy is proportional to the variance 0?2_[ of the energy. Both E(T, N, V) and 0,2{ are
of the order N. As a further consequence we find that Cy > 0.

For an ideal gas E = % kg NT and one obtains

3
Cy = kN (3.163)

2. When the number of particles and the pressure are kept constant, the relevant
heat capacity is

0S(T.p.N) _ . #G(T.p.N) (3.164)

=T
C aT 972

Since

dH = TdS + Vdp + udN | (3.165)
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the absorption of heat at constant pressure (and constant number of particles)
results in a change of enthalpy, and C,, can also be expressed in the form

_OH(T,p,N)

Cp=—z (3.166)

Note that we consider here the enthalpy as a function of 7, p, N,notof S, p, N.
The enthalpy H(T, p, N) can be written as

H(T, p,N) = —% Iny’, (3.167)

and with (3.160) one thus obtains

OH(T,p,N) 1 &

/
o7 = o i ny’. (3.168)

In analogy to (3.161) one finally gets

1
Cr =1 Var(H(X) + p V), (3.169)

where the variance is now determined from the density o(x, V|T, p, N). From
this expression for C, it follows immediately that C, > 0.
For an ideal gas the enthalpy is

H(T,p,N)=E(T,p,N)+ pV(T, p,N) (3.170)
3 5
and therefore
5
C,= EkBN . (3.172)

Intuitively, one would also expect that C, > Cy. To obtain an increase of
temperature at constant pressure additional energy is needed to increase the
volume.

3.4.2 Isothermal Compressibility

The isothermal compressibility is defined as

1 dV(T,p.N)

3.173
7 o ( )

KT =
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From
JoG(T, p, N
V(T, p,N) = 9G(T. p.N)
dap
one gets
1 9*G(T, p, N kgT 02
Kp = — — ( P ): B —(IHY/)
14 ap? VvV ap?
1 2 2
= —(V ,
oy =)
ie.,
1 2
KT = —kBTV oy .

Again we find k7 > 0.

For an ideal gas

1 0 (NkBT) (NkBT) 1
KT:——— = > = — .
vV ap P p*V P

3.4.3 Isobaric

the isothermal compressibility is

Expansivity

The isobaric expansion coefficient (or isobaric expansivity)

1 oV(T.p.N) 1 3*G(T.p.N)
v oT V. AT dp

(3.174)

(3.175)

(3.176)

(3.177)

(3.178)

(3.179)

measures the relative change of volume per unit temperature. Since it may also be
written as a second derivative of the free enthalpy, it is possible to represent it as a

covariance:
From

and using

one obtains:

< - <=

dG(T, p.N) 119y’
T,pN)= —"""2 = _ _
V(T,p.N) o Y o
o _poa_ 1 2
oT T 98 kgT? 3B
1 9 (11 ay’
kgT? 9 \B Y’ dp
1 1 13Y’3Y’+18 1y’
kg T? BY?2 098 dp Y 9B \B dp

(3.180)

(3.181)

(3.182)

(3.183)
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Since
1 0 1 9y’
R = 184
v (53 ) = @Y (184
and also
1 9y’
v ag = () (3.185)
we obtain:
1 1

where the covariance is determined with the density p(x, V | T, p, N). For an ideal
gas this yields:

o

1 NT\ ksN 1
_ 10 (ke _ kN _ 1 (3.187)
var \ " p VT

In general « is positive. But there are exceptions, e.g., the volume of water
increases when the temperature decreases from 4°C to 0°C.

3.4.4 Isochoric Tension Coefficient and Adiabatic
Compressibility

Finally, we give expressions for the isochoric tension coefficient

_ 1 op(T.V.N) _ 1 PF(TI.V.N)

3.188
P )4 aT p av aT ( )
and the adiabatic compressibility
1 9V(S.p.N 1 PH(S, p, N
cs=—L WS PN 1FHS pN) (3.189)

vV ap vV op?

The first coefficient measures the relative change of pressure of a system due to a
change of temperature at constant volume. The second one describes the relative
change of the volume of a system when the pressure is changed and the entropy is
kept constant.

3.4.5 A General Relation Between Response Functions

We will conclude this section by deriving a general relation between response

functions. One finds 5

C,—Cy =Vl . (3.190)
KT
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In an ideal gas, for example, we have o = % and k7 = % and therefore

p _pV
C,—Cy = VTE =7 = Nkg . (3.191)

Proof. We consider

aS(T, dS(T,
50 = Tas(T, py = 7 ( B3 LP) yp L I5TP) ) (3.192)
aT ap
dS(T, p) (p(T.V) ap(T, V)
=C,dT + T dT + ————=dV | . 3.193
P oT T (3.193)
If the volume is kept constant we find
aS(T, p) op(T,V
50 = Cyar = (¢, + 7 TP TV 7 (3.194)
op aoT
Now
IS(T. p) P G(T, p) IV (T, p)
= — =— =TJa. 3.195
p T op oT * (3.195)
On the other hand
(3V(T, p))
ap aT
2 == 7 3.196
(aT)V VT, p) (G190
dap
which we can read off from V(T p) at constant V:
oV(T, v (T,
av = VLD g VED) ) (3.197)
aT ap
Therefore
V(T, p)
ap(T,V) aT Va o
- _ = _ = — 3.198
aT BV(T, p) 4 KT KT ( )
dap
and thus
o?
Cy=C,—VT —, (3.199)
KT

hence proving (3.190).
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Remarks.

In formula (3.195) we made use of the fact that the second derivative of a
thermodynamic potential can be interpreted in two different ways: On the one
hand

PG(T,p,N) 8 dG(T,p,N) 8
_ = 2 (=S(T.p.N)) . 3.200
3T op o 3T ap( (T.p,N)) ( )

and, on the other hand,

0’G(T, p,N) d dG(T,p,N) 0
9T op T~ ap ar VTP N) (3.200)

From this one obtains

daS(T, p,N) _ _3V(T, p,N) . (3.202)
ap aT

Relations of this kind, which are also called Maxwell relations, can be derived
from all second derivatives of any thermodynamic potential.

We have seen that the susceptibilities are related to the covariances of the
quantities H, V, pV. This relation is often considered as a statement of the so-
called fluctuation—dissipation theorem, since the covariances represent a measure
of the fluctuations, and the susceptibilities are a measure of the dissipation.
The connection is immediately evident. The thermodynamic potentials are the
generating functions for the cumulants. Therefore the susceptibilities, being the
second derivatives of the thermodynamic potentials, are exactly the covariance
functions.

In Sect.5.7 we will meet a more general fluctuation—dissipation theorem for
stochastic processes.

3.5 The Equipartition Theorem

We consider a system of N particles within the framework of classical physics.
Let the microstate be given by x = (p1,..., pn.4q1,-..,qn). If the Hamiltonian
function H (x) satisfies H(x) — oo for a component |x;| — oo then the following
relation holds for an arbitrary polynomial function f(x):

< f(x) 27H> — kT <a§ix) > . (3.203)
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This relation is an immediate consequence of the identity

_ 1 sy, 0 —BH(x)
af (x) oH
A YA (3.205)
axi 8x,~
In particular for f(x) = x; we obtain
oH
<x,. 8_x,-> =8,k T . (3.206)
Let us look at two applications. First, we consider H = Hyj, + V(q1, ..., qn) with
N 5 3N,
Hyin = B _ Lat , (3.207)
— 2m 2m

where we have denoted by p,, « = 1,...,3N the 3N coordinates of the N

momenta (py,..., pPn).
Hence, we have for each «:

H _ pl
Py — = L2 (3.208)
0Py m
from which it follows that
N 9H
> {pa = 2 (Hypn) = 3NkgT (3.209)
a=1 apa
or
3
(Hin) = SNksT . (3.210)

Second, when V(q1,...,qy) is of the form

N 3N
Vgi.....qn) =Y aiq} =Y _daq, . (3.211)
i=1 a=1

one obtains

3N

N | oH ]
; <qa @> =2) (augz) =2 (V) (3.212)

a=1
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and thus, from (3.2006),
3
(V) = ENkBT . (3.213)

We note that every canonical variable which appears quadratically in the
Hamiltonian function contributes an amount of %kBT to the average energy.
Therefore we obtain, e.g., (H) = %N kg T for the classical ideal gas and we will
get (H) = 3NkgT from the contribution of the harmonic lattice vibrations to the
internal energy of a solid. (See also the law of Dulong and Petit in Sect. 6.6.)

To each variable entering quadratically in the Hamiltonian function, one
attributes a thermodynamic degree of freedom. The number of degrees of freedom
is therefore f = 3N for the ideal gas, and f = 6N for the harmonic oscillator.

Hence, for a system with f degrees of freedom one obtains the so-called

equipartition theorem

(H)=f %kBT . (3.214)

For an ideal diatomic gas, taking into account the rotations, we find f = (3 4 2)
N =5N, and when the vibrations are also taken into account f = (3 + 2 + 2)
N =7N. The diatomic gas in the classical regime therefore has Cy = %N kg.
However, a quantum-mechanical treatment of the ideal diatomic gas reveals that in
most cases the vibrational excitations to not contribute to the specific heat at room
temperature and therefore Cy = % Nkg (cf. Sect. 6.7).

Nonlinearities in the potential and quantum corrections will, of course, lead to
deviations from this equipartition theorem.

3.6 The Radial Distribution Function

We first introduce the local density of particles as a random variable

N
N(r) =) 8(r—0Q)). (3.215)

i=1

Here Q; are random variables whose realizations correspond to the positions of the
individual molecules. That the quantity N (r) really is something like a local particle
density can easily be seen when we calculate the number of particles in a volume
element dV'. In this case one finds for the number n(r) of a realization of N(r):

N N
/ $Era(r) = Z/ Erér—gi) =Y Iy . (3.216)
dv dv

i=1 i=1

where I,,cqy = 1if g; is in dV, and is otherwise zero. So all particles in dV' are
counted.
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For a canonical system one has

(N(r)) = Wlsz [ d*p / d*Ngs(r —qi) e PO (3.217)
= Noi(r) (3.218)

with the marginal density

1
o1(r) = m/013Np/d3qz...ol-”q,v e PH(PO) . (3.219)

qa=r
In a spatially homogeneous system

1
o1(r) = v (3.220)

and therefore one finds for the local density of particles

(N(r)) = % =n. (3.221)

Next we consider the second moment

N

(NONGD) = D (30 = Q) 80" = @) (3.222)
i,j=1

N
= (85— Q@) - 00) (3.223)

i=1

N
+< D> sr— Q)8 - Qj)> . (3.224)
i,j=li#j

For the first term one obtains immediately

N N
Y (80— 08— @) = 8(r —r") Y (8(r — Q) (3.225)
i=l1

i=1

S8(r—r") (N(r)) (3.226)

%S(r —ry=né(r —r"), (3.227)
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and for the second term

N
> (8= 080" - Q)
ij=li#j
N(N —1
= _N(!h3N Z) d3Np dSNq 8(r —q1) 8(r’ —q5) e~ PH(P.9)
= N(N —1)ox(r,r) (3.228)

with the marginal density
1 -
o (r.r') = T4 / N p / Bgs.. gy e PHEPD q=rgmr -+ (3:229)
Hence, for the second moments of the local density of particles we find
! N I I
(N(r)N(r')) = VS(r —r )+ NN —1)ox(r.r'). (3.230)

For a spatially homogeneous system the second moment function (N (r)N(r’))
can depend only on r — r’. If in addition the system is isotropic, (N (r)N(r’)) can
depend only on |r — r/|.

For large distances |r —r’'| the dependence between the two local densities should
vanish such that

(N(r)N@")) > (N(@r)) (N(r")) =n* for |r—r'| > oc0. (3.231)

This suggests that, in addition to the second moment function, one also introduces
a radial distribution function given by

(N(r)N(r")) —nd(r —r’)

o(r,r') = N (NG) (3.232)
- wgz(m’) (3.233)
:QX%DK@qu. (3.234)

This function satisfies g»(r, ¥’) — 1 for |r — r’| — 00.

From their definition, the second moment function and the radial distribution
function are closely related to the interactions between the particles. We shall clarify
this point in more detail below.
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For an ideal gas we get immediately from (3.229)
, 1
oxr.r) = 7 (3.235)

and therefore

N N(N —-1)
"\ /

(N(r)N(r )) =7 s(r—r')+ 7 (3.236)

For the radial distribution function this leads to g,(r, r') = % ~ 1.

Note that one always has
/ d*r &’ (N(r)N(r')) = N* . (3.237)
Furthermore, we find
’ oa(r, r/) ’
ng(r.r’) =(N—1) o) (N =1) oa(r'|r) , (3.238)
1

where 0,(r'|r) d*r’ is the probability of finding a particle in a region around r’
under the condition that a particle is at r. In particular, if g(r, r’) only depends on
|r —r’'|, one gets

/d3r’ng2(|r —r'|) = /dr r*4xngy(r) = (N — 1) (3.239)

and therefore
ng,(r)dmridr (3.240)

is the average number of molecules in a spherical shell (r, 7 + dr) around a given
molecule in the gas.

In a spatially homogeneous system the origin may be placed at the center of any
particle picked at random. Obviously, for r — 0 we must have g,(r) — 0, as the
molecules cannot overlap. g, (r) assumes its maxima at values which correspond to
those distances from the reference particle where other particles are most likely to
be found. Consequently, for a crystal, g,(r) not only depends on |r|, but it displays
sharp maxima for those vectors that are lattice vectors. In a liquid one would not
expect such a sharp structure, but one will find rotational symmetry and a few peaks
whose sharpness, however, decreases with increasing distance (Fig. 3.3).

We will now show how certain many-particle quantities can be reduced to two-
particle quantities using the radial distribution function.

* Suppose that the interaction potential V(q1, ..., ¢ ) can be represented as a sum
of two-particle potentials

N
1
V(gi,....qn) = 3 E Valgi —q;) : (3.241)
=i
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Fig. 3.3 Typical form of the ga(r)

radial distribution function

g2(r). The maxima are at

those distances where 1 /\

neighboring particles are \/ N

most likely to be found

then (V(q1,...,qy)) is determined by the radial distribution function. Indeed,
X
(V(gi..-..qn) = 3 > (Valgi —q)) (3.242)
ij=li#j
1 N(N —1) -
= gmfdmp/d”q Va(gr — g2) e P00

1
=3 N(N — 1)/d341 / &*q2 V2(q1 — 42) 02(41.42)
1 N2
=5 | da8(0) Va(g) . (3.243)
2V
where we have used (N — 1)Voa(q) = nga(q). Therefore, taking into account
(3.210), one obtains for (H):
2

3 N
(H) = 5 NksT + 5 d’q g2(q) Va(q) . (3.244)

In classical mechanics the virial is the time average of the quantity

3N

wVig:,...,
an (qla qn) ’ (3.245)
el o
and a virial theorem holds in the form
3N
_ vV
2Hiin =) duy (3.246)
= o

where A denotes the time average of some quantity A.
* In statistical mechanics the expectation value

3N
Wiq, ...,
V= <Z da W> (3.247)

oa=1
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is called the virial of the potential V(q1, ..., qy). If the potential can be written
as a sum of two-particle potentials, then

N
- <Z qr - ka> (3.248)
k=1

N
1
2 Y gi—q)-VValgi—q)) - (3.249)
ij=li%j
All N(N —1) terms in the sum in (3.249) now lead to the same contribution, thus

1
V=N - 1)5/(13611 /d342 (g1 —¢q2)-VVa(q1 — q2) 02(q1,92)

2

I N
=57 g g2(q)q - VVa(g) . (3.250)

where we have again used

N
(N = 1)Voa(q) = ng2(q) = ng(CI) . (3.251)

Hence, the radial distribution function also determines the virial of the total
many-particle potential.

To obtain a virial theorem in statistical mechanics we consider the state
density of the canonical system. We consider the identity

3N 2
Z(T.13V,N) = /d3qu3Np exp (—,3 (Z 2p 2 + V(tql,...,tqu))> .

That this equation holds can easily be seen by the coordinate transforma-
tion p/, = % Pa»ql, =1 qq, which leaves the measure d*¥¢ d*¥ p invariant but
stretches each length by a factor 7.

Taking the derivative with respect to ¢ and then setting ¢ = 1 leads to

[ AZ(TV.N) 7
Ve = (2/3 Hyin) — <an >) : (3252)

Ol

or, with - 22 = 2 (—BF) = Bp

3N
1 14
(Hiin) — <an > : (3.253)

pV =

UJIN
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Using (3.250) and (3.210) and within the framework of statistical mechanics one
obtains from the virial theorem the general equation of state in the form

2

1N
pV = NksT = 2 - g g2(q) g -V Va(q) . (3.254)

Hence, the radial distribution function plays a key role for the equations of state
of real gases. It is even accessible by experiment. To explain this we first show
that the radial distribution function in a spatially homogeneous system may also be
written as

N
nga(r) =Y (5r—01+0,))=WN-1)@B(r—-01+02)) . (325
j=2
This is easy to see: Since 02(q1,¢2) can only depend on (g1 — ¢2), we get
(N=1)((r— Q1+ 02)
=(N - 1)/(1341 g2 8(r —q1 + ¢2) 02(q1,92)
= (N = DVos(r) (3.256)

and a comparison with (3.234) leads to the statement.
Now the Fourier transform of

(NO)N(r)) = 8(r) 4+ n gx(r)

S| =

is easily calculated and we obtain

N

1 4
I(k) = E/dSV e"’ Z(S(r -0+ 0))) (3.257)
j=1
1 XL .
— E Z(ellee—lK.Qj) (3258)
j=1
11 o iK-Q; ,—ik-Q;
=5 D (e e (3.259)
ij=1

I(k) is called the static structure function. It can be measured experimentally in the
quasi-elastic scattering of neutrons or X-rays at a momentum transfer of %«. Thus
the Fourier transform of the radial distribution function is a measurable quantity.
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Remarks. The static structure function follows from the dynamical structure func-
tion S(k, w) for general inelastic scattering with momentum transfer Ak and energy
transfer i by

I(k) = h/da) Sk, w) . (3.260)

This dynamical structure function S(k, ®) is proportional to the cross section for
the inelastic scattering of a particle (neutron or photon) with momentum %k and
energy E into the state hk’, E':

d?o

WO(S(IC,(I)), K:k—k/,E/—E:ha). (3261)

A scattering process is called quasi-elastic if the energy transfer satisfies
|E’'— E| < E; for a given scattering angle « is then independent of E’. If, then,
for a given momentum transfer all photons or neutrons are registered regardless of
their energies E’, this corresponds to the integration of the cross section over @ in
(3.260) and therefore

do d’o
I L _ [qg S0 3.262
T / A2 dE’ (3.262)

See also Berne and Pecora (1976).

3.7 Approximation Methods

In the previous section we have met a central quantity in the description of nonideal
gases, namely the radial distribution function, and we have derived some general
statements about the form of the equations of state in terms of this distribution
function.

Now we will examine how systematic approximations allow us to calculate the
radial distribution function or to obtain the equations of state directly. This is the
subject of the statistical theory of fluids. A further approximation method, the mean
field approximation, will be introduced in the context of spin systems in Sect. 4.4.

As a whole, however, within the framework of this book we can only convey
a preliminary insight into the description of nonideal gases. For a more advanced
treatment we refer to Barker and Henderson (1976).

3.7.1 The Virial Expansion

For the ideal gas it was a straightforward matter to derive the equation of state
(Sect.3.2). We found that the pressure is linear in the particle density n = N/V,
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explicitly p = kgTn. Here for nonideal gases an expansion with respect to powers
of the particle density # in the form

p pV

= _=14+KT n> + ... 3.263
wkeT ~ NkaT +b(T)n + c(T)n" + ( )

will be derived.
We proceed from the partition function of the macrocanonical system

o0
Y=Y NZ(TV.N). (3.264)
N=0

Here 7 = eP*, also called fugacity, and Z(T, V, N) is the partition function of the
N -particle system. One obtains

pV
InY = -BK = — 3.265
n B T ( )

=In(14+zZ(T.V.) + Z2Z(T.V.2) +...) . (3.266)

Expanding the logarithm one finds

y
Y = i—T = Z 4P T+ DT+ (3.267)
with
1
Zi=Z(TV.). 2= Z(IV.D) = 22T VD). ete. (3.268)

Equation 3.267 would have the form of an equation of state if the fugacity z
were written as a function of 7, V, N. In order to achieve this, we note that the
determination of N

9K dlnY 9z dlnY Y
N=-—2 e 2 g 2 ont o
o o au 0z dz
=271 + 227, + 3775 + ... (3.269)

also leads to a series expansion in z. We now make the ansatz
N 2 3
Z:Z—+(XN 4+ BN° + ... (3.270)
1

for z as a function of 7, V, N. Inserting this into the expansion (3.269) we can
determine the coefficients «, B, ... by comparing the coefficients of powers of N.
In general this is a complicated procedure for which a systematic strategy should
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be developed. For the first two virial coefficients, however, we will go through this

procedure explicitly:
The coefficients o and f are determined from

N 2 3 N 2 ?
N=(Z+aN + BN +...) Zi+2( - +aN’+...) 2
1 1

N 3
+3(—+...) Zy+.... (3.271)
Z
The requirement that terms of order N 2 have to vanish on the right-hand side implies
Z,
aZy+2 7= 0, (3.272)
1
and a similar requirement for the terms of order N3 leads to
Z, Z;
Zi+4a—+3—==0. 3.273
BZ: 7 Z ( )
Thus we find
Z, Z; z3
=-2—, =-3—=+8==. 3.274
o z F Z T8 (3.274)

With these coefficients we may insert z, as given by (3.270), into (3.267), yielding

vV (N N ’
p——(—+0{N2+,3N3+...)Z1+(Z—+06N2+...) Z;
1

ksT — \ Z,
N 3
+(—+...) Zi+ ... (3.275)
Z
2Z, Z,
=N+ N? (—— + —)
zi 73
N? ( 32, 82 4% 23) (3.276)
zi o zy  zZy 7))’
i.e., we obtain the equation of state in the form:
p =nkgT (1 +b(T)n + c(T)n* +...) (3.277)
with
Z3V? zZ2y?
} 2" (3.278)

Z,V
b(T) =— , T)=-2 4
(T) 73 c(T) Z + 7

1
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This is the virial expansion. b(T') is called the second and c¢(7') the third virial
coefficient.

Let us discuss the expressions for these first nontrivial virial coefficients. First,
we find (cp. 3.64)

14
Zy=ZT.V.) = (3.279)
t

where A, is the thermal de Broglie wavelength,

W2
A't = N1
2mmkgT

already introduced in (3.63). The existence of a potential does not have any effect
in this expression. Next, we have

1 6 16 Plz P%
Z(T,V72)=% d’pd°q exp—p %4‘%4—‘6(‘11—42)

— l,\l—é / d3(]1 d3q2 e BV2(q1—42)
2

1
=3 A0V / d3g e P@ (3.280)
and therefore
(Z(T,v,2) =1 ZX(T. V. 1))V 1 [
T)=— =—— [ & 281
b( ) ZZ(T, V, 1) 2 / qf(q) (3 8 )
with
flg)=e @ 1. (3.282)

For ¢(T') one obtains in the same manner

o) =5 [ Eadads f@ -0 f@r -4 g a0

Similarly one can express all higher virial coefficients in terms of the
function f(q).
We now will calculate the virial coefficients for two potentials explicitly.

Hard core potential. We think of atoms as hard cores of radius 6/2, i.e.,forg < o
we have V,(q) = oo, f(q) = —1.For g > o we take SV>(q) = V>2(q) < 1 such
that f(g) = —BV2(q) is a good approximation for f(q).
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Under these conditions we get

1
b(r) =5 [ @ s@ (3.283)
1[0 , 1 [ ,
=5 dgdmq” + 5,3 dg 4mq” Va(q) (3.284)
0 o
o’ 2m [
=7 — 4 dg ¢*> V»(q) , 3.285
”3+kBT/U g9 V2(q) ( )
ie.,
b(T) = by — — (3.286)
— 0o kBT s .
with
4w so\3
bo= 4= (5) (3.287)

being four times the volume of one particle, and

o0
a=-2n / dg ¢> Va(q) . (3.288)
o

For an attractive potential (V,(g) < 0 for ¢ > o) a is positive.

Lennard-Jones potential. A frequently employed model for the interaction
between atoms is the Lennard-Jones potential

12 6
Va(q) = 4¢ ((;—’) - (;—’) ) . (3.289)

Setting x = 9 and T* = kg T /& we obtain for this potential
o

1
b(T) =—3 /d3q (7@ _ 1) = by b*(T*) | (3.290)
where b*(T™*) has been introduced as a special function
o —12 —6 *
b*(T*) = —3 / dx x2 (e—‘“x —TO/T _ 1) . (3.291)
0

Equations 3.286 and 3.291 describe approximately the experimental dependence of
the second virial coefficient b(7") on temperature, 7: For decreasing temperature
b(T) becomes negative (Fig.3.4). Only if we compare the results for a very large
range of temperature, do we find that different potentials lead to different predictions
for b(T). Thus a discrimination between different potentials on the basis of a
comparison between theoretical and experimental results is difficult.
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Fig. 3.4 Reduced second virial coefficient 5™ (7*) as a function of the reduced temperature 7"*
for the Lennard-Jones potential (solid line ) as well as some experimental data (From Hirschfelder
et al. (1954). Reprinted by permission of John Wiley & Sons, Inc.)

In a similar way one can study ¢(7") and one finds
c(T) = b} c*(T*) , (3.292)
where ¢*(T*) is again a universal function (i.e., independent of the parameters of
the Lennard-Jones potential).
Remarks.

* The higher virial coefficients are obtained systematically by the cluster expansion
of Ursell and Mayer (Ursell 1927, Mayer 1941, see also [Romer and Filk 1994]).
One writes

1

Z(T,V,N)wad341 ... &gy exp _ﬂZVZ(‘Ii—q/‘)
M

i>j

1
= oW /d3q1 . dgy ]—[(1 + fij)
M

i>j

1
— /d3q1...d3qN 1+Zfij+ Z fij fre + ...

193N
N1A; i>j i>jk>t
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with
f’.j = e PV2li—q)) _ 1

Keeping control of the large number of contributions is greatly facilitated when
they are represented graphically. Z(7, V, N), for instance, leads to contributions
which for N = 2 and N = 3 may be represented as follows:

1 1 1 1 1
NZZI N:3L /\ ._\ A.
2 2 3 2 3 2 3 2 3

Each circle represents a particle, each line stands for a factor f;;. One can show
that the contributions to the virial coefficients may also be represented by such
objects; in fact the only graphs that occur are those where each pair of points can
be connected by at least two independent, nonintersecting paths.

+ For B — 0 all virial coefficients vanish, because e #"2@ — 1 — 0 for 8 — 0
(except in cases, where we assume that V,(q) = oo somewhere). In this limit
all fluids behave like ideal gases. It may happen that the second virial coefficient
also vanishes at a certain finite temperature. In this case the equation of state
corresponds, apart from higher order corrections, to that of an ideal gas. This
temperature is also called a 6-point.

e The virial expansion is only useful when n = N/V is sufficiently small that
only a few virial coefficients are needed, since the determination of the higher
coefficients becomes more and more difficult. One would thus like to know
whether the equation of state obtained by taking into account only the first four
to six virial coefficients also describes the liquid phase of a substance adequately.
Essentially, liquids and gases differ only in their densities (whereas the solid state
often shows crystalline structures). One might therefore expect that it is possible
to determine an equation of state which is valid for fluids in general.

For the hard core gas, studies have shown how far one can get using the
method of virial expansion. On the one hand, the virial expansion has been
examined by taking into account the first five or six virial coefficients, and this
expansion has then been extrapolated using a Padé approximation (Press et al.
2007). In a Padé approximation a polynomal series

f(x)=ap+ax + ... +a,x" + O(x"*") (3.293)

is replaced by a rational function

co+cix +...+enxV

S (%) = 1 +dix+.. +dyxM’

(3.294)
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Fig. 3.5 Graphical 16
representation of pV/NkgT Fluid > =
as a function of V;/V for a Solid
hard core gas. Vj is the
volume of densest packing: Hard-sphere
V, = NU3/«/§. The curves cn!u:tlinms
are: (Bs) virial expansion up ofaal

to fifth order, (Bg) virial 12
expansion up to sixth order,
(Padé) Padé approximation.
Results from molecular
dynamics are indicated by
small circles (From Ree and
Hoover (1964))
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such that the expansion of this function at x = 0 coincides with f(x) up to order
xNV*M (see e.g. Bender and Orszag 1978; Press et al. 2007). For N = M = 1
one obtains, e.g.,

co =ag, c¢1—cody=a, —dic+ d126’0 =a. (3.295)

On the other hand, some points of the equation of state have been determined
by a molecular dynamics calculation. In molecular dynamics calculations (see,
e.g., Rahman 1964; Verlet 1968) one solves the equations of motion for some
hundred particles numerically and regards the macroscopic state variables as the
time average determined from the corresponding microscopic quantities.

In Fig. 3.5 the results of such an investigation are compared with those of a
virial expansion including a Padé approximation.

Basically we may conclude that the extrapolation to all virial coefficients
by Padé approximation yields a qualitatively satisfactory equation of state.
Quantitative agreement, however, is not to be expected.
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e In (3.254) we gave an equation of state for fluids which we now will write in the
form

n
p=nksT |1 - —— [ dgq*4m 22(9)q V'(@) ) . (3.296)
6kgT
Expanding g,(g) in powers of n,

£2(9) = £20(q) + n g21(q) + O(n?) . (3.297)

and comparing with (3.277) yields

1
b =~ / 44 ¢> 47 g20(@) g V'(@) - (3.298)

This result then has to be compared with

1
b(T) = -3 / dqq®4m (e7P@ —1) . (3.299)

which by partial integration yields

3
b(T):—l / oodq47r 44 (e7F12@ —1) (3.300)

2 0 dq 3

1 _
= 6/dq A g*q (—BVi(q)) e P12@ (3.301)
1

=——— [ dgq*4nqVy(q)e PP 3.302
6kBT/ qq-4mqVy(g)e (3.302)

So we obtain ga(q) = e #"2(@. Thus, to first order in n, we can set g»(q) =
e PV2@ which is consistent with g,(¢) = 1 for ideal gases.

3.7.2 Integral Equations for the Radial Distribution Function

In the literature one can find various integrodifferential equations for the radial
distribution function. The solutions of these equations reproduce the experimental
results more or less satisfactory. We will briefly sketch the derivation of such
integrodifferential equations, but otherwise refer to the literature (McQuarrie 1976;
Balescu 1975).

We consider o, (r) from (3.219), i.e.,

1 3N 3 3 —BH(p.q)
Ql(r)zm/d p/dQQd qn € P qi=r (3.303)
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for the Hamiltonian function
N p2 N
H(p.q) =) 30+ Vagi—q))+ ) Vi) . (3.304)
i=1 i>j i=1

Since an external potential V;(g) is now also present, o; (r) is no longer independent
of the position r. Taking the derivative of o (r) in (3.303) with respect to r we get

Vo0i(r) = BV Vi)01r) < B / &N p / &g ...

qi1=r

N
X/d3qN Vr ZVZ(Y —qj) e_ﬂH(PJI)i
j=2

=BV, Vi(r)oi(r) — (N — 1)
X/d3qz V, Va(r —q2) 02(r. 42) -
Using

Noi(r) = ni(r)
and

NN = Doa(r. ') = na(r, ') = i (£)m () g2 (r, 1)

one obtains
Vini(r) = =BV, Vi(r)ni(r) — ,3/(13(]2 V, Va(r —q2)na(r,.q2) . (3.305)

This equation for n; (r) is therefore not closed: On the right-hand side there appears
the unknown quantity n,(r, ¢,). If one analogously derives a differential equation
for this quantity, the next higher moment ns(r, ', ¥”") appears, etc. Hence, we never
get a closed system of equations, but only an infinite hierarchy.

A closed system can obviously only be obtained if at some stage the moment
of highest order is approximated by an expression containing only lower moments.
Setting, e.g.,

na(r,r’y =ni(rn(r') , (3.306)

leads to the integrodifferential equation for n; (r):
Veni(r) = (—,BVr Vi(r)—p / P2 Ve Valr — q2) ﬂl(‘h)) ni(r)

or

ni(r) = e—ﬂ(Vl(r)—fd3qz Va(r—g2)n1(q2)) ] (3.307)
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A similar factorizing ansatz leading to an equation for ny(r, r’) is

na(r, rna (v’ ¥Yna(r”, r)

ny(r)ny (rhng (r')

Equations which may be derived by this or similar assumptions are, e.g.,

ny(r,r’,r’) = (3.308)

e The Born-Green-Yvon (BGY) equation:
—kgTVi In[ga2(r12)] = ViVa(riz)

+n / &r3 ViVa(ri3) g2(ri3) g2(ras)
* The Percus—Yevick equation for y(r) = e#"2(") g,(r):

y(rip)=14+n / d’r (e_ﬂVZ(m) —1) y(ri3)
x (e—ﬂVz(rzs) y(ra3) — 1) i

* the ‘hypernetted-chain equation” (HNC)

Iny(riz) =n / d*r3 h(ras) (h(riz) —Inga(riz) — Va(ri3)/ksT) .

with h(r) = g»(r) — 1. In the last two equations g,(r) represents the radial
distribution function of a macrocanonical system. From these equations one
obtains to lowest order in n:

y=1 ete. gr)=e P20, (3.309)

e The form of the curve g,(r) as a function of the parameters n, T, calculated
from the integral equations, may be compared with the molecular dynamics
calculations for various potentials. Frequently one uses the hard core potential
and the Lennard-Jones (12-6) potential (3.289).

It turns out that the Percus—Yevick equation yields a function g,(r) and an n-
dependence of p/nkgT which display the best agreement with the data from
molecular dynamics (McQuarrie 1976; Balescu 1975; Barker and Henderson
1976).

3.7.3 Perturbation Theory

Along with many other approximation methods, the formalism of a perturba-
tion expansion, known from classical mechanics, is also applicable in statistical
mechanics.
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For the potential we write

V(g qn) = Vg .qn) + Vg1, qn) (3.310)

where V°(q1,....,qy) is assumed to be a potential for which the partition function
Z ?v is known. Let (.)o be the expectation value which is derived from the density

00(x) = xp [—B (Hiin(p.q) + V°(q1.....qn))] . (3311)

1
————+ €
NRN Z9

Then

- (e—ﬂV‘(ql ..... qN>>0 (3.312)

— 2z (1—,3(V1)0+%2 <(V1)2>0+...) , (3.313)

where we have made a high-temperature expansion (i.e., an expansion in
B = 1/kgT) in the last line. Finally, we obtain

F=F+F (3.314)
where
Fo = —kgT In Z%(T,V,N) (3.315)
and
1 :32 1\2
Fi=—kaT n( 1=() + 5 (())) + ... (3.316)
X ayn—1
=Z( ., (3.317)
n!
n=1
w3
= — 31
(a)1 aT + ) (3.318)
with
o = (V') (3.319a)

(v, (3.319b)

etc.
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From
Vigi....qn) =) vV'(gi —4q)) (3.320)
i<j
one finds
N(N —1)
wr = (V') = — (v'(q1 —q2), (3.321)
1
=5nV / dqv'(q) £3(q) - (3.322)
where g9(g) is the radial distribution function for VO(q1,...,qx).

In the calculation of ((V1)2> expressions of the form
0

(V' (g1 — q2)v' (g5 — q4)),

occur. They can only be written in a compact form like (v!(g; — ¢2))o if the
corresponding four-particle distribution function g4(q1, g2, ¢3,q4) is used. Such a
four-particle distribution function, however, is difficult to calculate, thus revealing
the limits of this method.

We now consider, as an example,

0 Oforg <o
8(q) = (3.323)
1forg >o0.
Then
1, Oo 2 1 N?
w ==-n"V dgg dnv(q) = —a — (3.324)
2 o 14
with
o0
a=-2n / dg ¢*v'(q) . (3.325)

For an attractive potential (v' (¢) < 0 for ¢ > o) a is positive. This yields, to a first
approximation,

F=F—a N—2 , (3.326)
V
and thus
oF aF N? oF a
p:—W:—B—VO—aW:—a—VO—V—z. (3.327)
Instead of
aF()

(3.328)
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which is the equation of state for the potential ¥ = V', taking into account the
potential V!, we now obtain the equation of state

(P + %) =- % ) (3.329)

where @ is determined from the potential v!'(g) according to (3.325). For the
attractive two-particle potential v!(g) one finds to first order in the perturbation
expansion a decrease of pressure.

A suitable choice of gg (q) together with a good approximation for Fy and
inclusion of the contributions of higher orders in a high-temperature expansion
lead to equations of state which are an improvement over methods where the radial
distribution function is calculated from integral equations.

3.8 The van der Waals Equation

In the previous section we obtained the equation of state

( +3)——@ (3.330)
PR T Ty '
where F; is the free energy for a system with potential V°(q;,....qx). The

derivative of this free energy with respect to volume can again be represented as
a virial expansion

- % =nkgT 1 +b(T)n+..) . (3.331)

We now truncate this expansion after the term b(7)n and set b(T) = by. For low
densities and not too small temperatures this should be a good approximation. If, in
addition, we replace the term 1 4 bon by its Padé approximant

1+b ! d (3.332)
n — = .
0 1—b0l’l V—b()’

we obtain an equation of state of the form
a
(p+ ﬁ) (v—bo) = ksT . (3.333)
This is the van der Waals equation of state. For most fluids it agrees reasonably well

with experiments. It allows the investigation of many phenomena in real fluids, in
particular phase transitions.
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Fig. 3.6 Isotherms of the van P
der Waals equation for

various values of the

temperature

The correction term v — v — by, which occurs here as an approximation of the
virial expansion, may be explained in another way:

Consider the hard core gas and let v°(¢) = 0 for ¢ > o, where /2 is the radius
of the spheres which represent the molecules, and v*(¢) = oo for ¢ < o. Because
of the latter assumption the integration over the positions in the canonical partition

function

1
z$ = mx;” / Bqr ... dPgye PV @ an) (3.334)

has for each integral a volume 1} which is excluded from the integration. So we get
1
AR Vi AN (W =V, (3.335)

Of course, V) = N by, where by is of the order of the volume of a single molecule,
and we obtain

Fy = —kgTN In(V — Vp) 4+ (terms independent of V') , (3.336)

and therefore

daFy kgTN kT
- = = . 3.337
8V V— Vo vV — bo ( )

3.8.1 The Isotherms

The isotherms for a van der Waals gas can easily be represented in a p—v diagramm
by considering p as a function of v for given 7'. When the temperature is below a
critical value T, the isotherms exhibit two extremal points for p as a function of v
(Fig.3.6).
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At T = T the two extrema merge and the curve exhibits a saddle point. This
point is determined by

ap ’p
- =0, — =0, 3.338
v ov? ( )
which together with the van der Waals equation of state in the form
kB T a
= - = 3.339
P= T T ( )
leads to
—hel 20, (3.340)
(v—>bo)? .
and
2kgT 6a
___— =0. 3.341
b W (3-34D

From these two equations for p and v we obtain as the critical temperature kg7, =

% ;‘—0, and the saddle pointis atv = v, = 3bg, p = p. = #bg. In particular, we find

kT
pove

8
32T (3.342)

For real gases the values of this ratio is found, almost without exception, to be close
to 3.4.
Given the free energy of the van der Waals gas as

N
F(T,V,N)=—NkgT In(V — Vo)—aNV, (3.343)
one obtains for the Landau free energy (cp. 3.150) per particle
AP, T,v) = pv—kgTIn (v —vp) — . (3.344)
v

From the preceding discussion, one may easily derive that for 7 < 7, an interval for
the pressure exists, in which A(p, T, v) possesses two minima, say at v;(p, T') and at
v2(p, T). Then two free enthalpy functions (and thus two chemical potentials) can
be defined, each belongs to one phase. But only the state with the smaller minimum
will correspond to a physical equilibrium state. The special value of p, for which
wi(p,T) = A(p,T,v1) = Mp,T,v2) = u2(p,T), is the just the pressure on the
vapor pressure curve for the given temperature 7.
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Fig. 3.7 Isotherms for CO, at T < T, close to the critical point (7, p., V). Temperatures are
given in degrees Celsius. The Amagat is an old unit for volume and is equal to the volume of a
mole of a substance at 0°C and 1 atm, approximately 22.4 L (From Michels et al. (1937))

3.8.2 The Maxwell Construction

Not all points on the isotherms for 7" < T¢ correspond to physically possible equi-
librium states. Between the two extrema one finds, e.g., dp/dv > 0, while in general
dp/dv < 0 has to hold, because a decrease of volume always accompanies an
increase of pressure.

So we have to adjust the isotherms by hand. In this region we have to replace them
by a horizontal line, as can be seen from the experimental data shown in Fig. 3.7.

This adjustment is called the Maxwell construction and it turns out that it
reproduces the physical situation correctly: one replaces the isotherms for 7' < T
in the range between the extrema by a horizontal line such that the two shaded
areas in the right-hand diagram of Fig. 3.8 are just equal. So we can identify three
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Fig. 3.8 Maxwell construction for adjusting the isotherms of the van der Waals gas for 7 < T.
The isotherm between 1 and 2 is replaced by a horizontal line such that both shaded areas in the
picture on the right are equal

regions along the isotherms. Region a corresponds to the gaseous phase, region ¢
to the liquid phase, and region b, i.e., the horizontal line obtained by the Maxwell
construction, corresponds to the coexistence phase where gas and liquid coexist.

The condition that the two shaded areas have to be equal results from the
following observation:

Consider a fluid in the liquid phase with values for (p, v) in region c. When the
volume v is increased, the pressure falls and one reaches a state where the liquid
phase and the gaseous phase start to coexist. Let this state correspond to point 1
(Fig. 3.8, left) at a pressure py. The chemical potential of the liquid is i (po, T).
After the liquid has evaporated completely, one reaches point 2, where all the fluid is
in the gaseous phase. During this process the pressure remains constant. If we denote
the chemical potential of the gas by u»(po, T'), the relation w1 (po, T) = wa(po, T)
had to be valid all the time, as the two substances (liquid and gas) can exchange
particles. Denoting the number of molecules at point 1 (all being in the liquid phase)
by N; and their number at point 2 (all in the gaseous phase) by N,, we therefore also
have

1Ny = paNs . (3.345)

Generally, the relation uN = F + pV holds,as K = —pV = E —TS — uN, and
therefore we find
Fi—F+p(Vi—V2) =0. (3.346)

For the free energy of the van der Waals gas we may also write

Va aF Vs
Fi—F = —/ av o = / v p(v). (3.347)
Vi Vi

On the one hand, therefore, F|, — F, is the area between V| and V, below the
isotherms p(V') (Fig. 3.8, middle), on the other hand, according to (3.346) F; — F,
has to be equal to po(V>— V), which is the area under the horizontal line from 1 to 2
at a height py.

These two areas have to be equal and therefore also the areas in the picture on
the right-hand side of Fig. 3.8.

Energy is required, in the form of heat, to take one particle from the liquid
phase to the vapor phase in the coexistence region. This heat of conversion heat,
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which is also called latent heat and which we will denote by ¢, follows from the
Clausius—Clapeyron law (see e.g., Honerkamp and Romer 1993) as

dp(T
g =T(nT.p)— (. p) LT (3.348)

Here p(T') denotes the vapor pressure curve in a p—1 diagram, which results from
the equation

w(p, T) = pa(p,T) . (3.349)

Hence, for T — T, the latent heat tends to zero, as may readily be observed in
the p—v diagram, because for T — T the two volumes v; and v, become equal.

A phase transition with a nonzero latent heat is also called a phase transition of
first order. The difference between v, and v; (i.e., between the volume of the fluid
when completely in the gaseous phase and the volume of the fluid when completely
in the liquid phase), which is present for 7 < T, may also be interpreted as the
difference between the first derivative with respect to pressure of the chemical
potential in the gaseous phase and that in the liquid phase. In a phase transition
of second order there are only the second derivatives of the chemical potential with
respect to pressure which exhibit a difference. On the other hand, at 7 = T, one
speaks of a continuous transition.

3.8.3 Corresponding States

Introducing the variables

- T
ﬁzﬁ, =" T=— (3.350)
pC Ve Tc
one obtains the van der Waals equation in the form
.3 - ~
P+ ) Gv- 1) =8T. (3.351)
v

This means that when the pressure, volume, and temperature are measured in units
of their critical values, the equation of state assumes a universal form which is the
same for all substances. Two fluids with the same values of p, v, and T are said to
be in corresponding states.

A similar universal form for the equation of state also results if one assumes that
the potential for the interactions between the particles is of the form

Vo(r) =eVa(r/o), (3.352)

for all fluids, where only the parameters ¢ and o vary from one fluid to another.
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Fig. 3.9 Z = pv/kgT as a function of p for different temperatures T. The measured values for
various fluids at a given temperature 7" lie on a master curve and therefore confirm the validity of
a universal equation of state in the variables p, v, T (From Stanley (1971))

Thus one may suggest that also experimentally a universal equation of state can
be confirmed. In order to study this the quantity

pv pv
keT c ( )
with
Pch
Z.= 3.354
= ol ( )

has been examined for many fluids. In all cases Z. assumes almost the same value.
Many measurements show that the experimental data for Z as a function of p at
given temperature 7' are on the same curve for many fluids (Fig. 3.9). (Note, that ¥
can also be regarded as a function of p and T.) So indeed one can formulate the
same equation of state,

Z=Z. == fp.T, (3.355)

for all these fluids.
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3.8.4 Critical Exponents

The state of agasat T = T, p = p., and v = v, is called a critical state. At this
point two phases, the gaseous and the liquid phase, exist simultaneously, but are no
longer distinguishable. This phenomenon has already been mentioned in Sect.2.7.
Above T the gas can no longer be liquified and there exists only one equilibrium
state. Below T there are two equilibrium states (phases) and a region of coexistence
where both phases exist and where one can liquify the gas by decreasing the volume,
i.e., one can change the relative portion of the phases in the total system.

In the critical state one finds extremely large density fluctuations. This leads to an
opacity of the substance, which is also called critical opalescence. The critical state
was first observed for ether in 1822 by C. Cagniard de la Tour. For water (H,O) one
finds p. = 217.7atm, T, = 647.16 K = 374°C. The behavior of substances near
the critical point is quite universal, i.e., large classes of substances show the same
behavior close to the critical point.

We now want to examine the behavior of a van der Waals gas close to a critical
point. In this context we will give a general characterization of the behavior at a
critical point and also introduce the notion of a critical exponent.

At T = T, the van der Waals gas satisfies near p = p., v = v,

§
P=Pe _p Y%l Gon—ve) (3.356)
pe Ve
with the critical exponent § = 3 and D = — 1. Here p? denotes the pressure of a
kBTL

corresponding ideal gas, i.e., p? = . The crltlcal exponent for the behavior of p
as a function of v close to p = p. is therefore denoted by 4. For a van der Waals gas
we find § = 3. This is evident, since the critical point is just an inflection point. The
coefficient is easily determined from the van der Waals equation of state.

We consider njiq — ng, for & = T;T° < 0 and ¢ — 0. Here nyjq is the density
of the liquid and ng, the density of partlcles in the gaseous phase. We write the

behavior for T — T, in the form

Niiq — Ngas _ B(_g)ﬁ , (3.357)
2n,

where B is a second critical exponent. In a van der Waals gas we find B = 2 and
1
=1
For the specific heat Cy at v = v, and T — T the critical exponents are defined
according to

(—e)™ forT <Tp, <0
Cy ~ (3.358)
e« forT >T.,e>0.

In a van der Waals gas the specific heat tends to a constant as T — T = 0; therefore
« and o' vanish.
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Fig. 3.10 Temperature dependence of the density difference (njiq — n445)/2n. for CO, in
logarithmic coordinates. From the slope of the straight line one obtains in this case § = 0.35.

The prediction for the van der Waals gas is § = 0.5, corresponding to the dashed line, where no
data are actually found (From Heller (1967))

For the isothermal compressiblity one finds

1 0V(T,p.N)
== —= 3.359
KT 7 o ( )
We consider
1 op(T.v, N
- = M (3.360)
VeKT V=V, 3v V=vc

in the limit 7 — T + 0, i.e., we examine the way the slope of the isotherm tends
tozeroas T — T; for T > T.. Let k% be the isothermal compressibility of the ideal
gas, i.e., k% = 1/p.. We write

T —T.
K_Z;ch—y’ &= c.

3.361
KT T (3.361)

For a van der Waals gas we get C = % and the critical exponent y = 1. The slope
of the isotherm tends to zero linearly in & and therefore k7 diverges as e~

We have thus now defined the critical exponents

a,d ,B.y.5. (3.362)
For the van der Waals gas we have found the respective values 0, 0, %, 1, 3.
In a log-log plot one can easily extrapolate the critical exponents from the slope

of the experimental data (see Fig. 3.10). More or less independent of the substance
under consideration one finds:

a, o <04 B~ 0.35 y~12-13 S~42—-44. (3.363)
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These values agree surprisingly well with the predictions from the van der Waals
gas. Taking into account the simple structure of the van der Waals ansatz, one does
not expect a better agreement.

Thus, one essential property of the critical exponents is that they can be measured
easily. Furthermore, it turns out that certain relations among these quantities can be
derived (Sect. 2.6). These are the so-called scaling relations, for example,

a+pB1+68) =2, a+28+y=2. (3.364)

In general, these are very well obeyed, because the critical exponents are even more
universal than the equations of state for the reduced variables p, T, V. This implies
that at the critical point the microscopic properties of a substance are no longer
relevant. Long-range correlations become dominant and render the short-range local
microstructure unimportant.

We will return to the subject of phase transitions in the framework of spin models

in Sect. 4.4.

3.9 Some General Remarks about Phase Transitions
and Phase Diagrams

A phase is homogeneous down to the molecular realm. A homogeneous mixture of
two different chemical substances also represents a phase. For example, in a system
composed of a variety of substances, there is only one gaseous phase, since gases
are perfectly miscible. A sugar solution (sugar and water) also represents a phase. If
this solution is cooled to a low enough temperature, the sugar begins to precipitate.
Thus, two phases are obtained, a solid, pure sugar phase, and a sugar solution with
a lower concentration of sugar.

An inhomogeneous system with several phases is called a multiple-phase system.
Let us consider first a two-phase system composed of a single material, e.g., the
system (water, water vapor). “Vapor” means the gaseous phase of a substance
when this phase exchanges energy or mass with the liquid or solid phase, or when
it can be transformed into another phase without too great a change in volume
or temperature. Vapor is a real gas, so that relationships between state variables,
i.e., state equations, will differ strongly from the equations of an ideal gas. However,
if the vapor is separated from the other phases and progressively heated, the resulting
superheated vapor will behave more like an ideal gas. In the two-phase system we
are considering, vapor and another phase are in contact, which means that matter is
continuously exchanged between the two phases. Molecules emerge out of their
bound states in the solid or liquid phase into vapor, and in the other direction,
molecules of vapor will be absorbed into the solid or liquid phase.

Thermodynamic equilibrium is established in a closed two-phase system if both
phases are at the same temperature and pressure and if the number of particles
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of vapor and of the other phase have a constant statistical average, i.e. when the
chemical potentials of both phases are the same. The vapor is then called saturated.
Let p and T be the common pressure and temperature, u(p, T) the chemical
potential of water, and u'(p, T) the chemical potential of water vapor. Then, in
thermodynamic equilibrium,

w(p.T)=pu(p.T). (3.365)

Let us assume that these functions are given or have been calculated. In the p—T
plane, (3.365) defines a curve which contains all the points (p, T') at which water
and water vapor can exist in equilibrium (if this equation is satisfied identically for
all p and T, it is then no longer meaningful to talk of two distinguishable phases).

If there are three phases of a substance (e.g., if there is ice in addition to the water
and water vapor), they can be in equilibrium if

w(p, T)=uw'(p.T) = pu"(p,T), (3.366)

where 1" (p, T') represents the chemical potential of the third phase. Since we have
two equations for two variables, they will normally determine a single point in the
p-T diagram, the so-called triple point.

In (Fig.3.11), we show a typical phase diagram, namely, that of water. We see
that, at T = 100°C and p = latm = 1.013bar, water and water vapor are in
thermodynamic equilibrium, while at lower pressures the equilibrium temperature
has lower values, as we know from experience. (On a mountain, due to the lower
pressure, water boils at temperatures under 100°C.) We also see that the solid
phase, ice, is in equilibrium with the liquid phase at 0°C and the normal pressure
1.013 bar. If the pressure is raised, the temperature at which the two phases can be
at equilibrium drops. Ice melts under the blade of an ice skate; glaciers can move
slowly into valleys.

This behavior, where the melting point decreases with an increase in pressure, is
rare. It occurs also in bismuth, but other materials always demonstrate the reverse
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Fig. 3.12 Phase diagram of B
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behavior; the melting temperature increases with growing pressure. The triple point
of water is at 0.0098°C and 4.58 Torr = 6.11 mbar. Since the triple point of water is
uniquely defined and can be easily reproduced, it is used as a reference point for the
temperature scale. Below 6.11 mbar there is no longer a liquid phase. Ice transforms
directly to vapor when the temperature is raised. This process is called sublimation.
This process is much better known in the case of dry ice (solid CO,). If dry ice
is heated at a pressure of 1.013bar = 1atm (Fig.3.12), then at the temperature
—78.5°C it changes directly into a gaseous state.

The last characteristic point in our phase diagram (Fig.3.11) is the critical point
C at Ty = 374°C. Above this temperature, the chemical potentials of water and
water vapor become identical as functions, that is, there is no longer any difference
between the phases, and it no longer makes any sense to distinguish between them.
This means the following: for T < 374°C, u(p, T) is defined only above the curve
TC and to the right of TB, and u/(p, T'), the chemical potential of water vapor, is
defined only under the curve TC to the right of TA. For T > 374°C, u(p,T) =
W (p,T), and they are both defined for all p. (This fact can also be formulated in
another way. It is possible to define a chemical potential u(p, T') for the substance
H,O for all physical p and T'. This function of two variables is then continuous on
the lines TA, and TC, but its derivatives can be discontinuous there.

The curve TC in Fig. 3.11 is called the vapor pressure curve. The pressure p(7')
on this curve is called the vapor pressure, because it is the pressure that vapor has at
temperature 7" when it is in equilibrium with the liquid phase. Figure 3.13 shows a
phase diagram for H,O at higher pressures. We see that there can be several triple
points; the different phases here are distinguished by their crystalline structures.

We ascertain from these diagrams that in one-phase regions, there are two
variables which can be varied independently, while in a two-phase region, there is
only one free variable. In a three-phase region, no variables are free. In an m-phase
region there are thus (3 — m) free variables.
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Fig. 3.13 Phase diagram of 28000
water at higher pressures
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We can generalize this statement for mixtures of n substances. It can be shown
that if m phases are in equilibrium, there are

f=n+2-m (3.367)

free variables. This is the Gibbs phase rule.

Example. Consider the two materials H;O and NaCl and their phases: ice, solid
NaCl, saturated NaCl solution, and vapor. If all four phases are in equilibrium, there
are no longer any free variables.



Chapter 4
Random Fields: Textures and Classical
Statistical Mechanics of Spin Systems

If one associates a random variable with each point of a lattice in a one-, two-, or,
in general, n-dimensional space the collection of these random variables is called
a random field. The interdependence among the random variables of such a field
will be significant in determining the properties of macroscopic quantities of such
random fields. The interdependence will be restricted in Sect.4.1 in such a way
that we can formulate relatively simple models known as Markov fields. A second
approach to simple models for random fields, consisting in the introduction of Gibbs
fields, will prove to be equivalent. In Sect. 4.2, examples of Markov random fields
will be presented. It will turn out that all classical spin models relevant in statistical
mechanics are Markov random fields. Moreover, many two- or three-dimensional
images, so-called textures, may also be interpreted as realizations of such fields.

Section 4.3 will provide many of the formulas which will be needed subse-
quently. The free energy as the generating function of the cuamulants is introduced, as
are the moments, covariances, susceptibilities, and the entropy. The relation between
susceptibilites and covariances will emerge once more.

In Sect.4.4, we will first treat two simple models for random fields. For the
white noise field, where all random variables are considered as independent and
which corresponds to the ideal paramagnetic system, all quantities can be calculated
analytically. The same is true for the Ising model in one dimension.

In Sect. 4.5 we discuss solvable models with a phase transition: the Curie—Weiss
model, the general model with summable coupling constants in the mean-field
approximation, and the two-dimensional Ising model. It will easily be seen that
the magnetization in the Curie—Weiss model possesses the large deviation property;
the phenomenon of phase transitions can then be demonstrated most clearly and
critical exponents can be determined. The connection between phase transitions and
symmetry breaking will be discussed,as will the appearance of long-range order in
the case of two equilibrium states. In connection with the Ising model, we will cast
a glance at more general solvable models such as vertex models.

The models treated in Sect. 4.5 also serve to illustrate some approximations and
phenomenological theories which will then be discussed in Sect. 4.6: the Landau
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free energy and Landau’s phenomenological model for a phase transition of second
order.

The topic of Sect.4.7 is the renormalization group method, which was already
introduced in Sect. 2.6 and which is known to be an important tool for investigating
the properties of systems at a phase transition. Scaling properties are derived and
their consequences for critical exponents will be discussed.

4.1 Discrete Stochastic Fields

We will begin by considering the discrete, Euclidean, finite or infinite space in one
to three dimensions. Such a space will be denoted by S. The discrete points in this
space are denoted by r, or sometimes r;,i = 1,..., N, if we think of these points
as being listed in a sequence. Each point may also be characterized by its number i
in this list when the coordinates, given by r;, are unimportant. Thus we will denote
afield by {X(r)}or {X(r;),i =1,....,N}tor{X;,i =1,...,N}.

Possible realizations of X at the positions r or r; are, for instance, gray-level
intensities or the color code of a picture, the velocity of a fluid at position r, or the
orientation of a spin. Although X may be vector-valued, this need not affect the
notation for the moment.

The space of possible realizations at a single point will be denoted by L.
A realization of the total field is then an element in

F=LQRLR®...QL . 4.1)
——

N times

When £ has the dimension M, F is MV dimensional. We will call such a realization
a pattern.
Two examples of random fields are the following.

(a) A solid may be considered as a system of atoms, vibrating around the points
of a periodic three-dimensional lattice. The influence of the vibrations on the
properties of the solid will be studied in Sect. 6.6. Here we want to investigate
the magnetic properties of such a system of atoms each with a spin s. So we
consider a lattice, i.e., a periodic arrangement of N points in space, and at each
point of this lattice there is an atom with spin s. (This, however, is not exactly
the physical picture which emerges in deriving such models, see Sect. 6.9.) With
respect to an external axis this spin can assume the values {—s, —s+1, ..., +s}.
Hence we may consider the field of spins at the lattice points as a random field.
The pattern is a spin configuration.

(b) Certain images, which are referred to as textures, may also be considered as
realizations of random fields. Take, for example, a two-dimensional regular
square lattice of 640 x 480 points. To each point is assigned a value O or 1,
according to which it will be represented as black or white, respectively. The full
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Fig. 4.1 Typical images, which are called textures: (Left ) a realization of a random field; (Right)
image of a sectional view through a polymer mixture with two components

pattern corresponds to a black and white picture. For a color picture one assigns
to each point a three-component color-vector, where the respective values of
the components are in the interval (0,1,... M), M = 2" —1,n = 2,...,
and each component represents the intensity of one of the three basic colors.
In a gray-level picture all three components are equal, i.e., one has M different
gray-levels.

The content of images is expressed in the correlations among the random
variables for the single points or pixels. For pictures showing well-defined objects,
these correlations vary strongly with the lattice site. If, however, the correlations are
independent of the position, these images are called textures. In Fig. 4.1 two such
textures are shown: on the left-hand side a realization of a random field, known as
the Gibbs field, which we will introduce below, and on the right-hand side the image
of a section through a mixture of two polymers.

4.1.1 Markov Fields

The properties of the random field are determined largely by the dependencies
among the random variables of the field { X (r)}. These are described by the common
densities

Qn(x(rl)w--’x(rn))EQn(xtha---vxn) 4.2)

for all possible 1 < n < N. Of course, from oy (xy, X2, ..., xy) all densities g, for
n < N can be derived.

To obtain simpler models for the common density one has to restrict the set of
dependencies by further conditions. In order to formulate such conditions one first
has to define for each point r; in S a neighborhood N;, i.e., the set of all points
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= r; which are considered neighbors of r;:
N; ={r |r #r; is neighborof r;} . 4.3)

The definition of neighborhood should be such that for r;» € A also r; € N/
Examples.

* On a one-dimensional lattice S of points {r;,i = 1,..., N} one may take, for
example,

M Z{ri—lari+1} f0r2§l SN_l, (44)

i.e., both nearest neighbors to the right and left of r; belong to the neighborhood.
Of course, one might also define the two next-to-nearest neighbors as part of the
neighborhood. The boundary points r; and ry have fewer neighbors, only r, and
rn—1, respectively. But one can also define r; and ry as neighbors such that e.g.
M = {r N rz}.

* On a two-dimensional lattice S of points {r;,i = 1,..., N} one may define as
the neighborhood of r;:

Ni={ri|lro—ril<r.i#i'}. (4.5)

All points within a distance r from r; belong to the neighborhood of r;. The
point r; itself is by definition not part of its neighborhood.

Apart from the notion of neighborhood we also need the concept of a clique.
When a neighborhood N is defined for each point i of a lattice, a clique consists
of a set of points {7, i’, ...} which are mutual neighbors of each other. The simplest
cliques are those consisting of a single lattice point {i}; the set of all these will
be denoted by C;. C, shall then be the set of all cliques which each contain two
neighboring lattice points, and

Cy={{i,i’,i"}|i,i’,i” are mutual neighbors} (4.6)

is the set of all cliques containing three neighboring lattice points. Similarly one may
define cliques of higher order. For limited neighborhoods there exist only cliques
up to a certain degree. For a system of neighborhoods where each lattice point
has four neighbors as in Fig. 4.2a, there are only the cliques shown in Fig. 4.2c—e.
For a configuration where each lattice point has eight neighbors as in Fig. 4.2b, all
possible cliques are shown in Fig. 4.2c-1.

Now let Xg be the set of random variables defined on the space S, then Xx;
is the set of random variables defined on the points in the neighborhood of r;,
Xs\{r;y is the set of all random variables on S = {ry,...,ry} with the exception
of X(r;)= X;. Similarly we denote by xg, x5\, the respective set of realizations.

Now we introduce the following definition: A stochastic field is a Markov field
on the discrete space S if
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Fig. 4.2 Left: System where the lattice point (@) has four neighbors () in (a) and possible cliques
in (c)—(e). Right : System with eight neighbors in (b) and possible cliques in (¢)—(1)

o(xi | xs\fry) = o(xi | xp7) 4.7

i.e., if the conditional probabilities for X; only depend on the realizations of the
random variables in the neighborhood of r;.

4.1.2 Gibbs Fields

Gibbs fields are stochastic fields whose common density has the following special

structure |
o(xs) = Ze_ﬂH(’“) . (4.8)

Here B is a factor which we might set equal to 1/kgT, and in analogy to statistical
mechanics kg7 is referred to as Boltzmann’s constant times temperature. Z is a
normalization factor which, like in statistical mechanics, is generally called the
partition function and which is determined from the normalization condition

Z= Y e, (4.9)

xs€F

H (xg) is the Hamiltonian function or energy function, which for Gibbs fields should
be of the form

H(xs) =Y Vi(x)+ Y Vyxix)+.... (4.10)

i€Cy {i,j}eC

The energy function is thus a sum of one-point potentials, two-point potentials or
pair-potentials, and higher-order potentials, i.e., of expressions which depend on
cliques of definite order.

A Gibbs field is called homogeneous, if V; = V} is independentof i and V;; = V>
is independent of the position of the clique (i, j) € C,. When only cliques with two
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or fewer lattice points are taken into account, the energy function H can also be
written as

N N
H(xs) =Y Vi(x)+ Y > Va(xi.x)). (4.11)
i=1 i=1jeN;

This form of the density for a random field corresponds, of course, exactly to the
canonical density for a classical fluid (cf. (3.5) and (3.6)), the only difference being
that here the random variables are not positions and momenta but orientations of
spins or certain intensities at some lattice point. We will show in Sect. 4.2 that such
models can also be formulated in the context of the statistical mechanics of solids.

4.1.3 Egquivalence of Gibbs and Markov Fields

We have introduced Markov fields using the (local) Markov condition, and
Gibbs fields by specifying the complete common density. Now, according to the
Hammersley—Clifford theorem (Hammersley and Clifford 1971) each Markov field
with a system of neighbors and the associated system of cliques is also a Gibbs
field with the same system of cliques, and, vice versa, each Gibbs field is also a
Markov field with the corresponding system of neighbors. Thus for any common
density of the form (4.8) one finds that all conditional probabilities satisfy the
Markov condition, and from the Markov condition for a random field follows that
the common density has the form (4.8). A proof of this theorem can be found in
many articles (Besag 1974). Here we will be content to show that a special Gibbs
field is also a Markov field.

Example. We consider a Gibbs field with

L q1:)2
I/l(xi):% i=1,....N (4.12)

and

(i — i) (X — )
202

where J;; # 0, if j € N;. Without loss of generality, we set § = 1 and therefore

obtain

Va(xi, xj) = Jij

, fori # j . (4.13)

+/detB (-
o(xs) = NToL Sl ey D (i = By (x; =) | - (4.14)
ij=1

The matrix B has the matrix elements B;; with

Bj=Jj,i#j,i,j=1,...,N. (4.16)
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We now consider the conditional probability

o(xs)

. 4.17
o(xs\(iy) @17

o(xi | xs\fiy) =

Writing out explicitly those terms in the numerator and denominator which contain
X;, we obtain

exp (=5 ((r; — i) + 2(xi — i) Ay)) e’
Jdxi exp (=52 (O — pi)? +2(xi — i) Ai))) e

o(xi | xs\(iy) = (

with
A = Z Jij(xj — pj)
JEN;
The terms e~
mutually cancel.

in the numerator and denominator do not contain any x; and

Therefore, o(x;|xs\¢1) depends only on A;, and one also obtains the explicit form
of o(x;|NV;). To within a numerical factor, the integral in the denominator yields
exp(A?/20?), and so one finally obtains in this model

1
—— |+ DY T =) . (418)

o(xi|N;) = oy
JEN;

2mwo? °xp

where we have determined the prefactor from the normalization condition.
This calculation also conveys an idea of the general proof of the statement that
each Gibbs field is also a Markov field.

4.2 Examples of Markov Random Fields

In this section we will introduce some of the main models of random fields.

4.2.1 Model with Independent Random Variables

In the simplest model all random variables at different positions are mutually
independent. Then 1, = 0 and

N

1 N
o(xs) = l_[ Z_le—ﬁvl(x,-) = ngl(xi) (4.19)

i=1 i=1
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with

1 i
Qi(xi) = Z-e Vi) (4.20)

In a stochastic process this corresponds to white noise.

We may further assume that V; (x;) is quadratic in x; such that o(x;) is a Gaussian
density; in this case one speaks also of (Gaussian) white noise. Only if V, # 0, i.e.,
in the presence of an interaction, is there a dependence among the random variables.

As an example of such a model with independent random variables we consider
a solid consisting of atoms with spin s due to its electrons. Each spin has a magnetic
moment 4 = gupS, where g is the Landé factor, g Bohr’s magneton, and S the
spin operator. The solid may be in a constant external field B. Let us assume that
the energy function is simply

N N N
H=-Ypi-B=—gusy B-Si=—gusBY (Si., (4.21)

i=1 i=1 i=1

where S; is the spin of the atom at lattice point i and the index i runs over all
N lattice sites. We have chosen the z-axis parallel to the B field. The eigenvalues
of (S;), are m; = —s,...,+s for each i and thus there are (25 + 1)V possible
configurations for the spin field (Si, ..., Sy).

This is a model for the ideal paramagnetic crystal, where here “ideal” means
“free of interactions”. The energy function for this random field may also be written
as

N
H=-Y6x, (4.22)

i=1

where we have set ® = gugB and x; = (S;),.

4.2.2 Auto Model

For
Vi(xi) = xiGi(x;) (4.23)
V,-j(x,-,xj) = —Jijxixj, (424)
i.e.,
N N
H(xs) =Y xiGi(x) =y Y Jyxix;, (4.25)
i=1 i=1jeN;

one speaks of an auto model. J;; are called the interaction coefficients.
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If x; only assumes the values {0, 1} and G;(x;) = «;, this model is also known
as the autologistic model. If the space £ of the possible values of x; is equal to
{—1, 1}, one obtains an Ising model, which we will study in more detail in Sect. 4.5.
The generalization to the case in which x; assumes the values {0, ..., M — 1} is also
called the autobinomial model.

One finds for the conditional probability in this model

M—-1\ _ —
o(xi|N;) = ( _ )q“"(l — Mt (4.26)
1
with
et jen; Jijx)
R S sy (4.27)
For M = 2 we get
o(xiINi)) =g (1 —q)' ™ (4.28)
and therefore
1
o(OIN)) =1—¢q = (4.29)
1 +exp (ai + 2 jen; Jijxj)
o(1INV) = gq. (4.30)

Setting o; = o and, for example, J;; = J, these models are homogeneous.

4.2.3 Multilevel Logistic Model

In the multilevel logistic model, the random variable X; may assume M possible
values, e.g., L = {1,..., M }. For the potentials one further specifies

a; ifx;el C(l,....M)
Vi(x;) = 4.31)

—o; otherwise

and
Jo if j € N;and x; = x;
Va(xi, xj) = (4.32)
—J. otherwise,

where J. may depend on the relative positions of 7 and j. In a two-dimensional
lattice where each point has eight nearest neighbors there are four types of pairs for
which one can choose different constants J.. This is illustrated in Fig. 4.3.

For M =2 one again obtains the Ising model, which is anisotropic if one chooses
J. = Jp for the configuration of pairs (a) in Fig.4.3 and J. = J, # J; for
configuration (b) in Fig.4.3. The cliques (c) and (d) are not present in the Ising
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Fig. 4.3 The eight neighbors a b c d
of a point and the various x %k

orientations of pairs of * e % * ok

neighbors r % % * * *

model, as there one usually only considers a system of neighborhoods with four
neighbors (Fig.4.2).

For general M one speaks of a Potts model.

If J. < 0, those patterns where the realizations of neighboring random variables
assume predominantly the same value are more probable than other configurations.

4.2.4 Gauss Model

Finally, we include the Gauss model mentioned in the previous section. The
realizations of X; are on the real axis and the common density reads

JdetB .
o(xs) = W exp —ﬁi;l(xi —pi)Bij(x; — ) |- (4.33)

Here, {i; } are given numbers and B should be a nonsingular matrix.

Remarks. Markov fields are suitable for the modeling of images, in particular, as we
already have mentioned in Sect. 4.1 and shown in Fig. 4.1, those images which are
called textures. Methods of generating realizations of Gibbs fields will be discussed
in Sect. 5.5 in connection with the generation of realizations of stochastic processes.

On the other hand, the identification of a Gibbs model for a given image
interpreting the image as a realization of a certain Gibbs field means the estimation
of the parameters of this model. The parameters, whose number should of course
be smaller than the number of data, represent a set of quantities characterizing the
image. Image characterization is one of the tasks dealt with in image analysis. The
problem of parameter estimation on the basis of a given set of data (for admittedly
simpler situations) will be dealt with in part II of this book.

Gibbs fields as models for spin systems only cover the classical spin models. In
Sect. 6.9 we will see how such classical spin systems appear as special cases of more
general quantum spin systems.

4.3 Characteristic Quantities of Densities for Random Fields

In this section we will present the notation and equations which will be important
for the later studies of explicit models and approximation methods. We start from
the density for a random field {X;},
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N N
| . . 1
o(x) = Ee PH®)  with H(x) = —3 Z Jijxix; + ;Bix,- , (4.34)

ij=1

where the partition function Z is given by

Z=Y et o 7= / dVx e PHE) (4.35)
{xi}

depending on whether the {x;} assume discrete or continuous values, respectively.
We will write the partition function as Z(B,{B;}, N).

In the framework of probability theory, the generating function of the cumulants
would be defined as

f(@) = In(e®¥) (4.36)
= In % {X;e—ﬁ(—% Z{Yj:l Jijxixj+21N=l(Bi_@i/ﬁ)Xi) (4.37)

In the framework of statistical mechanics, however, the generating function of the
cumulants is the free energy

F(:Bs{Bl}sN):_kBTan(/gs{Bl}vN) (4‘39)
with kgT = 1/8. Since

ad ad
— f(O = —F(B,{Br},N), 4.40
56,/ ©)| =55 FBABLN) (4:40)
the functions F(B,{B;}, N) and f(©) will, however, do the same job.
The most important quantities that we can derive from F(B,{B;}, N) or f(©®)
are:

¢ The first moment

1 9
M; = (X;) = /de Xi fe_’gH(") = B—&F(,B,{Bk},N) (4.41)
or
1 & 1 & 19
m= ZMi =~ Z(X,-) = NEF(,&B,N) , (4.42)

i=1 i=1
where we have set all B; in F'(8, B, N) equal to B. In anticipation of later appli-
cations we will call M; the magnetic moment at site i and m the magnetization.
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The magnetization m is the expectation value of the random variable

N
1
Yy = > X, (4.43)

i.e., Yy is a sum of random variables whose densities and mutual dependencies
are determined by the common density o(x).

Statements about the properties of the random variable Yy may thus be
considered as generalizations of the statements made in Sect. 2.5 concerning the
central limit theorem. For the simplest case we required there that the random
variables X; be independent and have identical distributions. In general, the
properties of Yy are determined by the density o(x).

* The covariance matrix with elements

1
Cij = Cov(X;, X;) = /de(xixj —MiMj)fe_ﬂH(x) (4.44)

1 &
== F(B,{Bi},N). 4.45
B 9B,08, (BB}, N) (4.45)
e The susceptibility, defined by
om
=—. 4.46
X=35 (4.46)

This quantity measures the sensitivity of the magnetization to a change of B.
Obviously, we obtain from (4.42)

L F(B,B,N P 3 Cov(X;, X 4.47
X_NaBz (13’ ’ )_NinZ:l OV( 1 ])’ ( )
i.e., the susceptibility is again related to the covariance. It diverges for N — oo if,
for instance, the correlation between X; and X; . does not decrease fast enough
for large values of » = |7], so that the sum ) __ Cov(X;, X;4) does not exist.
* The Legendre transform of the free energy function f(@),

g(M) =sup(M" @ — f(©)). (4.48)
o
is identical to the Legendre transform of F(8, B, N), given by
G(B.M.N) = MB(M)— F(B.B(M).N), (4.49)

where B(M) follows from solving the equation M = dF/dB for B(M = Nm,
comp. (4.42) ).
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* For the entropy we obtain

_OF(B.B.N)

S(B.B.N) = ks(B(H(X)) +InZ) = 0T

(4.50)

4.4 Simple Random Fields

4.4.1 The White Random Field or the Ideal Paramagnetic
System

We now will study the model of a white random field, i.e., of an ideal paramagnetic
crystal whose atoms have a spin s =1/2. The common density of the random
variables or spins reads

o(x) =

1 N
v &P (ﬁ@in), 4.51)

i=1

where, for the paramagnetic crystal, ® = gug B/2. For the partition function one
obtains

N
Z(T.B.N)=2"N 3" .. " exp (,BQZX,-) (4.52)
x1==1

xy==£l1 i=1

1 N
= (Z Eeﬁ("JX) (4.53)

x==+1
= (cosh O . (4.54)

Following the methods of statistical mechanics one can derive from this partition
function the free energy, the entropy, the magnetization, and the susceptibility.

For our present purposes, however, we will use the methods of Sect.2.7.
Taking into account also the prefactors, which appear for physical systems, the
magnetization m is now given by

1
m = Egp,g(YN), (4.55)

where Yy is again the mean value of the random variables X; (cp. 4.42):

Yy = 1 > X (4.56)
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We will compute the density of this quantity for large N. The random variables
{X;} of the field are independent and identically distributed with the density o(x) =
eP9% /(2 cosh BO®), x = £1. Hence, the free energy function of each of this random
variables is

f(t) =In(e') = Incosh (r + BO) — Incosh (BO). (4.57)

Following Sect. 2.7 we have to calculate the Legendre transform g(y) of f(¢). The
density of Yy then assumes the form

oyy (y) oce Ve, (4.58)

and it has a maximum at the value y = y¢ for which g(y) is minimal. We do
not have to determine g(y) explicitly, since we only need this value y, for the
calculation of the magnetization from (4.55). Now, according to (2.214), we have
g'(y) = t(y), where ¢(y) follows from solving

y = f'(t) = tanh (t + BO) (4.59)

for ¢. Therefore, yo, being a zero of g’(y), is also given by yo = f’(0), and in the
limit N — oo, where the minimum of g(y) and (Y ) become identical, we get

1 1
m = Eg,ug tanh BO® = Eg,uB tanh (Bgup B/2) . (4.60)

Remarks.

e For small B, i.e., for high temperatures, we find f® = BgupB/2 <K 1. As
tanh & = BO + ... we obtain

s

2
T Bo®). (4.61)

am
For the magnetic susceptibility y = B we therefore get, to a good approxima-

tion,
C HZ g2
= — where C =82
=T 4k
C is called the Curie constant and the behavior of y as a function of 7" is known
as Curie’s law for paramagnetic substances.
e For B — 0 we also have ® — 0 and thus m — 0. There is no spontaneous
magnetization, i.e., no magnetization for B = 0, in contrast to the well known
case of a ferromagnet.

(4.62)
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4.4.2 The One-Dimensional Ising Model

The Ising model in one dimension describes a Markov random field where the
individual random variables are no longer independent. But the free energy and all
other system variables can still be calculated analytically. In order to demonstrate
this we will introduce the transfer matrix method, which has also been applied
successfully to more general spin models.

The Hamiltonian function for the one-dimensional Ising model in an external
field B reads (cf. (4.25))

N N
H=—JZ)C,JQ+1—MB Z)C,‘, Xi = +1. (463)

i=1 i=1

In general, one uses periodic boundary conditions, i.e., one defines xy+; = x;. The

last term in the sum of interactions therefore reads x x;. Thus we think of the lattice

as being bent into a large circle such that xy and x; are also nearest neighbors.
The partition function can be written in the form

N
Z(T.B.N)= > ... > exp (,3 > (xixip + qu,-)) (4.64)
xp==%1 xy==%l1 i=l1
= Y ) (xlTlx) . (x| Tlx), (4.65)
x1==£1 xy==%l1
with
(xi | T|xi41) = exp (B (Jxixi41 + nB(xi +xi41)/2)), (4.66)
ie.,
(HIT|+) = ST (+|T|—) = 7P,
(4.67)
(—IT|+) = e#/, (—IT|-) = PU—1B),
So we may write
Z(T,B,N) =t (T"), (4.68)

and 7 is a 2 x 2 matrix with the elements given in (4.67). T is also called the transfer
matrix.
All we have to know are the eigenvalues of 7', because if T is known in the

representation
A 0
T=U u-' (4.69)
0 A
then N
A 0
™=ul"" U-! (4.70)
0 AN
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and therefore

1

N
Z(T,B,N) =t (T") =AY + 25 =27 (1 + (%) ) : (4.71)

The eigenvalues of a 2 x 2 matrix are easily determined as the roots of the quadratic
equation

Thw—2 T
—o0, (4.72)
T Ty -2

i.e.,

TiTon — A(T11 + Taa) + A2 — T12Ta = 0. (4.73)
The solutions are
Th + T- 1

Aip = o=k o (T = To)? + 40T, 4.74)

and
A1 =P cosh(BuB) + \/e/ sinh®(BuB) + e~/ (4.75)

is obviously the larger eigenvalue, at least for finite values of 8. However, for B = 0
and T — 0, i.e., B — o0, the contribution from the square root vanishes and
therefore

g =eb. (4.76)
We find
F, = —kgT InZ(T, B, N) 4.77)
A\
:—NkBT ln)kl—kBT In{1+ A— . (478)
1

For large N and for A, < A; the second term may be neglected and we obtain

Fp = —NksT In A (4.79)

—NkgT In (eﬂj cosh(BuB) + \/ezﬂf sinh®(BuB) + e—zﬂf)

~NJ — NkgT In (cosh(,BuB) + \/ sinh?(BuB) + e—W) ,

Thus we have determined the free energy, and everything else is easy to calculate.
The above method, in which the partition function is represented as the trace
of a matrix and the problem thereby reduced to the determination of the largest
eigenvalue of this matrix, is called the transfer-matrix method and has also been



4.4 Simple Random Fields 137

used successfully for more general spin models on the lattice. Here, for the one-
dimensional Ising model, this method is especially simple.
We obtain:

* For the magnetization:

1 0F,, (T, B)

4 JB

sinh(BuB) + Lf cosh(BuB) sinh(BuB)
cosh(BuB) + /=~

= ny sinh(BuB) (sinh®(BuB) +e~*7) "% (4.80)

m(T,B) = —

=nkpT B

i.e., for B = 0 we also have m = 0, independent of 8. There is no spontaneous
magnetization.
* For the susceptibility:

_ dm(T, B)
0B

=npBu cosh(,BuB)/ \/sinhz(,B/LB) +e 4/ (4.81)

1 _
—5nH sinh(BuB) (sinhz(,BMB) + e_4ﬂj) 302

- 2sinh(BuB) cosh(BuB).
For B = 0 one finds
x =nu’pe?’, (4.82)

i.e., y is divergent for T — 0, but exponentially. This does not correspond to a
critical exponent, because the definition of such exponents assumed divergence
according to a power law.

» For the covariance function (see also McCoy and Wu 1973):

sinh? (B B) + (Aa/Ap)l " le=48/

XpXpt) = , 4.83
o) sinh?>(BuB) + e~47 (483)
i.e., in particular,
(XuXn) = (x2) = 1, (4.84)
and for B =0
Ao\ [ sinh(BJ) "
X)) = [ = = —= 4.85
o) (Al) (cosh(ﬂJ)) (59

= (tanh(8.)))" """ (4.86)



138 4 Random Fields: Textures and Classical Statistical Mechanics of Spin Systems

e For the energy E:

1 9
_ 1 ) __ 9
E=_u (He ) 35 10 20BN, (4.87)
ie.,for B =0
g-_9 z‘ __ 9 (N 1n2+ N ncosh(p))  (488)
ap B=0 B
— _J N tanh(8J), (4.89)

and therefore

JE(T, B = 0) 1 ( 1 )
C =" 7 —_JN — J 4.90
lp=0 T cosh*(BJ) \ kpT? 450)
J? 1
= kgN . 491
B kT)? cosh®(J/kT) @91
e And, finally, for the entropy at B = 0:
S(T.B =0) = —— (—kBT In Z(T, B = o,N))
aT
=kg | N In2+ N In cosh 4
- ks T
J J
—N — tanh [ — ) |. 4.92
s " (kBT)} (4.92)
For T — oo one finds
S — NkgIn2. (4.93)

For the limit 7 — 0 we have to take into account (4.76), i.e., we get F,, =
—NJ —kg TIn2 4 O(T?), and thus for T — 0

S —kln2. (4.94)

This implies that the number of states of the system at 7 = 0 is just 2, which is
plausible, since the system is in its ground state at 7 = 0, i.e.,

E=-NJ, (4.95)
and all spins are parallel. There are two possibilities for this configuration: either

all spins have the magnetic quantum number m; = +1/2, or all spins have
my = —1/2.
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4.5 Random Fields with Phase Transitions

4.5.1 The Curie—Weiss Model

We consider a random field X = (Xi,..., Xy) with realizations x; € {—1, +1}
and energy function

N
1 Jy
H =—=— ix; — 06 i 4.96
(x) 2N z;l ;x ( )

This model has the advantage that the energy function is only a function of

N

1

W= Zx,-. (4.97)
i=1

To within a numerical factor, yy corresponds to the magnetization, i.e., we can also

write

, J
H(x)=H'(yyn) =—N (EOYJZV + @)’N) (4.98)
and
1 pre)

Thus we can calculate the density of the random variable Yy and we find
1 :3 0 2
o= Y & y——Zx, Zz—NepN +poy) .
{xi==x1} i=1

In Sect.2.7 we already determined the density for Y under the condition that the
random variables {X;} are independent (cf. (2.228)), and we obtained for large

values of N
1 1 &
2_N Z 8 (y — N ZX,’) X e_NS(Y) (4.100)
{xi==%1} i=1
with - |
SO = —Zin(+y)+—Lin(1-y). (4.101)

Therefore we can write the density of the random variable Yy as

1
ovy (¥) = Ee‘N A0) (4.102)
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B Jp=0.7 B Jo=1 BJo=1.3
1 1 1
by (v) 08 0.8 0.8
0.6 0.6 0.6
0.4 0.4 0.4
1 0 1 0 1 0 1
y y y

Fig. 4.4 The density function gy, (») as a function of y for ® = 0 and for fJy < 1 (left),
BJo = 1 (middle), and BJy > 1 (right). For sufficiently large S (low temperature) the density
function exhibits two maxima, i.e., for N — oo there are two equilibrium states

with
7 = /dy e VAW (4.103)
and 8
A(y) =S(y) - (TOy2 + ﬁ@y) . (4.104)
For future use we note the expansion of S(y) about y = 0:
S()—12+1 - (4.105)
y) = 2)’ 12)’ cee .
so that . |
A(y) =—pOy + S(1- BJo)y* + Ey4 +.... (4.106)

Figure 4.4 shows oy, () for ® = 0 as a function of y for the cases fJy < 1,
BJo = 1, and BJy > 1. The general behavior of this density function obviously
changes at fJy = 1. For BJy < 1 there is only one maximum y,, and thus there
is only one state in the limit N — oo, for which y,, = 0. On the other hand, for
BJo > 1 there are two maxima at, say, y = =£y,,. From the symmetry H(—x) =
H(x) one can immediately deduce that there has to be a second maximum of the
density if there is one at y # 0.

For BJy > 1 the system can therefore be in one of the two states, or even in
a mixture of both. This will depend on the initial conditions. Hence, we find a
magnetization m « £y, # 0 even for ® = 0. This is the ferromagnetic phase.

At BJo=1 there is a critical point, and exactly the phenomenon already
discussed in Sect.2.7 occurs. It is easy to show that close to y = 0 the density
is of the form p(y) o exp (—const- y*/12), i.e., there are large non-Gaussian
fluctuations around y = 0. Such fluctuations can indeed be observed at critical points
of real systems (cf. (3.8)).
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The minimum (or minima) of A(y) are obtained from the equation

L 1+
Vm) =0, ie. i t )~ Bloyn — O =0 (4.107)
2 1—ym
or
Vm = tanh (BJoy, + BO) . (4.108)

We thus find an implicit equation for y,,. In the next subsection we will obtain
exactly the same equation for the magnetization in the framework of the mean field
approximation, and there we will study the solutions of this equation.

The behavior of the covariance function C;; for large values of r = [i — j| is
also an indicator for critical points. In the ordered phase, one expects C;; to decrease
comparatively slowly for large values of r, i.e., there is a long-range dependence
between the random variables {X;}. A measure for the long-range dependence is
the quantity

1 1
~ ZCOV(Xi X;) = Z ~ Z Cov(X; Xi4z) - (4.109)
i,j T i

The summation over t will not converge for a long-range dependence and hence
this quantity will be divergent in the limit N — oo. For the Curie—Weiss model one
obtains for this quantity, excluding additive constants

1 [dy y* exp—NA(y)
N Z,< z Jdy exp—=NA(y)

(4.110)

If A(y) o y?, the right-hand side is of the order N° = 1, i.e., in the limit N — oo
the sum on the left-hand side converges. For A(y) o y*, at the critical point, the
right-hand side is of the order N'/? and therefore the sum on the left-hand side
diverges in the limit N — oo.

4.5.2 The Mean Field Approximation

We will now consider a model with the energy function

N N
H=-Y Ji-jxixj—0> x. (4.111)

ij=1 i=1

where the parameters {J(k)} are assumed to be summable, i.e., even for an infinite
lattice

Jo=Y_J(k) <oo. (4.112)
k
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For J(i—j) = 0and ® = gug B/2 we recover the model for the ideal paramagnetic
crystal discussed in the previous section. In the mean field approximation the energy
function H is replaced by

N N N
H =—Jon' Y xi =0 xi=—(Jom +0) > x. (4.113)
i=1 i=1 i=1

The parameter m’ represents a mean field produced by all spins. To justify this
approximation we consider the effective field felt by a spin at site 7,

T =0+ Ji—jux;. (4.114)
J
The energy function H may then be written as
N
H=-) 0. (4.115)
i=1

The approximation now consists in the replacement of @fff by its expectation value
and the requirement of homogeneity, i.e., ©¢ is replaced by (@¢) = 0°T. Then

0T = (O = O + > J(i — j)(x;) = O+ Jom' (4.116)
j

so that (4.113) follows from (4.115). In particular, we obtain

N

m = (x;) = %Z(x,-). (4.117)

i=1
According to (4.55), m = gugm’/2 is now the magnetization of the system.

The model has therefore been reduced to an interaction-free model with indepen-
dent random variables. In such a model one obtains from (4.60)

m’ = tanh (B6°") or m’ = tanh (B(® + Jom')), (4.118)
and finally for the magnetization
1 1 ,
m = Egug tanh (E,ngLB(B + Jom)), (4.119)

with J| = Jo/ (% gus)?. Hence, the magnetization for B = 0 has to be determined
self-consistently from this implicit equation. This is most easily done graphically
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yr=m'
Yo = tanh (BJom’)

Fig. 4.5 The intersection points of the curves for y;(m’) and y,(m’) correspond to the solutions
of (4.118)

o

o X o o —o0 q=6

]
|/
=X
d
o
[}

L] o o L]
Fig. 4.6 A triangular lattice (left) in two space dimensions and a cubic lattice (right) in three
dimensions have the same number, g = 6, of nearest neighbors

by drawing the curve for y; = m’ and for y, = tanh (8Jym’) and looking for the
intersection point of the two curves (see Fig. 4.5).

This equation has a solution, other than m’ =0, if the slope of y,(m’) = tanh
(BJom') at m" = 0 is larger than 1. This is the case for

BJo > 1. (4.120)

Thus in this approximation we obtain a critical temperature 7. = Jy/ kg which only
depends on Jy. If

Ji—j)=J#0 for i, j nearest neighbors, 4.121)

one therefore finds
Jo=Y_Jk)=qlJ. (4.122)
k

where ¢ denotes the number of the nearest neighbors. Hence

T < Jp x g, (4.123)
and the critical temperature depends only on the number of nearest neighbors, but
not on the dimension of the model under consideration. For instance, for a triangular

lattice in two dimensions one obtains for g the same value 6 as for a cubic lattice in
three dimensions (cf. Fig. 4.6).
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In this approximation, the critical temperature 7, therefore has the same value
for these two cases. This, however, contradicts experience, which tells us that the
dimensionality of the lattice plays a significant role. For instance, the Ising model
exhibits a phase transition in two dimensions but not in one.

Within the framework of the mean field approximation we may now determine
explicitly many quantities of interest. We give some examples:

The magnetic susceptibility. This is given by

_0m _ Om a0t 4.124)
X~ %8 T 96T 9B ‘
Since now §° = %guB(B + Jjm), we have
aeeff 1
= - 1+ J; 4.125
5p = p8He(l+ Jop) (4.125)
and
am 1
Sger = X0 [ 5818 (4.126)
where y is the susceptibility of an ideal paramagnetic crystal. We thus obtain
X = xo(l+ Jg), (4.127)
which finally leads to p
0
= —. 4.128
X=q1= T ( )

In the regime T > 7. and in the limit B — O we find for the magnetization
m — 0 and thus also 6°T — 0, and y, is equal to the susceptibility according to
Curie’s law: yo = C/T with C = (%guB)z/kB. From J;C = Jo/kg = T. one
obtains in this case

_xw _ c¢c/Tr _ C
L= Jixo 1=J)IC/T T-T.°

P (4.129)

This is the Curie—Weiss law. It is of the same form as Curie’s law with 7" replaced
by T — T-.
For T < T, some calculation (see Diu et al. 1994) leads to

1 C
2T.—- T

¥ = (4.130)

Critical exponents. The implicit equation to determine the magnetization now
reads (cf. (4.119))

1
m = mg tanh (5 Bgus(B + J(;m)) (4.131)
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Fig. 4.7 Isotherms for a spin T="T.
system (which should be B I>T. T<T.
compared with the isotherms

of a fluid in a p—V diagram). m(T, B =07)
In the B—m diagram the l
magnetization m is

represented as a function of m
the external field B I

m(T,B=0")

withmg = %guB. For T < T, = J;jC and C = (gus)*/4ks we find a magnetization
m # 0 even if B = 0. which corresponds to the p—V diagram in the case of fluids.
Like p, the magnetic field B is an intensive variable, and the magnetization m like V
is an extensive variable (Fig.4.7).

For T = T. we obtain a curve of third order in the vicinity of B = 0 and m = 0,
as we did for the isotherms in the van der Waals gas. For T < T, one again finds
a horizontal branch on the trajectory for which, however, only the two end points
m(T,B = 07), m(T, B = 07) are realized, depending on whether B tends to zero
from positive or negative values, respectively. For T = 0 this curve degenerates into
two vertical lines at M = +my.

Let us consider the behavior of B as a function of m for T = 7. In analogy to
the discussion of the critical exponents for fluids, we parametrize this behavior as

]
usgB m
=D|—, T =T.. 4.132
kBTc (mO) ( )

We obtainé = 3, D = %

We now investigate how m (T, B = 0) tends to zero for T — T, in the regime

T < T¢. This exactly corresponds to the problem of how ny;q — ngys Or nj;q — 11 tends

tozeroas T — T for T < T. Setting ¢ = (T — T;)/ T., we therefore parametrize
this behavior as

m(T, B = 0)

mo

= B(—e¢)”, (4.133)

and after some calculation we obtain B = /3 and f = 1/2.
The analogon to the isothermal compressibility k7 o< %—Z is the susceptibility

= ( om ) (4.134)
AT = 0B ), .
For T > T, one can easily read off the behavior for 7 — T, from (4.129):
T—-T\ "7
T _¢ ( °) , (4.135)
Xr T,
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Fig. 4.8 The

. . ]\/[ =4

two-dimensional square o
lattice on which we consider (i,5+1)
the Ising model

J

[ ] L]
(4,5) (i+1,5)
: I
1 4 N

with C = 1 and y = 1. In the parametrization of the behavior as 7 — T, we have
introduced here the susceptibility )((} = C/T, of an interaction-free spin system at
T =T..
For T' < T. one obtains P
A=) (4.136)
AT
withy’ = 1landC' = 1/2.

4.5.3 The Two-Dimensional Ising Model

We now consider a two-dimensional square lattice. The spin variables will be
denoted by x; ;, where i refers to the number of the column and j to the number of
the row. The energy function then reads

H =-E, in,jxi,j+l ) in,jxi+l,j — gusB in,j’ (4.137)
i,j i,j i,j

where i runs from 1 to N and j form 1 to M (see Fig.4.8).

If we combine the spin configurations {xj,..., Xy} of a row o to py, the
configuration of spins on the lattice may also be represented as {{t1, ..., iy}

We choose periodic boundary conditions, i.e., we set

Mm+1 = 1] XN+lag = Xla- (4.138)

The energy function can now be written

M
H =Y (Ej.mj+) + E@)), (4.139)
j=1

where

N N
E([L]) = —E2 Zx,-,jx,q_l,j — g,l,LBB ZX,"]’, (4140&)
i i
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N
E(uj,pj+1) = —E in,jxi,jﬂ, (4.140Db)
i

i.e., E(u;) describes the interaction within each row, and E (i, jt;+1) the interac-
tion between the rows.

For the partition function one obtains

M
Zun = Z...Zexp—ﬁ Z(E(,U«jwuj+l) + (E(ny) + E(Hj+1))/2)

M1 UM Jj=1

=D D il Plpa){pal Plps) - (ar | Plpsa)
1 1257
= tr(PM),

with

5 (4.141)

Here P is again the transfer matrix. In contrast to the one-dimensional Ising model,
where P was a 2 x 2 matrix, the transfer matrix has now the size 2% x 2V because
w represents 2V different configurations, namely all the configurations within one
row.

The problem of calculating the partition function has thus again been reduced to
the determination of the largest eigenvalue A« of a matrix, in this case the 2N x 2N
matrix P. Denoting by U the matrix which brings P into diagonal form we obtain
again

(u| Py = exp—p (E(M,M/) + M) '

hee N
ZuN =tr(UPU_1)M =tr :ZAZM, (4.142)
AM i=1
2N
where A; are the eigenvalues of P. (It turns out that all A; > 0.) So we get

InZyy=In (A +...A0)=m A (1+..), (4.143)

max

and thus for M — oo

1
fim 10 Zyx = 10 A (4.144)

M—o00

The determination of this eigenvalue is a lengthy procedure (see, e.g., Huang
1987).For M = N — oo and E| = E, = J one finally obtains for the free energy
per lattice site:
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F(T,B =0) = —kgT [m (2 cosh (Z,BJ))

+i/”d¢1n(l(1+ 1—K2sin2¢))] (4.145)
2]T 0 2

where
__ 2sinh(2BJ)

B cosh>(2BJ)

Taking derivatives one obtains the internal energy and finally the specific heat, i.e.,
the heat capacity per lattice site

(4.146)

C(T.B=0) = kg % (BJ coth(28J))’
x (2(1<(;<) —E(k)) - (1— ;c/)(% + K(K)K/)) . (4.147)

where
—-1/2

/2
K(k) = /0 d¢ (1 —«?sin’ ¢)

is the complete elliptic integral of first kind,

/2 172
E(k) = / de (1 —«*sin’ ¢)
0
the complete elliptic integral of second kind, and
k' =2 tanh?(2BJ) =1, «2+k2=1.

The function K (k) becomes singular at k = 1, k" = 0, and in the vicinity of x = 1
one finds

E)~1,  K()~n (%) , (4.148)

i.e., the specific heat has a singularity at x = 1. This signalizes a phase transition,
and thus the critical temperature T or rather . is determined from

2sinh(2B.J) 1

cosh?>(2B.J) a 199

ie.,

2sinh(2B.J) = cosh?(2B.J) = sinh?(2B.J) + 1, (4.150)

or
sinh(2BcJ) = 1. 4.151)
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Thus it is given by

J
= 0.4407. (4.152)
kB c
ForT — T. at T < T. one finds
T T.—T
ca) = —0.4945 In ' . (4.153)
B c

One does not obtain a power law behavior and hence, strictly speaking, there are no
critical exponents o or ¢’. In the literature, however, one often finds « = o/ = 0
or = O(In), which denotes a logarithmic dependence on the distance to the critical
point.

For the magnetization one obtains

1B : —4 1/8
m(r) = 8% (1 — [sinh(28J)] ) for T <T.
0 for T >T,,

(4.154)

ie.,inthelimit 7 — T.for T < T,

T.—T\"®
, 4.155
T ) ( )

m(T) = 1.224(
so the critical exponent § is given by B = 1/8 = 0.125.
For the critical exponent y, defined by the behavior of y as T — T, y «
T—-T\"
( T C) , one obtains y = 1.75.

Note that no analytic solutions are known for the Ising model in three or more
dimensions, but there are high temperature expansions which determine the critical
point very accurately. The table of the critical exponents (Table 4.1) for the two-
dimensional and the three-dimensional Ising model is taken from the review article
(Wilson and Kogut 1974).

Ferroelectrics The two-dimensional Ising model represents a special case within
a class of exactly solvable two-dimensional models in statistical mechanics. In
this class one also finds models which describe ferroelectrics. Ferroelectrics are
substances which below a critical temperature exhibit a macroscopic electric dipole
moment, i.e., a polarization instead of a magnetization. This can happen for
various ordered structures and, correspondingly, the ferroelectrics are subdivided
into different groups.

One possible ordered structure is realized in barium titanate BaTiO3, where
below a critical temperature the lattices of the Ba’T ions and the Ti*" ions are
displaced relative to the O~ lattice in such a way that a net electric dipole moment
results.
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Table 4.1 Critical exponents from experiment and theory (From Wilson and Kogut (1974))

Critical Mean field 2-dim. Ising 3-dim. Ising Experiment
exponent

o 0 0 0.12 0-0.1

B 172 1/8 0.31 0.3-0.38

y 1 1.75 1.25 1.2-14

D e o S
e e

Fig. 4.9 The sixteen possible configurations for the arrangements of H atoms on the bonds of a
two-dimensional square lattice. An arrow points to the lattice point which is closer to the H atom

A different ordered structure is to be seen in KH,PO, (potassium dihydrogen
phosphate). In this case the H atoms are between the PO4 complexes, but not in
the center. This may be indicated by an arrow, pointing to the lattice site (PO4
complex) which is closer to the H atom. In two dimensions this leads to the sixteen
configurations (also called vertices) shown in Fig. 4.9.

The first eight vertices are special in that there are always an even number of
arrows pointing inwards or outwards, i.e., close to a vertex are 0, 2, or 4 protons,
while the other vertex configurations represent 1 or 3 protons close to the lattice site.

If all vertex configurations can occur, one speaks of a Sixteen-vertex model;
if only the first eight vertex configurations are permitted, one has the eight-
vertex model or Baxter model. In 1972, Baxter determined the free energy of
this model analytically (Baxter 1984). The situation in which only the first six
vertex configurations are allowed is called the six-vertex model or, in analogy to
ice crystals, the ice model. In this case 2 protons belong to each vertex, i.e., it is
electrically neutral.

One can define a certain statistical weight for each vertex configuration and write
the partition function using a transfer matrix, as we did in the case of the Ising
models. As Baxter has shown, the largest eigenvalue of the transfer matrix for the
8-vertex model can be determined analytically when special weights, depending on
three free parameters, are assumed for the vertices.

n-vector models. A further class of models which have been investigated in detail
are the n-vector models:

H = —JZ Z S(R)-S(R) ., (4.156)

R R’eNg
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where S (R) are now unit vectors in an n-dimensional space with components
S4(R) such that

> SHR)=1 forall R. (4.157)
a=1
The lattice with lattice sites R may be in a d-dimensional space. For n =1 one
again obtains the Ising model; the case n = 3 corresponds to the classical Heisenberg
model. Such a classical model for n = 3 results formally from a quantum mechanical
model (Sect. 6.9) if one introduces the operator

1
R)=————S(R .
s(R) SO S(R) (4.158)

and therefore obtains for the Hamiltonian

H=-JSES+1)) s(R)-s(R). (4.159)
Since
3
D SHR) = S(S + 1), (4.160a)
a=1
[ Sa(R). Sp(R')]| = icape Sc(R)SR g’ (4.160b)

one now finds for s(R)
3
ng(R) =1, (4.161)
a=1

[s4(R). sy(R") | =i (4.162)

1
—————— e S (R)Sp g7 -
S(S i 1) abc dc R.R
In the limit S — oo, J — 0, such that J S(S + 1) remains finite, the operators

s4(R) and s, (R) commute and s(R) may be represented by a unit vector.
The partition function now reads

z=]] / d(R)ePH . (4.163)
R

Here, d§2(R) is the integration measure for an n — 1-dimensional unit sphere at each
lattice site, i.e., for n = 3 we have d£2 = sin 6 df de.
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For n > 3 there exists no magnetic system which can be described by such a
model. In 1968, however, it was found that in the limit » — oo the model can be
solved exactly, also in three and more dimensions.

For the n-vector models extensive high-temperature expansions are known as
well as all critical exponents. For the theoretical physicist these models serve as a
laboratory where he can test approximation methods or study dependences on the
lattice dimension or on the symmetry (see also Domb and Green 1974).

4.6 The Landau Free Energy

In the previous section we studied models where the density for the magnetization
is known for large N, or where one can at least determine the characteristic
variables like magnetization and entropy analytically. The change in the shape of the
density at a critical point is a scenario which certainly may occur in more general
models.

In order to study the conditions giving rise to this scenario, we consider a model
with partition function

Z(B.{O}.N) = Z e PH (4.164)
==+1}

where

N N
H(x) == Jjxix;— »_ Ox;. (4.165)

ij=1 i=1

Using the identity

/dNy exp (—%yTJ_ly + yTx) = (2m)"*(det )/ exp (%xTJx)

(4.166)
for a nonsingular matrix J, the partition function may be put into the form
24OV N) = 5y Ejjkﬁwm( v y+My+@f)
{‘(, +1}
:/h%w%mmwa (4.167)

where the matrix J has to be chosen appropriately and

Ay, {0:},B) = ﬂYU 'y + A(y. {0}, B) (4.168)
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with
—A(y 4O 1 x
e~ AW {618 _ 2_N Z eﬂ(y+@)r (4.169)
{x,-=:|:l}
N
= Hcosh Byi + 6y)). (4.170)

i=1

The quantity A(y,{®;}, B) is called the Landau free energy.

The form of this partition function resembles the form of the densities for the
magnetization in the last section. Indeed, the partition function for the Curie—Weiss
model or in the mean-field approximation also has the form

Z(B.O,N) = /dy e NAO) 4.171)

Hence, the Landau free energy A(y,{®;}, B) is the generalization of the quantity
NA(y, ©).

Of course, A will also be of the order N and the approximation of the integral
over y using the saddle point method,

Z(B,{O}, N) ox e AnAO3H) (4.172)

will be exact in the limit N — co. Here y, is a minimum of A(y, {®;}, B). For the
free energy one obtains

F(BAOLN) = kT inf (A (O}, 8)) = kaT Ay (O}.5) . (4.173)

The minimum y, is given by the solution of the equation

0A(y. {0i}. B)

3y ly=ym =0, (4.174)

under the condition

Ay {Bi}. B)
9yidy,;
Let us apply this procedure to the Curie—Weiss model with the partition function
(cp. 4.98)

ly=ym = 0. (4.175)

1 J
Z(B.O,N) = Tl > exppN (?OyfV + @yN) , (4.176)
{x;==%1}

where yy denotes the mean value of the {x;}. We obtain
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A(y.O,N)=N I:%yz —Incosh (B(y + @))} . (4.177)
0

The determination of the minimum of A leads to the equation

’i_y — Branh (B(y + 9)). (4.178)
0

Setting y = Joym, this equation is identical to the implicit equation for the magne-
tization in the Curie—Weiss model (4.108). The second derivative of A is

VA _ g [L - ! ] (4.179)
dy> " LBl cosh®(B(y+0)) ] ‘

Obviously, the second derivative at y = 0 and ® = 0 is positive for 8Jy < 1, i.e.,
above the critical point.
We also give the expansion of A(y, ®, N) for small y:

AGO.N) _ pf( L )2 _ 4
v =8 [(ﬁJo 1)2 y6 + upy +} (4.180)

from which one again easily finds that the coefficient of the y? term changes its sign
at the critical point determined by (8Jo) ™' = 1.

An appropriate ansatz for the form of the Landau free energy serves in general
as a starting point for many phenomenological considerations.

‘We now present two important cases:

e If, instead of the lattice points i, one uses continuous space coordinates r to
describe the positions of the random variables, the Landau free energy has to be
considered as a functional A[y(r), ©(r), B].

In general, one assumes that close to a phase transition A[y(r), @(r), B] can
be expanded in powers of y(r) and Vy(r):

1
Aly(r), 0(r), B] = E(Vy(r))2 —y(r)e(r) + %ro(ﬁ)y(r)2
+50y(r)> +ugy(r)* + ... (4.181)

This continuous version of the Landau free energy permits a particu-
larly elegant formulation of an approximation for the covariance function
Cov(X(r), X(r")). If one restricts A to the quadratic terms in y, the integral
becomes a Gaussian integral, which can be evaluated explicitly, at least formally.
One finds for the covariance function
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L el
Cov(X(r). X(r) = | —

, (4.182)
where £ oc /1/ro(B) is the correlation length, which is a measure for the
exponential decay of the correlation. If ry(8) = 0, which may happen e.g. in the
model we consider next, the correlation length becomes infinite. The covariance
function now decreases only algebraically and there are long-ranged correlations
among the random variables of the field.

* Phenomenological Landau theory for a phase transition. If one is only interested
in global quantities like the magnetization m, one may set B(r)= B and
similarly y(r) = y, and one obtains

2
A(.B.B) = —BYB +10(B) 5 +s0y” +uoy' + ... (4.183)

This ansatz represents a model where the behavior of the system at a phase
transition is easily demonstrated. Choose uy < 0,590 = 0,19 = at(f), such
that 7 and therefore also r can assume positive and negative values. The Landau
free energy of the Curie—Weiss model (cf. (4.180)) has this structure. This ansatz
leads to the same critical exponents in the vicinity of the critical point at ry = 0
as the Curie—Weiss model and the mean field approximation.

4.7 The Renormalization Group Method for Random Fields
and Scaling Laws

In Sect. 2.6 we introduced the renormalization transformation and saw that random
variables with stable densities are fixed points of these transformations. It seems
obvious to define such transformations for random fields too. It will turn out that
stable random fields are models for random fields at a phase transition.

4.7.1 The Renormalization Transformation

We define the renormalization transformation as follows:

Consider a random field on a lattice in ¢ dimensions. We subdivide the total
lattice into blocks of »¢ lattice points (b = 2,3, ...), sum up the random variables
within each block, and renormalize the resulting X;’s in such a way that they assume
the same possible values as the original random variables.

If the possible values of the random variables are {—1, 1}, as is the case for a
spin, we may express such a transformation on the level of realizations as follows:
Let s be the sum of the realizations (spin) within one block, then define
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+1,if s>0
s'=43-1,if s<0 (4.184)
s1, if s=0,

where s is the realization of the random variable, say, in the upper left corner of the
block.

We characterize the densities by the coupling constants K = (Kj, K,...) in
front of the individual potential terms in the energy function. A renormalization
transformation 7} transforms a density with coupling constants K into a density
with K’ = T, K. The fixed point density K * then satisfies

K*=T,K*. (4.185)

As we did in Sect. 2.6, we can make a stability analysis and look for the eigenvectors
and eigenvalues of DT}, which is now a matrix with elements

a(TbK)a

(DTb)aﬂ = 8K,3 .
K=K*

(4.186)

Again we can expand every vector K # K™ in terms of these eigenvectors and
characterize the density by the coefficients {v,} of this expansion.

We expect that the density at the critical point corresponds to a fixed point of the
renormalization transformation. The relevant scale parameters will be the magnetic
field B and the distance from the critical temperature ¢ = (T — T,)/ T.. If we
consider the free energy F(e, B) as a functional of the density, we will find, in
complete analogy to Sect. 2.6, a scaling relation of the form

F(A"e, 22 B) = AF (e, B). (4.187)

We will not try to determine the critical exponents for given densities explicitly;
see, however, Kadanoff (1966); Wilson (1971); Wegner (1972). It will be seen that
even for undetermined parameters a; and a, we can say something about the critical
behavior.

4.7.2 Scaling Laws

Before we study the consequences of the scaling relation, the generality of this
relation will be illuminated by two statements about homogeneous functions.

e A function f(r) is called homogeneous if the following relation holds

JAr) =g f(r). (4.188)
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In this case the function g(A) can only be of the form g(A) = A?, with p

arbitrary, because from

SQur) = f(A(ur)) = gM)g(p) f(r) = g(Ap) f(r)

one obtains immediately
gAn) = g)gw),
which is only possible if g(A) = A?, where p is arbitrary.

A function f(x, y) is called a generalized homogeneous function if

S x A%y) = Af(x.y).

Seemingly more general, one also might require

SN x, A% y) = AP f(x, y).

However, setting A = 11!/7 one obtains again

FuPx 1 2Pyy = pf(x,y),

i.e., the same relation as above. Further equivalent relations are

fOx. Ay) = A7 f(x. y),

and
SQx,Ay) = A7 f(x,y).

Important is the appearance of two constants a, p or ay, as.
Let us now draw some consequences from the assumption

F(A"e,A?B) = AF (e, B).
We take the derivative with respect to B and obtain

5w F (e, A B) _ OF (e B)

A A2 B 0B

i.e., the magnetization satisfies
A2m(A"e, A>B) = Am(e, B) .
For B = 0 this leads to

mA%e, 0) = A" 2m(e, 0).

(4.189)

(4.190)

(4.191)

(4.192)

(4.193)

(4.194)

(4.195)

(4.196)

(4.197)

(4.198)

(4.199)
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Setting A“t = —1/¢, we find
m(e,0) = (=1/e)!72/%1m(-1,0). (4.200)
So for the critical exponent 8 we obtain

1—
p=-_2 (4.201)
ai

The behavior in the limit B — 0 at ¢ = 0 follows if we take A“2 = 1/B. We get

5= 22 (4.202)
1-— as

Thus we have expressed the critical exponents f and § in terms of a; and a,. All
further exponents are also expressible in terms of @; and a,, which will give rise
to relations among the critical exponents.

* The derivative of (4.198) with respect to B leads to the relation

222y (A% A2 B) = Ay(e, B) . (4.203)

After some calculation one obtains

y=y (4.204)

and therefore

y =y =BE-1). (4.205)

This is called the Widom relation between the critical exponents 8, y, and §.
Taking the second derivative of (4.196) with respect to &, one obtains

A2 Cp(Ae, A2 B) = ACp(e, B), (4.206)

from which one can derive for the critical exponent « in a similar way as above:

2a, — 1
a=H"" (4.207)
aj

So we find the relations
a+ B+ =2 a+28+y=2. (4.208)
* Setting A = |¢|71/% in (4.198) one obtains

B
m(e, B) = |g|(1—/a1 (i —) (4.209)

el eleo/e
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or, if we express the coefficients a;, a; in terms of the critical exponents,

e B
m(e, B) = |e|Pm (H’ W) ) (4.210)

If we define
m' = |e|Pm(e,B) and B’ = |¢| "B, 4.211)

then (4.210) implies that m’ is a function only of B’, which depends on the sign
of &:

m' = f1(B') 4.212)

or, conversely
B' = Fi(m), 4213)
ie., B = B/|e|’, plotted as a function of m’ = |e|Pm(e, B), follows a master

curve F4, independent of the temperature 7'. If the scaling relation did not hold,
we would get different curves for different temperatures. The experimental data for
CrBr; and for nickel confirm this consequence of the scaling law (Ho and Litster
1969; Kouvel and Comly 1968).

Remark. Corrections to the scaling behavior are also found when an irrelevant
scaling parameter is taken into account in the scaling relation. In this case the scaling
relation may be written as

F(vi,v2,v3) = AT F(A% 1, A%p,, A%y3), (4.214)
where vy, v, again denote the relevant parameters and vz now denotes the irrelevant
parameter. Setting, e.g., A*'|v;| = 1, in order to study the behavior for vi — 0, we
find

F(v1,va,v3) = [w |V F (:i:l 2 L) (4.215)

e vy |e/ar’ |y |as/a

Since we now have a3 < 0, the ratio v3/|v{|“/“ becomes very small in the limit
vi — 0. If F can be expanded around v3 = 0, at v, = 0 one obtains

F(v1.0.v3) = |/ F(£1,0,0) + vy 1703 F'(£1,0,0).  (4.216)
Sufficiently far away from the critical point this correction to the leading behavior

o |v1|"/#1 can be observed. This is indeed the case for the superfluid phase transition
in He* (Ahlers 1973).



Chapter 5
Time-Dependent Random Variables:
Classical Stochastic Processes

If one considers a random variable which depends on time, one is led to the
concept of a stochastic process. After the definition of a general stochastic process
in Sect. 5.1, we introduce the class of Markov processes. In Sect.5.2 the master
equation is formulated, an equation describing the time evolution of the probability
density of a Markov process. In this context, the relevance of the master equation
for the description of the dynamics of general open systems will be emphasized.

In Sect.5.3, the reader will get to know important Markov processes and the
corresponding master equations: the random walk, the Poisson process, the radioac-
tive decay process, chemical reactions, reaction—diffusion systems, and, finally,
scattering processes, in which connection the Boltzmann equation is introduced.

Analytic solutions for simple master equations will be derived in Sect. 5.4. It will
become obvious that analytic solvability can only be an exceptional case, so that
for most applications one has to rely on numerical methods for the simulation of
stochastic processes. These will be explained in Sect. 5.5, as will the Monte Carlo
method, with which realizations of random fields, such as spin systems or texture
images, can be generated.

Actual diffusion processes will be defined in Sect.5.6 and the corresponding
equation for the time evolution of the probability density, the Fokker—Planck
equation, will be discussed. For such processes the time evolution of the random
variables themselves can be described by a stochastic differential equation; this is
the Langevin equation. Stochastic differential equations with multiplicative noise
and numerical methods for the simulation of stochastic differential equations are
mentioned, but a thorough discussion of these topics is beyond the scope of this
book.

In Sect.5.7, the response function for a diffusion process will be introduced
and the fluctuation—dissipation theorem connecting the response function and the
covariance function will be discussed.

Section 5.8 will address more advanced topics. The important §2-expansion for
master equations will lead either to the Fokker—Planck equation or to a deterministic
process. This will make the differential equations in the theory of chemical reaction
kinetics more intelligible. Furthermore we will illustrate how a factorization ansatz

J. Honerkamp, Statistical Physics, Graduate Texts in Physics 38, 161
DOI 10.1007/978-3-642-28684-1_5, © Springer-Verlag Berlin Heidelberg 2012
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can approximately reduce a many particle problem to a single-particle problem.
This corresponds to the mean field approximation, which has been met already in
Chap. 4.

Finally, in Sect.5.9, more general stochastic processes are considered. Self-
similar processes, fractal Brownian motion, stable Levy processes, and autoregres-
sive processes are defined and their relevance for modeling stochastic dynamical
systems is indicated.

5.1 Markov Processes

Roughly speaking, a stochastic process is defined by a time-dependent random
variable Z (t). Let us suppose for the moment that we are dealing only with a discrete
sequence of instants ¢;, i = 1,.... The stochastic process { Z(t;), i = 1,...}
is then a sequence of random variables. The probability density may be different
for each instant and the random variables at different instants are in general not
independent, i.e., not only the probabilities for each instant #; but in addition all
common probability densities will characterize the sequence of random variables

{Z(t), i =1,...}.

In order to elucidate these remarks and also to take into account the case
of continuous time, we denote the possible states by z, or rather z;, z5,..., and
consider

e The probability density o, (z, t) that the state z is present at time 7;

e The conditional probability o, (12, |z, tl) that at time 7, the state z, can be
found, if at time #; < t, the state z; is present;

e The conditional probabilities

Qn(Znsln | Zo—1.tn=1, Zn—2, ta—2, "'7letl) , n=3,... (5.1
that at time ¢, > t,— the state z, can be found, if at times #,—; > ... > f; the
respective states z,—, . .., Z] are present.

The specification of all these probabilities defines a stochastic process. In general
it therefore consists of infinitely many defining quantities. Of course, it is possible to
define special processes which require fewer of these quantities by making certain
assumptions about the probabilities. A very important assumption of this kind is the
following:

All conditional probabilities satisfy the relation

Qn(zlutn | Zn—1>In—1,s -+, thl) = Q2(Znatn I Zn—latn—l) s (52)

that means that the random variable Z, at time ¢, is independent of the random
variables Z,_»,...,Z; at times t,—,..., ], respectively, given a realization z,—
of the random variable at time #,—;. Or, in other words, if at some time #,_; the
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state z,—; is given, then the probability that the system is in state z, at time #,,
is independent of the earlier history, i.e., of the states of the system before the
instant #,—;. One also speaks of a process without memory. A process with this
property is called a Markov process and the assumption (5.2) is called a Markov
assumption. This assumption has the consequence that all common distributions,

Qn(Znstn; Zn—ls[n—l; LR | Zlvtl) k) (53)

i.e., the probability that at time #; the value z;, at #, the value z, etc. can be found,
can be expressed by ¢1(z,¢) and 02(z, ¢ | 7/, t’) alone. For instance, for t3 > 1, > t;
we have

Q3(Z3,f3: 22,12} Z1,11) = Q3(Z3,l3 | 22,1, Zl,tl) Qz(zz,lz: 11,11)
= Qz(Z3J3 | Zz,lz) Qz(Zz,tz | 21,11) 91(11,&) .
(5.4)

The Markov property is an idealization that makes it possible to specify a stochastic
process by only a few defining quantities, namely, by the conditional probability
o(z,t | Z,1"), which is also called transition probability. If the transition probability
depends only on the time difference ¢t —¢’, one speaks of a temporally homogeneous
Markov process.

The Markov assumption leads to a certain consistency equation for the transition
probability. Namely, from (5.4) one obtains by integrating over z,:

02(z3. 130 21, 11) = /d22 03(z3.13: 2. 121 1. 1) (5.5)
= /d22 Qz(Z3,l3 | Zz,lz) Qz(Zz,lz | lell)Ql(letl) ,
and therefore the following identity has to hold:

0.6 z21.0) = /dzz 02(23.13 | 22.12) 02(22. 12 | 21.11) . (5.6)

This equation is also called Chapman—Kolmogorov equation. A similar identity
has to be satisfied by p;(z, ?), because, if we multiply the Chapman—Kolmogorov
equation by o; (zl , tl) and integrate over z;, we obtain

01(z3.13) = /dzz 02(z3. 13 | 22.12) 01 (22, 12) - (5.7

Thus the transition probatility o> (Z3, t3 | 22, tz) also mediates between probability
densities o;(z,t) at different times. Therefore, it completely determines the evo-
lution of the stochastic process, so that only the probability density o, (z, t) at an
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initial instant #o has to be specified. If, for instance, Ql(z, to) = §(z — z20), then
01(z.1) = 02(z.1 | 20. 20)-
The density
Osa(2) = lim 01(z.1) . (5.8)

if it exists, is called the stationary distribution. For large times the system approaches
this stationary distribution. Of course, we also have

0u(2) = / 02 022t | 7.1') Quan(@) . (5.9)

independent of ¢ and ¢'.
A particularly simple Markov process results if we require

02zt | Z.1) = 01(z.1) . (5.10)

In this case the probability density o, (z, t| 7.t ) at a instant 7 is even independent
of the state which was present at an earlier instant ¢'. Hence, the random variables
at different times are independent, and from 0 (z1.21: 22,12) = 02(21.t1 | 22.12)
01(z2. 1) one obtains

02(z1.11: 22.12) = 01 (z1.11) 01(22. 12) - (5.11)

If the density also satisfies Q(z,t) = o(z), i.e., if it is independent of time,
one speaks of independent and identically distributed random variables and writes
Z(t) ~ 1ID(u,0?), where  denotes the mean value and o the variance of the
distribution g(z). (IID stands for ‘independent and identically distributed’.)

If, furthermore, o(z) is the density of a normal distribution o¢ (0,072;z2), the
stochastic process is also called a Gaussian white noise (sometimes simply ‘white
noise’). For each instant #, Z(¢) is a normally distributed random variable and the
realized value at one instant is independent of those at other instants. One also writes

Z(t) o« WN(0,0?) , (5.12)

where W stands for ‘white’ and N for ‘normal’.

The central limit theorem tells us (cf. Sect.2.5) that, to a good approximation,
a sum of random variables may be represented by a normally distributed random
variable. Hence, if the sum of many fluctuating influences acts on a system, the total
influence at each instant can be thought of as a Gaussian distributed random variable.
The time correlations can be neglected if they only take place on time scales that are
small with respect to the relevant time scales of the system. Therefore, the white
noise is the stochastic standard process describing in a simple way the influence of
fast subsystems whose fluctuations are noticeable only on a very short time scale.
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In the following, we will denote a white noise by 7(¢). Thus

{(n@) =0, (5.13)
and the covariance of 1(t) and n(¢'), known as two-time covariance, satisfies
(n(On(t)) = 0?6 . (5.14)
or, if we consider time as a continuous variable,

(n(tn(t")) = 0?8t —1') . (5.15)

In a continuous-time process, the Fourier transform of the stationary two-time
covariance function is

F(w) = / dr(n()n(r + 1))e" = o2, (5.16)

i.e., it does not depend on w, which is a consequence of the white noise being
uncorrelated in time. This is the source of the expression ‘white’ noise. For a
‘red’ noise X(¢), which we will discuss in Sect.5.9, one obtains, in the case of a
temporally homogeneous Markov process,

02
(X)Xt +1)) = %e_’"ltl (5.17)

with a time constant 2 ~!. The Fourier transform now is

o2

Fl)=——.
@) w? 4+ m?

(5.18)

This noise is called ‘red’, because F(w) increases as w — 0. Figure 5.1 shows a
typical realization of a white noise and a red noise.

Example. Let X(¢),t = 1,2, ... be a stochastic process in discrete time, defined by
the equation

X(@t)=aX(t—1)+on@), O<a<ln~WNQ,I. (5.19)

This is obviously a Markov process: Given x (¢ — 1), the distribution of X(¢) is
known. Iterating this equation to

X(t) = o?X(t —2) +aon(t — 1) +on(t), (5.20)
again reveals the Markov character of the process: Once one realization in the past

is given, the random variable at present does not depend on other random variables
further in the past.
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Fig. 5.1 Realizations of a white noise (left) and a red noise (right). The time correlations for a red
noise cause the evolution in time to be ‘smoother’ than it is for a white noise

5.2 The Master Equation

A transition probability obviously has to satisfy
Qz(z,l + 7| z’,t) —8(z—72) for T—0. (5.21)
The next term in an expansion of the transition probability with respect to t, the

so-called short-time behavior, is also essential for the properties of the process.
We write the expansion in t in the following form:

ot+t|Z.0)=(1-a@.0)1)8Gz—2)+twz. 1)+ 0.
(5.22)

From the normalization condition for g, (z, t+1|7, t) it follows that, with r > ¢/,
>0

1= /dzgz(z,t +1]2.1) (5.23)
=l—-al@, D+ / dzw(z, 7., t) + O(z?) , (5.24)

ie.,
a7, 1) = /dzw(z, Z.1). (5.25)

The form (5.22) implies for the realization of a random variable Z(¢) that for
each sufficiently small time step 7 it keeps the same value with a certain probability
or assumes a different value with a complementary probability. A typical trajectory
therefore consists of lines z; = const., interrupted by jumps.
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From the Chapman—Kolmogorov equation and (5.22) it follows that

o@t+1|.t) = /dZ”Qz(ZJ +o|d e 2. 1)
= —-ar)oxzt | ,1) (5.26)

+f/dz//w(z, )0t 12,1+ 0P .

Hence, in the limit T — 0 one obtains:

do2(z,t | 2,1
Ell2D) [ ot we e 12.0)
- / dZ’ w(Z',z.t) 02(z,t | 7. 1)), (5.27)

where we have used (5.25) to express a(z, t) in terms of w(z”, z, ).
Multiplying (5.27) by ¢1(z/,t’) and integrating over 7’ yields a similar equation
for 01(z, 1):

d
5 00 = /dZ’W(z, Z/J)QI(Z/J)_/dzlw(z/’zat)Ql(ZJ)- (5.28)

If the states are discrete, we may denote them with n instead of z and write o, (¢)
and w,,,/(¢) instead of o;(z,t) and w(z, 7, t), respectively. The equation for g, (¢)
then reads

0n(0) = Y (wanr (Dow (1) = wurn(D)04(0)) - (5.29)

n/

The change in the probability of finding the state n at time ¢ comprises a term
representing the gain (transitions n’ — n) and a term representing the loss
(transitions n — n’). For a process which is homogeneous in time the transition
rates w(z, 7, t) or wy, are independent of ¢.

Notice that the physical dimension of the transition rates is s~'. Multiplying all
wynr by the same factor o can be compensated by dividing the time ¢ by «.

The equations (5.27)—(5.29) are called master equations. They describe the time
dependence of the probability densities. The essential quantities for these equations
are the transition rates w(z, ', 1) or wy,/ ().

If the states are discrete, they can be ordered in a row. Introducing the vector
o(t) = (01(t),...,04(t),...), where & enumerates the states, the master equation
may then be written in the form

—ga(r) = va/ga OF (5.30)

Here, the matrix V with elements Vs contains the transition rates w,,.
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The conservation of the normalization implies
- Yo0u)=0, ie, Y Vou =0, (5.31)
dr =~ -

Hence, the sums of the elements in the individual columns of the matrix V have to
vanish.
The general solution of such a master equation for a given initial value g (0) is

o(t) =¢"V0(0). (5.32)

One can show easily that the matrix V is diagonalizable if there exists a stationary
solution o} # O for all states o such that

Vow 0% = Vye0!  (no summation) . (5.33)
In this case the matrix V with elements
vaa’ = (Q:)_l/zvaa’(gz/)l/z (534)

is a symmetric matrix and can therefore be diagonalized. Therefore V is also
diagonalizable. _
The symmetry of V follows from (5.33):

voc’oc = (Q;’)_l/zvoc’oc(QZ)l/z = (Q;/)_l/zvo/aQZ(Q;)_l/z (535)
= (Q;/)_l/zvaa/é?;/(@:)_l/z = (Q;)_l/zvaa’(gz’)l/z = voco/ .

Condition (5.33) is identical to the condition
Wnn’Q:/ = Wn’nQZ (5.36)

for each pair n, n’. In general, this requirement is stronger than stationarity, which

can be written as
> wawel =Y wano} - (5.37)
n'#n n’#n
Stationarity (5.37) means that the total current flowing into state n is identical to
the current flowing out of n. On the other hand, the requirement (5.36) implies in
addition that the current from n — n’ is identical to the current from n’ — n.
Equation 5.36 is called the condition of detailed balance. If it holds, the balance
equation (5.37) is separately valid for each n’. It can be shown that such a property

of the transition rates follows from the invariance of the process under time reversal
(van Kampen 1985).
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It is also possible to define the transition probability of a deterministic process,
e.g., a process given by the differential equation

i = f(x) (5.38)

for x € R". Then
02(z.1 | x0.10) = 8(z — x(1)) , (5.39)

where x(¢) is the solution of the differential equation for the initial condition
x(t)) = xp. Obviously, in this form Qz(z,t | xo, to) may also be interpreted as
a probability density. We obtain for the short-time behavior

ot 417, 1) = 8(z -+ f(z/)t)) (5.40)
=8(z—7) - f(@) ~3%5(z—z’) T4+ 0(t%),

i.e., we now have
a
W) =—f@) -5 8-7). (5.41)

and therefore also
d
a(@) = /d”zw(z,z’) = —/d”zf(z’) "% §z—2)=0. (5.42)

From (5.28) we thus obtain the resulting master equation

901 (z. , .0 / /
B fuogir Ao

=L T OaE). (5:43)
74

This differential equation for the time evolution of a probability density based on
a deterministic process is known as Liouville’s equation. If o(p, ¢) is a density in
phase space and H(p, ¢) a Hamiltonian function, the Liouville equation is just

ad dH do 0H 0do
— q:t)={H, 0} = — — — — —, 5.44
5, ep.a:t) = {H.of % 9 9 34 (5.44)
where { H, o} denotes the Poisson bracket.
Indeed, forz = (p.q),z = f,ie., (p,q) = (—%—IZ, %—IZ), the Liouville equation

can be written in the form

do(z,t) 0
R (f (@)ol(z,1)), (5.45)
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a b

A A

t t
Fig. 5.2 (a) Realization of a piecewise deterministic Markov process: the deterministic evolution

according to z = f(z) is interrupted by jumps. The probability of a jump is determined by the
transition probability w(z, 7). For f = 0 one finds a trajectory such as that shown in (b)

since

—ai-f(z)=—i(aH) 0 0H
Z

op \" 3¢ ) 9q p
H H

o _oH 0 546
dg dp  Jdp Jq

An important combination of the two above-mentioned types of processes is the
piecewise deterministic Markov processes. In this case the short-time behavior of
the transition probability may be written in the form

okt+t]Z.0)=1-ak)T)c—2)+Ttwzz. 1)

—f.0)- (%S(Z -2t + 0(r?) (5.47)

and the corresponding master equation reads

d d
ng(z,f) =% (f@1)oiz 1)) (5.48)

+/d”2’ W(z,zﬁt)al(zﬁt)—/d”Z’W(zCz,t)Ql(z,t)-

Thus a typical trajectory of such a process consists of pieces where z(¢) evolves
deterministically according to z = f (z). These pieces end with a jump, and a new
deterministic evolution starts from the final point of this jump (Fig. 5.2).

Hence, we have developed a framework which allows the formulation of
deterministic as well as special stochastic processes. The time evolution is dictated
by the transition rates w(z,z’,t), which take over the role of the Hamiltonian in



52

The Master Equation 171

classical deterministic systems, and indeed the transition rates for a deterministic
process also contain the Hamiltonian.

Therefore, the master equation is a generalization of Liouville’s equation to open

systems.

Remarks.

(a)

(b)

(a)

When the master equation is used to describe transitions between quantum
states, it is sometimes referred to as the Pauli equation. The transition proba-
bilities w,,,» are the usual matrix elements calculated in perturbation theory.
Prigogine, Resibois, Montroll, and others (Prigogine and Resibois 1961; Mon-
troll 1962) have also developed generalized master equations. The dwell times
for the individual states, which for the standard master equation are distributed
exponentially, can in these cases be chosen arbitrarily. For an excellent discus-
sion of generalized master equations and more general stochastic processes, see
also Montroll and West (1987).

Let us now look at two applications of the detailed balance equation:

We consider a system with quantum states {|n)} at a temperature 7" and in
contact with a radiation field. Then the probability for a state 7 is
€ — 1 —BE,
=€ , (5.49)

and in a transition n — n’ with a transition rate w,, a photon with energy
hw = E, — E, is emitted. From quantum mechanics it is known that

Warn _ (n(w) + 1) , (5.50)
Whn! n(w)

where n(w) is the average number of photons with frequency w in a radiation
field. This is a plausible relation, as the transition n — n’ increases the number
of photons in the radiation field by 1. From the equation of detailed balance one
obtains, in addition,

Wn'n Q,e; = Wnn Qfl/ ) (5.51)
i.e.,
Wa'n = Q_fl/ = e_ﬂ(Eﬂ/_E”) = —(n(w) + 1) 5 (5.52)
Wan oy n(w)
and thus by solving for n(w) we find
= ! 5.53

This is exactly the average number of particles in a photon gas. We will obtain
the same result in a different way in Sect. 6.5.
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(b) The equation of detailed balance may also be used to define a stochastic process
for which the stationary density is given. If we call this also {o¢}, the transition
rates are chosen in such a way that, according to the detailed balance condition,
their ratio is equal to the ratio of the given densities, i.e.,

e

Wnn' @y
=—x.

Wn'n Q,

(5.54)

We will show in Sect. 7.4 that each solution {p,(¢)} of the master equation of
such a process tends towards {0 }.

In Sect.5.5 we will use this method to numerically estimate the expectation
values of macroscopic system variables in the statistical mechanics of equilibrium
states. Furthermore, realizations of random fields can be generated by this method.

5.3 Examples of Master Equations

Up to now we have considered Markov processes in the framework of statistical
mechanics. However, the concept of modeling a stochastic process as a Markov
process extends much further.

Indeed, the prerequisites for this concept are merely the description of the states
{z1,...} of a system and the rates for the transitions between these states, i.e., the
quantities w,, for the transition z, — gz,,. These transition rates determine the
transition probability 02(z,/, ¢t + T | z,,t) for sufficiently small time steps t, and
due to the Markov condition this in turn determines the total stochastic process. Yet
there are many different ways in which the state of a system may be defined.

e A system may consist of a particle and a state is characterized by the position of
the particle. The stochastic process corresponds to jumps from place to place. In
this case one speaks of a random walk. In the same way we can also describe e.g.
the diffusion of pollutants in the atmosphere or the movement of electrons in a
semiconductor.

e If the state is characterized by a particle number, e.g., the number of atoms,
molecules, or living individuals of a particular kind, one can respectively
describe radioactive decay, chemical processes, or even phenomena of population
dynamics.

5.3.1 One-Step Processes

Particularly simple Markov processes result when the states can be labeled by a
discrete one-dimensional variable n and ordered in a linear chain such that the
transition rates wy,s are nonzero only for transitions between neighboring states.
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Setting wy, 41 = r(n+1), w, ,—1 = g(n—1), and therefore also wy,—1 , +Wy+1., =
r(n) + g(n), the master equation reads

Qn(t) = r(n + 1)Qn+1(t) + g(n - 1) Qn—l(t) - (r(n) + g(n)) Qn(t) ’ (555)

where o, denotes the probability of state n.
Such processes are also called one-step processes. Using the operators EF,
defined by
EXou(t) = onii(t) . k=0,%1,... . (5.56)

the equation for the one-step process may also be written

0n(1) = (E=D)r(m)e.(t) + (E™" = 1)g(n)oa(7) . (5.57)

Important one-step processes are:

The random walk. Here g = r = 1. The master equation is

6n(t) = 0as1 + 011 =200 = (E= 1)+ E™' = D)o, . (5.58)

In this case n, with —oo < n < 0o, denotes the position on a linear chain of points.

Radioactive decay. In this case g = 0, r(n) = yn, i.e., the probability that one of
n particles decays within the time interval (¢, ¢ + dt) is yndt. The master equation
reads:

0n(t) =y +1)on+1 —ynon = (E—1Dyno, . (5.59)

Now, n = 0,1,... denotes the number of atoms. There are only transitions to a
lower number and the rate depends linearly on n (see Fig.5.3a).

The Poisson process. In this case g(n) = A, r = 0.

on®) =Xop1—Aon =E1=DAo,, (5.60a)
00(t) = —A 0o - (5.60b)
n = 0,1,... represents the number of events that have occurred up to time ¢. This

number can only increase with time (Fig. 5.3b). The probability that in the interval
(t,t 4 dt) one event occurs is equal to Adz.

In this case we had to write down the master equation for n = 0 separately.
It follows formally from the general master equation for one-step processes if we
introduce a fictitious state n = —1 and set g(—1) = 0. In the same way one should
have defined for the radioactive decay r(0) = 0, but the function r(n) takes care
of this already. Thus there are no transitions between the fictitious state and the
boundary state n = 0 (Fig.5.4).
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b

n

SQ

t t

Fig. 5.3 Realization of the stochastic processes (a) for the particle number in a radioactive
substance and (b) for the number of events in a Poisson process

Fig. 5.4 Setting g(—1) = 0 and r(0) = 0, there are no transitions between the state n = 0 and a
fictitious state n = —1

Utilizing the rule g(—1) = 0,7(0) = 0, one may thus formally use the general
form of the one-step process, even when there is a boundary at n = 0. In a similar
manner, one can take care of other boundaries.

Chemical reactions. Suppose that in the chemical reaction A — X molecules of A
can change in molecules of X. Denoting by n the number of X molecules and 7 4
the number of A molecules we get
gn) =wpp1n =wny =wlcy, (5.61)

where §2 represents the volume occupied by the particles, c4 = n4/£2 is the
concentration, and w a proportionality factor, known as the rate constant. A second
reaction X — B is described by

r(n) = wy—1n =wn, (5.62)
with the rate constant w'. For the case where both reactions

A— X, X - B

occur, the master equation for g, (¢) is

on(t) =weaR(E™" =)o, + W (E—-1no, . (5.63)
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The equations we have considered so far can be solved analytically, as we will
show in the next section. The reason is that for these processes the transition
rates w,’, depend at most linearly on n. As a consequence one obtains closed
equations for the moments, and these are easily solved. As in any other field, linear
models represent important examples for theory and applications, but in many cases
only nonlinear transition rates will realistically describe the corresponding physical
problem.

We will now introduce some important examples of such master equations:

5.3.2 Chemical Reactions

For the reaction
2X - B (5.64)

we denote by n the number of X molecules. Then
Wp—am =W nn—1)/2, (5.65)

because with n particles given, there are n(n — 1)/2 pairs which can form a B
molecule in one reaction.

Thus if we replace the chemical reaction X — B by 2X — B, e.g.in (5.63), we
obtain the master equation

on(t) =weaR(E™N = 1) 04 (1) + g(Ez —Dnm—1)ou) . (5.66)

which can no longer be solved analytically. Similarly, all master equations for
chemical reactions in which more than one particle of each species take part, i.e.,
for which some of the stoichiometric coefficients are larger than 1, are nonlinear and
therefore not solvable analytically.

Remark. In general, one obtains for the reaction s X — B the transition rate (van

Kampen 1985)

m—-1)---n—s+1)
£2s '

This may be seen as follows: Let @ be the volume within which the particles have to

be present simultaneously for a reaction to take place. Then the probability p; that

from a total of n particles in §2 exactly s particles are in w is

pe (1) () (-2)""

For w < §2 one obtains from this expression the rate (5.67) to leading order in £2,
to within a general factor (containing £2 itself).

n
Wp—sn = A/ 82

(5.67)
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5.3.3 Reaction—Diffusion Systems

Up to now, in describing chemical reactions, we have assumed a homogeneous
spatial distribution of the molecules. In many cases, however, the variations of the
concentrations can no longer be neglected. One has to subdivide the total volume
of the reaction into small cells A, (A = 1,2,...) of volume A, small enough that
at least inside these cells the assumption of a homogeneous distribution is justified.
In this case the stochastic quantities are no longer simply labeled by 7, the number
of molecules in §2, but by {n;, A = 1,2, ...}, the number of molecules inside the
cells A = 1,2, ..., and therefore we have to consider the density o(ny,nz,...;?).
This characterization of a state of the system is called the occupation number
representation, because a state is labeled by the occupation numbers of all cells.
Of course, the sum of all {n, } has to be equal to the total number N of particles.

The number of molecules 7, in cell A may now change for one of two reasons: It
may change, firstly, due to a chemical reaction, e.g., A — X,2X — B. The master
equation for this process is

o({na}. 1) AZ[WCA f—1)

+p (B3 — 1) ma(ns — 1)]@({m},t) ; (5.69)

Secondly, it may change as a result of diffusion: during the interval dz a molecule
passes from cell A to cell . Hence, n; decreases by 1 while n, increases by 1. We
will denote the transition rate for this process by w,ny A.

The total master equation now reads

({m} 1) [ZWCA — )—i—%(Ei—l)m(m—l)
+ w (E'Ex — l)m]g({nl},t) . (5.70)
LA

Here Q({n Ats t) is the probability density for the stochastic process {N,(¢)}. The
subdivision into cells and the introduction of occupation numbers for each cell is, of
course, only an auxiliary construction: Our real interest lies in the stochastic process
N(r,t), from which { N, ()} may be obtained according to

Ni(t) = N(r.t)dr, (5.71)
cell A

and the probability density o|n(r),t|. N(r,t) is a time-dependent stochastic field
and the probability density o|n(r), ¢ | is a functional of n(r).
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In Sect.3.6 we have already examined the time-independent case, i.e., a field
N(r). We also considered the expectation values (N (r)) and (N(r)N(r’)), and for
the case of a spatially homogeneous field we obtained

(N(r)) = % =n. (5.72)

Thus N(r,1) is the local particle density, which may now be time dependent.

The master equation (5.70) makes a statement about the behavior of these
quantities as a function of space and time, where space has been discretized. Of
course, for many applications it is sufficient to derive and solve an equation for the
expectation value of the local particle density, i.e., for

f(r.t) =(N(r,1)) . (5.73)

Also of interest, in addition to the expectation value (N(r, 1)), is the so-called
factorial cumulant,

[N(r,t)N(r’,t)] = (N(r,t) N, 1)) — (N(r, )} {N(r', 1))
—8(r —r") (N(r,1)) . (5.74)

To within the normalization, this is the time-dependent analog of the radial
distribution function g,(r,r’). Indeed, the radial distribution function may be
introduced as

[N(r.0) N(r/,t)] = (N(r, )Y (N(, 1)) (gz(r,r/,t) - 1) . (5.75)

5.3.4 Scattering Processes

Another important type of master equation results if one considers particles in a
volume §2 that may also scatter among themselves.

Now it is the phase space which is subdivided into cells A, A = 1,2,...,
and we will again denote the number of particles in cell A by n,. When two
particles scatter, particles from cells A and p make a transition into cells A" and @/,
i.e., the occupation numbers for the cells A and p decrease by 1, while they
increase for the cells A’ and u’. Evidently, the rate of this transition from the
state z = (ny,...,n5,...,n,,...) into the state 2 = (ny,...,ny — 1,....n, —
1,....ny+1,...,np +1,...) is proportional to ny n,, i.e.,

Wyrz = Axwap Ny y (5.76)
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and the master equation becomes

o@D =Y. avw (E;lE;IEyEM/—l) nan,0@.1) . (5.77)
A !

This equation also contains nonlinear transition rates. Of course, it has to be
completed by terms taking into account the deterministic movement of the particles.
In scattering processes the corresponding stochastic field should be denoted
by N(r, p;t), the local, time-dependent particle density in phase space, and an

equation for
f(r,p:it) = (N(r.p:1)) (5.78)

leads under a certain approximation to the well-known Boltzmann equation (see van
Kampen 1985; Gardiner 1985).

5.4 Analytic Solutions of Master Equations

In simple cases one can find analytic solutions to the master equation or to the
equations derived from it. We now will present two methods which both transform
the master equation into an equation which is easier to solve.

5.4.1 Equations for the Moments

In many cases it is not the complete time evolution of g, (¢) which is of interest,
but only the time evolution of the average particle number (N (¢)) and the variance
(N2(t)) — (N(t))>. For one-step processes the equation for (N(¢)) is easily derived
from (5.55): For (N(t)) = ), n 0,(t) one obtains

5 (N@) = ann (®) (5.79)
=Y n[ro+ Dewni () = rm eno

+g(n—1) 0,1(1) — g(m) 0 (1) ] - (5.80)

Since

Y onr@m 4D euri(t) =Y (n=1)rn)ealt) (5.81)

and

Y ngl—1 o) =Y (n+1)gn)ealt) (5.82)



5.4 Analytic Solutions of Master Equations 179

we obtain d
- (NO) = ~(r(V)) + (g(V) - (5:83)

Similarly, one finds, in general,
d
4 (N (1)) = (N = DF = N¥) r(N)) + (((N + DF = N¥) g(V)) .
(5.84)

The initial condition for (N*(¢)) follows from that for {0, ().t = 0}:

(N o =D _n* 0 (0) . (5.85)

If 7(n) and g(n) are linear in n, the right-hand sides of (5.83) and (5.84) are again
moments of first and k-th order, respectively. Hence, one obtains a closed system of
ordinary differential equations for the moments (N (¢)).

On the other hand, if r(n) or g(n) are nonlinear, the right-hand side of (5.84)
will contain moments of higher order than k. The result is an infinite hierarchy
of equations and, in order to obtain a solvable, closed system of equations, one
generally has to truncate this hierarchy by making some approximation.

5.4.2 The Equation for the Characteristic Function

For the characteristic function

GGi.n)=) 2"0.(0) (5.86)

it holds that .
d n k
(Za_z) G(z,1) = En Z'n" ou(1) . (5.87)

and, therefore, for some polynomial, e.g. for (1), one also has
r z3 G(z,t) = Zz" r(n) o, (1) (5.88)
az 9 - n . .

Furthermore

0
Zn:z" (r(n + 1) ont1(t) —r(n) Qn(t)) = (% — 1) r (Z 3—2) G(z1) .
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So one finds as the equation for G(z, )

0 1 d d
5 G(z,t) = [(Z - 1) r (z a_z) +iz—-1)g (z a—z)]G(z,t) , (5.89)

with
GG1=0)=Y 2"0.(0). (5.90)
Once G(z, t) has been determined, the moments follow from (5.87):
3\~ .
za—Z G(z,1)],= = (N" (1)) . (5.91)

5.4.3 Examples

Let us apply these two methods to the examples of the previous section.

The random walk. r(n) = g(n) = 1. Let 0,(t = 0) = 8,0, i.e., at t = 0 the
random walk starts at the position (state) n = 0.
For the moments it follows from (5.84) that

S vy =0 (5.922)
d% (N2(t)) = (=2N(t) + 1) + 2N(t) + 1) =2 (5.92b)
and
(NFO)],_,=0. k=1.2,.... (5.93)
Therefore
(N@)) =0, (5.94a)
(N%(1)) =2t . (5.94b)

The equation for G(z, ) is

3 G(z,t) = (z + l — 2) G(z, 1), (5.95)
Jt z

where
G(z,0)=1. (5.96)
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One obtains as the solution
1 +o0o
G(z.1) = exp (z +-— 2) t=e Y L. (5.97)
z n=—00

since exp (%(z + %)) is the generating function of the modified Bessel function
I,,(x). From this solution one finds the moments

d 1
(N(@)) = (z —) exp (z + - - 2) t (5.98)
0z z =1
1 1
=zt (1——2) exp(z+——2)t =0 (5.99)
z 2 =1
and after some calculation
5 3\’ 1
(N“t))y=[z=—) explz+-—2])¢ =2t . (5.100)
dz Z =1

Both methods obviously yield the same results for the moments: The expectation
value remains constant at n = 0, and the variance grows linearly in time.
From (5.97) one obtains for g, (¢)

0n(1) = e > 1,(21) . (5.101)

Radioactive decay. g =0, r(n) = yn. Let 0,(t = 0) = 8, »,- For (N(t)) one gets
immediately

d

o VO)=-y(N®).  (NO)li=o=no. (5.102)

i.e.,
(N()) =nge™" . (5.103)

For the variance one finds, after some calculation,
Var (N(t)) = no (e77" —e ") . (5.104)
G(z, t) now satisfies the equation

0 1 0
% G(z,t) = (E — 1) Yz % G(z,t) (5.105)

Gzt =0)=7", (5.106)



182 5 Time-Dependent Random Variables: Classical Stochastic Processes

and the solution is

G(zt) = (14 (z—1)e")" (5.107)
—yt no
=(1—-e)" (1 + %) (5.108)
no n
= Z (no) e (1—e)" ™" 7, (5.109)
n=0

from which one finds
on(t) = (”0) e (1—e7)" ", (5.110)
n

From this result one can also derive the expressions (5.103) and (5.104) for
(N(t)) and Var (N(t)), respectively.

The Poisson process. r =0, g(n) = A.Leto,(t = 0) = 8, ,,, m > 0. One obtains

d
5 V@) = (N(O))i=g =m . (5.111)
ie.,
(N@)) =m+ At . (5.112)
Furthermore
d
% (N’()) =A2N +1),  (N’())|,_,=m". (5.113)
hence,
(N2(t)) = (m + At)* + At , (5.114)
and
Var (N(t)) = At . (5.115)
The equation for G(z, t) reads
E%G(Z’ t)=@zZ—-1DAG(z1), (5.116a)
G(z,t =0) =7", (5.116b)
therefore
Gz, t) = "M (5.117)

)nm

At)" A
= —AtZ( t) — —At Z ( t m)' (5.118)
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i.e.,
A"

=) ., n>m. (5.119)

Qn([) =

5.5 Simulation of Stochastic Processes and Fields

In Sect.5.2 we wrote down the master equation for a piecewise deterministic
Markov process {Z (¢)}, Z € R" in the following form:

d d
G =2 foen+ [@(vwo@ 0 —wren) . 6120

Such a stochastic process consists of a deterministic motion interrupted at random
times by random jumps z — 7.
The deterministic motion is described in this case by the differential equation

i=f@). (5.121)

The probability for the interruption of this motion by jumps is determined by the
transition rates wy,. We have seen that this concept of a piecewise deterministic
Markov process describes — beyond Hamiltonian dynamics — the temporal develop-
ment of open systems.

The master equation for this process is a partial integrodifferential equation for
the density p(z, t), whose solution would require enormous effort.

In many cases, however, one is not really interested in all the information
contained in the time-dependent density. Often it is only the time dependence of
expectation values of the random variables Z (#) which one wants to know. This
suggests that one might simulate a sufficiently large sample of such a process and
then estimate the quantities of interest on the basis of this sample. Thus one uses a
computer to generate sufficiently many trajectories of such a process. The statistics
of these trajectories will reflect the stochastic properties of Z (¢) formulated by the
master equation.

For a stochastic process with a discrete sequence of instants #; and discrete states
z = 1,...,n such a simulation is most easy formulated. Let t = 1,2, ..., then the
time development of the density can be written as

e(t +1) = Me (1), (5.122)

with M = eV (see (6.199)). The elements of the matrix M then are conditional
probabilities
My =pG1|j). i.j=1....n. (5.123)
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Now, given a state j at time ¢, the state 7 at time ¢ 4 1 has to be chosen according
to the probabilities {p(i | j),i = 1,...,n}. This can be done in the following way:
By adding up intervals of length p(i | j) fori = 1,...,n, starting at zero, one gets
a subdivision of the unit interval [0, 1]. The limits of the n intervals are given by
[0, Visevos Ya—1, 1] with

yi=Y_ pk|j). (5.124)
k=1

Now if one realizes a random number &, equally distributed in [0, 1], then the
probability that it falls into the subinterval [y;,—;, y;] isjust p(i | j),i = 1,...,n,
vo = 0. Hence the state realized at time ¢ + 1 is given by that value i for which

YVi-1 <E<yi. (5.125)

Very often, one of the conditional probabilities, e.g., the probability p(j | j) for
staying in the given state, is much larger than the others. To avoid the use (or
calculation) of the division [0, yi,...,ys,—1,1] in each step, one may ask first
whether there is a jump to a different state at all, and only when this is answered
in the affirmative, then a decision is made into which state the jump shall occur.
Because in most cases, no jump has to occur and since the first query is very fast,
one may improve the speed of the code considerably.

Thus, in general, one has to set up an algorithm for the following three elements
of the motion:

1. The deterministic motion for the case that no jump occurs;

2. The decision as to the instant at which a jump will occur, and,

3. When a jump does occur at time ¢ starting from z(¢), into which of the possible
states z’ with wy, # 0 it will go.

In the following, we will describe the algorithms for these three elements. We
suppose that we are dealing with a discrete set of states z’ which are accessible by a
jump from z. We first present an algorithm for a fixed time step.

1. The deterministic motion according to the differential equation z = f (z) has to
be determined by standard numerical methods (Runge—Kutta etc.). We assume
that the reader is familiar with these methods and do not go into further details.
In particular, if f = 0, as in ‘real’ Markov processes, the deterministic evolution
is extremely simple: z(¢) = const.

2. Fundamental for the decision concerning the instant at which a jump z(t) — 7’
shall interrupt the deterministic evolution is the probability that for a given z(¥)
at time ¢ exactly one jump occurs within the next time step up to ¢ + dt. This
probability is

up@. 1) dit =Yz di . (5.126)
7 #z
Of course, df has to be chosen small enough that uy(z, ) dt is also sufficiently
small compared to 1 (roughly of the order 0.01 to 0.1).
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Hence, a jump should be realized with the probability uo(z,?) dt. For this
purpose one generates a random number & as a realization of a random
variable uniformly distributed in the interval [0, 1]. With probability u(z, ¢) d¢
this random number is in the interval [0, u(z, t) dt]. If, therefore, the generated
random number &; lies within this interval, one decides in favor of a jump taking
place. Otherwise the motion continues according to the deterministic equation.

3. If a jump does occur, one has to choose the state z’ in which to jump. Obviously,

We'z

.7 5.127
@ 7 #z ( )

y(@'|2) =

is the conditional probability that the jump will be into the given state 7 # z,
provided a jump should occur at all. We set y(z | z) = 0. From (5.126) we
readily obtain

Yoyl =1. (5.128)
7
We arrange the states z’ for which y(z’ | z) # 0 in a row and denote these states
by z;,, where y = 1,2,.... If we now set
o
Yo=Y ¥@&, 12, (5.129)
y=1

then y(z), | 2) = Yo — Ya—1 fora > 1l and y(z} | z) = yi. Hence, y(z, | z) is
equal to the size of the intervals for a partition of [0, 1] according to

[0,v1,....Vas..., 1] (5.130)

Thus the target state for the jump, z/,, may be determined by generating a second
random number &, as a realization of a random variable uniformly distributed on
[0, 1], and taking the value « for which

Va1 =62 = Yo - (5.131)

This defines an algorithm to generate a trajectory of a stochastic process. The
choice of the time step df is, of course, essential both for the computer time used as
well as for the accuracy.

Once N trajectories, each starting from the same initial state at # = 0, have been
generated, one has obtained N realizations of the random variable Z (¢) for each
instant > 0. From these samples for each instant ¢ one can estimate the required
quantities such as expectation values or variances using the methods of Sect. 8.1.

There are many variants of this algorithm, and we refer to the literature, e.g.,
Binder (1979) and Honerkamp (1994), for more details. One particularly important
variant, however, will be introduced here.
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Algorithm with a Stochastic Time Step

If the deterministic motion is sufficiently simple, one may determine the distribution
of the intervals between two successive jumps. For this purpose we calculate the
‘survival function’ (also called the dwell time distribution) V;(t), which is the
probability that no jump occurs in the interval (¢, t + 7). It is given by

t+1
V,(tr) = exp (—/ dr’ uo(z(t’))) . (5.132)

To see why, we first consider an interval of length 7 which is small enough to regard
u(z(t)) as constant on it. We subdivide the interval again into n time steps d¢ such
that d = t/n. The probability that no jump occurs within a time d¢ is

Vi(dr) = (1 —updt) = (1 —uog) , (5.133)

and the probability that no jump occurs within the n time steps of the interval t is

n \"
V(1) = (V,(dt)) — (1 . —) . (5.134)
n
Taking d — O for fixed 7, i.e., n — 00, one obtains
Vi(r) = e 407 = g 0GO)T (5.135)

For a finite interval (¢, + t), where now u(z(¢)) is allowed to vary, we get

Vi(t) = exp (— /f+r uo(z(t")) dt/) . (5.136)

The interval between two successive jumps is also called the waiting time. From
V;(tr) now we can easily determine the cumulative distribution function F; (t) of the
waiting time. It is simply

Fi(r) =1-"V:(7), (5.137)

because the survival function V;(7) can also be interpreted as the probability that the
waiting time is greater than t. On the other hand the cumulative distribution F;(7)
is just the probability that the waiting time is less than t.

Obviously 0 < F;(r) < 1, and the function F; maps the random variable
‘waiting time’ from the interval (0, c0) onto the interval [0, 1]. Thus one obtains
a realization of this waiting time distribution by generating a random number &,
uniformly distributed on the interval [0, 1], and choosing t such that F(r) = §.
Thereby one obtains an equation for t:

Vie)=1-¢ or InV;(r) =In(1-¢), (5.138)
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or

t+t
/ dt’ up(z(t')) = —In(1 — §) . (5.139)

Hence, one first has to determine the deterministic movement z(¢') starting at
t' = t, from this one obtains uy(z(¢')), and finally one integrates over ¢’ according
to (5.139). Solving this equation for t at given £ yields a realization 7 of the random
time until the next jump. Even if the solution for  has to be done numerically,
this method is often faster than using a fixed time step df. (In this way one also
circumvents the discussion about the correct choice for the time step dz.)

Thus after each jump one has to determine a new random number 7 according
to the above described method and to integrate the deterministic equationz = f (z)
for this time 7.

If, in particular, z(¢") = const. between the jumps, as is the case for ‘real’ Markov
processes (f = 0), then uy(z) is also constant and therefore

t+1
/ dt' ug(z) = tup(z) , (5.140)

where 7 has to be determined from

e g, (5.141)
uo(z)

Simulation of Stationary Quantities

After a sufficiently long time, the density o(z, ¢) of this process will be practically
identical to the stationary density ¢**(z). During a certain time period the individual
states {z} will then be visited with a frequency proportional to their stationary
probability o (z). (We assume here that the process may be considered as ergodic
during this time period.) The states z, generated by the simulation of the trajectory
in the stationary regime, are therefore realizations of a random variable Z with a
probability distribution o (z).

However, successive realizations obtained in this way are not independent,
because it is the transition probability p»(z, ¢ | z’,¢") which determines the process
and thereby the simulation. To get independent realizations of a random variable
with density 0**'(z) one simply lists only every nth number in the sequence of
random numbers obtained from the simulation of a stationary trajectory, where
n is sufficiently large such that the correlations among these numbers have faded
away. This correlation time is easily estimated by checking for which values of
the covariance Cov(z(t)z(t + r)) is compatible with zero.

For other methods of generating independent random numbers see, for example,
Honerkamp (1994).
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The Monte Carlo Method, Simulation of Random Fields

The fact that in the simulation of a trajectory after a sufficiently long time random
numbers with the density 0*®'(z) are generated may also be utilized to formulate
algorithms generating high-dimensional random vectors with a given density. What
one has to do is to construct a Markov process with the given density as its stationary
density. In fact, this is fairly easy: One chooses transition rates satisfying the
condition of detailed balance (Sect. 5.2).

Such methods for generating realizations of high-dimensional random vectors
also allow the estimation of high-dimensional integrals, as they occur, for example,
in the statistical mechanics of equilibrium systems (see Chaps. 3 and 4). They are
known as Monte Carlo methods in the statistical mechanics of equilibrium states.

Let us consider the Ising model as an illustration of this method:

A state is denoted by

x =(x5,....,xy), x;==I, (5.142)

where {x;} represent the spin orientations on, say, a two-dimensional lattice.
The density function for the canonical system is given by

1
olx) = — e P (5.143)

where Z is the partition function, and the energy function has the form (cf. (4.137))

N
H(x) = —%Z > T xix; (5.144)

i=1jeN;

The neighborhood ; of a lattice point i consists of the four nearest neighbor sites.

We will now construct a stochastic process X (#) whose stationary density
0™(x) coincides with o(x). A simulation of this process, once the stationary
state has been reached, will yield realizations of the random field X with the den-
sity (5.143). We may investigate such realizations by image processing methods, but
in the statistical mechanics of equilibrium states we may also estimate expectations
values such as

E = (H(x)) =) H(x)o(x) (5.145)
X
from a sample {x,...,xy} of size N by taking
|
b= ;H(x,-) . (5.146)

The problems encountered in the estimation of expectation values are addressed in
Sect. 8.1.
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To define the stochastic process we have to state the transition rates. Detailed
balance requires

Wwyr 0(x") = wyy 0(x) (5.147)
i.e., )

wee _ Q) _ —pan (5.148)

Wxx/ o(x)
where

AH = H(x") — H(x) . (5.149)
Two frequently employed forms for w,,’ are
e The ansatz introduced by (Metropolis et al. 1953):

—BAH ;
weredr = 1 € if AH 20 (5.150)

1 otherwise.

Hence, if the jump to x’ leads to a smaller energy (AH < 0), x’ is always
accepted. If x’ has a larger energy, the acceptance of this state for the instant
t + df becomes increasingly improbable, the larger the energy difference.

* The ansatz of the so-called heat bath method:

o—BAH

Wx'x dr = m .

(5.151)

One can show that in both cases the condition of detailed balance is fulfilled.
Hence, one has to simulate a Markov process {x (¢)} for which the transition rates
are given by (5.150) or by (5.151).
It can be shown (Binder 1979) that the two steps,

1. Check whether there should be a jump at all and,
2. If yes, decide into which state,

can be exchanged, and therefore the steps,

1. Choose a possible state x’ and
2. Check whether to jump into this state,

are also possible. This method has the advantage that the computational effort for
the choice and the check is much smaller.

In physics this method is called the Monte Carlo method. In stochastics, an
algorithm generating a spatial Markov field in the above manner is called a
Metropolis sampler.

Summarizing, the algorithm thus consists of the following steps:

1. Start with an initial configuration x.
2. A new configuration x’ is obtained by selecting a component x; of the field x
and by the assignment of a new value to this component. For this purpose one
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chooses a x; € L (the space of all possible values of x;), where all values in £
are taken to be equally probable. One then sets x/ = x* with probability wy/dz.

3. The choice of a component i may be done randomly such that every component
occurs with the same probability. A simpler way is to proceed through the
lattice systematically and to assign new configurations x’ successively to all
components. Such a passage through the lattice, by which N new configurations
are generated, is called a sweep. If the components are chosen randomly a
collection of N successive new configurations might also be called a sweep.

4. Make M sweeps, where M is a suitably chosen number.

Remarks.

* Because o(x) is formulated as a Gibbs field, i.e., a Markov field, w,/,dt is a
simple expression depending only on those terms in H (x) that contain x;.

 In the simulation of such processes starting from an initial configuration one has,
of course, to estimate from when on the system is in equilibrium. Only then can
a configuration x be considered as a realization of the random field X with the
density o(x).

There are many variants of this method. One method using only the information of
the conditional probabilities is known in stochastics as the Gibbs sampler. In this
case, for each point i the probability

or = o(x; = 1|Ny) (5.152)

is determined for every possible realization / of x;. Next one sets x; = / with
probability p;. This is repeated M times.

Concerning the application of the Metropolis method to the two-dimensional
Ising model and further related problems in statistical mechanics see, for example,
Honerkamp (1994), Binder (1979), Binder and Heermann (1997), and Binder
(1995, 1987). As an example we present a simulation of the isotropic Ising model
(Sect.4.5) at BJ = 0.5 (the critical pointis at 8J = 0.4407). For the magnetization
one obtains from Sect.4.5 for N — oo the exact result m = =£0.9113 and
BE = —0.8728. The estimated values as a function of the number of sweeps are
plotted in Fig. 5.5. Evidently, the stationary state is reached after about 200 sweeps,
after which point the data can be used for an estimation of the magnetization and
the energy. An analysis of the covariance function reveals that the realizations can
be considered as independent after about 25 sweeps. From a time series consisting
of every 25th data point one obtains

m = 0.9124 + 0.0163, BE = —0.8735+0.0144 , (5.153)

in good agreement with the exact results for N — oo. Longer observations of the
stationary states lead to a longer time series and to a smaller error.
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Fig. 5.5 Estimation of the energy and the magnetization as a function of the number ¢ of sweeps
on a 64 x 64 lattice. The lines represent the exact solution for N — oo

5.6 The Fokker-Planck Equation

In Sect.5.2 we derived the master equation for Markov processes from a certain
short-time behavior of the conditional probability o, (z, t+t|7, t), formulated in
a given expansion in t. A different requirement for the short-time behavior is the
following:

/ 0222 — 2)i0Gat + 7 | 21.1) = A1) + 0(0).
/ dz2(z2 —21)i (22 —21)j0(z2 1 + T | 21,1) = D;j(z1,1)T + 0(7),

/ dzo(za —z1)iy - - - (2 —21)i, 02, 1 + T | 21,1) = 0(xr) forn>2.

(5.154)

Hence, the transition probability, i.e., the conditional probability when a state z;
at time #; is given, shall in lowest order in T be a normal distribution with means
Aj(zy,t) and variances Dj; (z1, t) for the increments (Z, — Z);.
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Under these conditions it is possible to show that the expansion of the transition
probability for small t has the form

1 ,
ozt 477 0) = Wires e~/ (ao(z,z’) +ai(z,7)t + 0(12)) , (5.155)
T

where the a;(z,7'),i = 0, 1, ... depend on the drift and diffusion terms. In this case,
of course, we also have Qz(z,t +1|7,t) > 8(z—7) for t — 0, but the limit is
approximated in a completely different way compared to the one we required in the
introduction of the master equation.

It turns out (see, e.g., van Kampen 1985; Honerkamp 1994) that such a short-time
behavior yields an equation for the probability density of the form

d "0 1 « 9?
—ozt)y=|—->) —Ai@z.t)+ = ——— D (z.t 1) .
5 0@ ) ;E)Zi @ )+2ij=1 T, D@ | e

(5.156)

This is the Fokker—Planck equation.

Hence, like the master equation, this is a differential equation for the time-
dependent density function of a Markov process. Yet, the time-dependent density
function (and the conditional probability 0>(x,? | x’,¢")) now describes a different
type of stochastic processes. In the mathematical literature this is called a diffusion
process. In contrast to those processes which are described by a master equation
(and which in the physics literature are also referred to as diffusion processes), a
characteristic feature of this process is that there are no jumps. These are in a way
no longer resolved on the large length scale. This will be studied in more detail
in Sect. 5.8. There we will also show that the Fokker—Planck equation arises as a
certain limit of the master equation.

For the trajectories of a diffusion process one can formulate a stochastic
differential equation. If the diffusion matrix D;;(z,t) does not depend on z, this
can be done even without a lengthy discussion about additional concepts from
stochastics. Indeed, one can show that the multivariate diffusion process Z (¢) € R”,
whose density function obeys the Fokker—Planck equation

BQ(z 1) [ Z_A (2. 1) + = Z D;; (l‘) :IQ(z, t), (5.157)

1/—1

satisfies the differential equation

Zi(t)=AZ.)+ Y By)n;(t). i=1.....n. (5.158)
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Here B is a matrix with the property BB” = D, where D is the matrix with elements
D;;. The random variables {n;(¢), j = 1,...,n} are independent ‘white noise’,
i.e., stochastic processes which make the differential equation also a stochastic
equation: For each realization of n;(¢), j = 1,...,n, one obtains a realization of
the process Z; (). Such a stochastic differential equation is often called a Langevin
equation.

For the increments

t+dt .
dZ:(t) = / dr' Z; (1) (5.159)

one obtains from the differential equation up to order d¢

dZ;(t) = Ai(Z(1),1) dr + Z Bij (1) dW; (1) , (5.160)
j=1
where
t+dt
dw; (1) =/ dr'n; (1" (5.161)

is an integral over a stochastic process. It would lead us far beyond the scope of this
book to enter into a discussion on general stochastic integrals (but see van Kampen
1985; Gardiner 1985; Honerkamp 1994). However, dW; (¢) is an especially simple
stochastic integral and with some intuition its properties are easily derived from the
properties of {n; (¢)}. Obviously,

t+dt
@) = [ ar @) =o. (5.162)
t
and
t+dt t+dt
AW ()dW; (1)) = / d, / d () (1) (5.163)
t t
t+de
= / dy 8,‘]' = 8,']' dr . (5.164)
Furthermore,
(dW; () dW; (1)) = 0., (5.165)

as long as the intervals (z,7 + dr) and (¢/, ¢’ + dr) are nonoverlapping, which is the
case for successive time steps. Hence, for each j the stochastic integral dW; () may
be represented a random variable with zero mean and variance d¢ which furthermore
is gaussian, because according to (5.161) it is a sum of gaussian random variables.
Hence we can write

dW; (1) = n; Vdr , (5.166)

where {1, } are independent standard normal random variables.
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Remarks.

¢ Because the increments dZ; = (Z, — Z;); as random variables are Gaussian
in the lowest order in t with means A4;(Z,t) and variances D;; (Z,t), we can
represent these as

dZ; = Ai(Zy, 1)t + BT, BB =D. (5.167)

Thus one could conclude directly from conditions (5.154) that such a type of
stochastic differential equation might exist.

 If the diffusion matrix D also depends on the state z, the Langevin equation can
be written in the form

Z@t)=a(Z.t) +b(Z,t)n(t) . (5.168)

In this case one speaks of a multiplicative noise, because the white noise
is multiplied by a function of the stochastic variable. At this stage a problem
arises, whose detailed examination would lead us far into the field of stochastic
differential equations and stochastic integrals. If we were now to study the
increments

t+dt .
dZ(@t) = / dr’ Z ("), (5.169)
t

we would encounter an integral over the product of two stochastic processes:

t+dt
I = / dt’ b(Z(t),t)n() . (5.170)
t

In the attempt to give a precise mathematical meaning to such expressions one
finds several possibilities. Two of the possible definitions for such stochastic
integrals are known as the It6 type stochastic integral and the Stratonovich type
stochastic integral. When one formulates stochastic differential equations with
multiplicative noise one always has to specify in which sense the product of two
processes is to be understood.

5.6.1 Fokker—Planck Equation with Linear Drift Term
and Additive Noise

If the drift term A; (z,¢) is linear in z, i.e.,

Az ) ==Y A1)z . (5.171)

=1
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all quantities of interest are easily calculated:

* The expectation value (Z (¢)) satisfies

d n
3 (20 ==3_ A4, ()(Z;0) (5.172)

Jj=1
¢ For the covariance matrix ¥ (¢) with elements

Zij(t) =(Zi(Z; (1) = (Z:())(Z; 1))

the following equation holds:
d T
3 Y(t) =D— (AL + XA"), (5.173)

where A and D are the matrices with elements A;; and D;; (¢), respectively.

e The density o(z,t) is for all times the density of a Gaussian random vector and
therefore o(z, 7) is completely characterized by the expectation value (Z (¢)) and
the covariance matrix X (7). In such cases one also speaks of a Gaussian stochastic
process.

e For the two-time covariance function C;;(t;,2) = Cov(X;(#1)X;(t2)) one
obtains for #; < f,, if the matrix A is time independent,

Cyj(t.) = [eAE(@)] (5.174)

ij
where ¥ (1) represents the variance at time #;. In the stationary state, 2 (¢;) has to
be replaced by the stationary variance ¥ (co). Then C;; (71, #2) is only a function

of © = 1, — t;. The spectral density C(w) in the stationary state, with matrix
elements

- o0 .
Cij(w) = / dz Gy (v)e" , (5.175)
—0o0
follows after some calculation as

C(w) = (A +iw) 'DAT —iw)™" . (5.176)

All higher common densities o(x 1,11, ...) are determined solely by the expec-
tation value and the two-time covariance function C;; (t), in the same way as a
single Gaussian random variable is determined by the expectation value and the
variance alone.

+ For the univariate case we set A(z,t) = —mzm # 0, D = o>. The
corresponding Langevin equation then reads

Z(t)y=-mZ(t)+ o), (5.177)
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and {Z(¢)} is called the Ornstein—Uhlenbeck process. In particular, for suffi-
ciently large ¢ one obtains for the covariance of Z(¢) and Z(t + 1)

2
COV(Z(t) Za + z)) - ;’—m e (5.178)

i.e., Z(t), defined by (5.177), is also a model for a red noise. In addition,

Var(Z(t)) - % . (5.179)

For the case m = 0 there is no longer a stationary state. The dissipation, repre-
sented by the term —m Z(¢), is now missing. Starting from Z(0) = 0 one gets

Var(Z(t)) = o*t (5.180)
and

C(t1,12) = Cov(Z(t1) Z(12))
2
= o2min(ty. 1) = "7 (ul+ ol —lo—nl) . (5.181)

This process is also called Brownian motion; it is the continuous time version of
the random walk. The trajectories of a pollutant particle in air may be thought
of as realizations of Brownian motion. If many such realizations are considered
simultaneously, e.g. a cloud of such particles which do not disturb each other,
the diameter is proportional to the standard deviation and therefore grows as
the square root of time. Such motion was first studied by the Scottish botanist
R. Brown. In 1827 he discovered that the microscopically small particles into
which the pollen of plants decay in an aqueous solution are in permanent irregular
motion.
The Langevin equation for Brownian motion reads

Z@t)=on(t), () ~WN(QO,1). (5.182)

Hence, the infinitesimal increment dZ(¢) is a Gaussian random variable and,
therefore, so is the finite increment Z(t,) — Z(t;), because being the sum of
normal random variables, it is again normally distributed. Furthermore, the
increments at different times are mutually independent. Hence, Brownian motion
is a stochastic process with independent and normally distributed increments. We
will meet various generalizations of this motion in Sect. 5.9.

Remark. The numerical integration of stochastic differential equations represents a
wide field. Of special importance in this context is the fact that the treatment of the
diffusion term determines the order of the numerical method, and that methods of
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higher order can only be formulated with a major effort. Here we briefly describe
the simplest method for univariate processes with additive noise.
Consider the Langevin equation

Z@t)=a(Z,t) + o)) . (5.183)

Following what is known as the Euler method, we write for z(t + h), given z(¢), the
approximation

2t + h) = z2(t) + a(z(t), 1)h + o (1) Vhe(t) . (5.184)

Here, () is for any ¢ a realization of a random variable with expectation value
0 and variance 1. In particular, it may be a random variable with a corresponding
uniform distribution. Notice that the noise term is of the order 4'/2.

For the expectation value of a function M (z(¢)) of z(¢) one obtains

(M@(t + h))) — (M(z(t + h))) = O(h?) . (5.185)

The single-step errors for the Euler method are therefore quadratic in the step size .
A more detailed treatment of the numerical integration of stochastic differential
equations can be found in Honerkamp (1994) and Kloeden and Platen (1995).

5.7 The Linear Response Function
and the Fluctuation—Dissipation Theorem

The properties of a stationary system are usually examined by exposing the system
to a small external force and then measuring the reaction of the system to this
disturbance. In particular, the changes of the expectation values (X;) with time in
such a situation are characteristic for the system.

Let { F;(t)} be the external forces. Then this characteristic property of the system
is described by the repones function R;;(t — '), defined by the expansion of the
expectation value in powers of F':

(X: () F = (X:(1)) peo +/0 'Y Ryt — ) Fj(t') + O(F?) . (5.186)
J

Hence, the response function reflects the reaction of the system to an external
disturbance in a linear approximation.

Of course, causality leads us to expect that R;;(r) = 0 for t < 0. The Fourier
transform

ij (@) = / e Rij(T)e™" (5.187)
0
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is a complex-valued matrix, whose elements are called susceptibilities. They
measure the sensitivity of the expectation value of X; (¢) to a change of the external
force F;.

For a diffusion process described by a Fokker—Planck equation one obtains
(Gardiner 1985)

ox’;

Rij(t —1) =0 1) / dx dx’x;0x(x .1 | x',1") (—i) Ostar(x”) .
J

Furthermore, for a system where detailed balance holds one can derive a
connection between the linear response function and the covariance functions
Cij(t — 1) = Cov(X;(t). X;(t')) (Reichl 1980). Since the response function is
determined by the dissipation in the system and the covariance function describes
the characteristic fluctuations of the random variables, this connection is also called
the fluctuation—dissipation theorem.

We will not derive the relation between response and covariance function in
full generality but instead discuss it for the case where the drift term in the
Fokker—Planck equation is linear in x, i.e., has the form A4;(x,t) = —)_ ; Aijx;
(cf. (5.171)). For this case one readily obtains from (5.186) the linear response
function:

Rt —1) = 1 / - doy——_giol=r) , (5.188)
27 J_oo  iw + A

ie.,

R(w) = (5.189)

iw+ A’
Furthermore, the Fourier transform of the two-time covariance function é(a)) in this
case reads (cf. (5.176))

C(w) = (iw + A)"'D(—iw + AT) " . (5.190)

It is obvious that response function and covariance function are related to one
another. In particular we find

C(w) = R(w)DR” (—w) . (5.191)

We will now discuss this dynamical version of the fluctuation—dissipation relation
together with more simple versions in the context of an example.

We consider a Brownian particle of mass m in an environment of many smaller
particles, which act on the Brownian particle by stochastic forces. In addition,
we assume that the Brownian particle is bound to a wall by a harmonic force, so
that the particle can vibrate around an equilibrium position and simultaneously
feels a frictional force as well as the above-mentioned stochastic forces. This
stochastically driven, damped harmonic oscillator is the prototype of a statistical
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system with dissipation. When we consider the deviation x (¢) from the equilibrium
position in only one dimension, the Langevin equation for this reads

mi(t) + yx(t) + modx(t) = on(t) . (5.192)
Here 7(¢) represents a white noise, o is the strength of the stochastic force, y is a
measure for the strength of the damping, and w( denotes the natural frequency of

the oscillator.
We introduce the momentum p(¢) = mx(¢) and find the equations of motion

(1) = L p() (5.193a)
m
p(t) = —%p(t) — me2x (1) + on(1) . (5.193b)

Thus we have a Fokker—Planck equation for x = (x(¢), p(¢)) with a linear drift
term of the form (5.171), where

(0 —1/m (00
A= (02 o= (00) (5.194)

For the response function we obtain

1 [*® 1 o
Rt —1) = —/ dw gl =) 5.195
12( ) 27 Jooo m(0f — 02 +iyw/m) ¢ )

and, for C;; (t —t’), by using the representations (5.175) and (5.176),

Cui(t —1') = Cov(X(1), X(1')

1 © 0'2 . ’
= dow - : gl =) (5.196)
27 oo m?|lwg — w? +iyw/m|?
o’ 1 o0 1
:—,—P/ dw 5 . cosw(t —t'),
2myin J o = o(w; —w?—iyw/m)

from which the relation can again be seen.

In Sect.3.4 we already found relations between the susceptibilities and the
covariances, which are also referred to as the fluctuation—dissipation theorem.
Those were simpler relations following immediately from the definition of the
time-independent susceptibilities. Of course, in some cases one obtains the time-
independent form as a special case of the more general time-dependent form.

An even simpler version of such a relation results when we determine the
stationary probability for the above-considered general dissipative system in a
stochastic environment. One obtains
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mw?
Osu(p.x) = C exp [——V o —Syxz} , (5.197)
mo o

because the variance for the stationary state follows from (5.173) as

mao? o?
Tn=——, Zu=—>, Tn=%3=0. (5.198)
2y 2y wg

This result is reasonable: The stronger the friction is, the more sharply the
distribution is peaked around p = 0 and x = 0. The opposite is true for the
diffusion, whose strength is measured by 2. The distribution factorizes into two
Gaussian distributions for p and x.

If the environment is considered as a heat bath of temperature 7', the stationary
case describes a particle in equilibrium with its environment. In this case we have,

—(P?) = -kgT , (5.199)

as shown in (3.210), and, since (P?)/2m = X, /2m = o*/4y, finally
2

T kT . (5.200)
y

The intensity of the noise is therefore determined by the temperature of the heat
bath. One obtains from (5.197)

Ostar(x, p) = Ce Hp0)/ksT (5.201)
where
p* o1
H(p,x) = ot 5mngz , (5.202)
m

which is the form known from statistical mechanics.

Condition (5.200), which is also called the Einstein relation, states a connection
between the strength of the fluctuations, given by o2, and the strength of the
dissipation y. This is the fluctuation—dissipation relation in its simplest form.

5.8 Approximation Methods

The methods introduced in the previous sections for finding an analytic solution
are only applicable to equations with linear transition rates. Even sophisticated
generalizations of these methods, necessary for problems with more complicated
boundary conditions (see e.g. van Kampen 1985; Honerkamp 1994), do not extend
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beyond the linear regime. For equations with nonlinear transition rates one has to
rely on approximation methods.

5.8.1 The 22 Expansion

In this section one of the most important approximation methods, the §2 expansion,
will be introduced. Here §2 represents some size of the system which is relevant in
the context of the problem and, in a certain sense, defines a macroscopic scale.
Frequently, for instance, §2 denotes the volume of a system. An expansion of
the terms in the master equation with respect to 1/£2, where only the leading
contributions in 1/£2 are taken into account, means that one considers the motion
only on a macroscopic scale and that smaller details are to be neglected.

Introduction to the Concept in a Simple Example

We begin by studying a simple form of this expansion, namely the case of the
random walk. We thus consider the master equation

On = QOp+1 + IBQn—l — (o + IB)Qn ’ (5.203)

for —L < n < +L with appropriately modified boundary conditions near the
boundary points n = L. We choose L > 1, and L now represents the above-
mentioned size §2, i.e., we are interested in the motion on a length scale of the order
L. Ajumpn — n =£ 1, for instance, is small in comparison to L.
We introduce
X =

" (5.204)
L’ ’
i.e.,n — n £ 1 now becomes x — x = % For

(x,1) = on(1) (5.205)

we get

% T(x,1) = oIl (x + % 1)+ BH(x — %,z) —(a@+ B)I(x.1). (5.206)

We now expand I (x+ %, t) with respect to 1/ L and obtain an equation for Il (x,1):

(a+p) 1 3 ~
2 L? 9x? 0x.0)

J ~ 1 0 ~
El’[(x,t) =(ot—,3)Z$H(x,t)+

+0 (é) . (5.207)
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We first consider the case « = f, i.e., the term of order 1/ L~Vanishes. In addition,
we simply set @ = 1. Defining © = t/L? and IT(x,t) = I1(x,t), we obtain, by
neglecting terms of order 1/L3 and higher, an equation for IT(x, 7):

d 9’

—(x,7) = — II(x,7) . (5.208)

dt dx?

Hence, instead of the variables 7, ¢t we have introduced the variables
T=—". (5.209)

Now x and 7 are of order 1, when 7 is of the order L and ¢ of the order L%. On
a large length and time scale the random walk can therefore be described by the
density I1(x, ) and by (5.208) for this density. This is the most simple Fokker—
Planck equation (cf. (5.156)). One possible solution is

2
exp (—x—) , (5.210)

II(x,7) =

2nt 27

i.e., IT(x, 7) is the density of a Gaussian distribution with
(X)=0 (5.211)

and
Var(X) =1 . (5.212)

This is consistent with the results (5.94) that we obtained for the random walk before
making the approximation.

Hence, when we observe a particle on a random walk ‘from far away’, i.e.,
on a large length scale, and ‘for quite a while’, i.e., on a large time scale, this
jump process will look like diffusion. If one observes many particles moving
simultaneously in this same way, one sees a particle cloud whose extension will
increase in time T as /7, as it is the case for the diffusion. A process which is
described by a Fokker—Planck equation is therefore also called a diffusion process.

Now let @ # B. In this case the leading term on the right-hand side is of the order
1/L. When we neglect all terms of higher order in 1/ L and introduce

t
=—, 5.213
T=7 ( )
we find as the equation for IT(x, ) = 1~7(x, t):

i17(x,r) = (a—ﬂ)iﬂ(x,r) . (5.214)
at ox
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But from (5.43), such an equation results for a deterministic motion of x(7)
according to

(1) =—(a@—p). (5.215)

It seems reasonable that the asymmetric random walk now contains such a motion,
because the asymmetry of the transition rates will now lead to a tendency to
favor one direction. However, superimposed on this deterministic motion will be
fluctuations which are not visible in first order of 1/L. So we would expect for the
time-dependent random variable N(¢) with realizations n(¢) a motion which may
be written in the form

t

N@t)=Lx(t)+ L'V E(x), ©= 7 (5.216)

where x(7) is determined by (5.215) and &(7) represents the fluctuations. Then
(N(t)) = O(L) and also Var(N(t)) = O(L), as we know from systems with many
degrees of freedom (cf. Sect. 3.2). Instead of N(¢#) = L&(7), as we used in (5.209),
we should now insert the ansatz (5.216) into the master equation.

Hence, we must distinguish two cases. For the case « = f the term of order
1/L vanishes and one obtains a Fokker—Planck equation for the density function
I1(x,t), where x = n/L, and T = t/L?. The stochastic process which we observe
on these length and time scales is a diffusive process.

For @ # f the term of order 1/L signals that there is a dominant deterministic
motion, on which are superimposed fluctuations of the order L'/, Inserting the
ansatz (5.216) into the master equation, one will obtain a deterministic equation for
x(7) and an equation for the density function of the fluctuations. This will now be
investigated for the general case.

Examination of the General Case

We again write §2 for the macroscopic system size and proceed from the master
equation

o(X.1) :/(WQ(X | XY o(X',1) — wa (X' | X)Q(X,t)) ax’. (5217

Following (van Kampen 1985), we require that the dependence of the transition
rates on X, X’, and §2 can be represented in the form

wa X 100 = 1@ (o (Gir) + gon (Gr) +00) . G2

where r = X — X’. Setting x = % and x' = Xﬁ/ we obtain as the master equation

for I (x,1) = P(X,1)
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O (x. 1) r 1 r
TR f(Q)/(fﬁo(x—E,r) +§¢1 (x—E,r) +)
~ r
xIT (x = 5 t) dr (5.219)
1 ~
—f(£2) /(450()6,—7‘) + §¢1(x,—r) + .. ) I(x,t)dr .

Expansion of the right-hand side in powers of £2~! leads to

RGO [_i/drr%(x;r)ﬁ(xs”}

f(2) ot 2 ox
+% [—%/drrd)l(x;r)ﬁ(x,t) (5.220)
1o 2 7 -3

+ EW/drr ¢0(x;r)17(x,l)i| + 0(27°).

Setting
Ay (X) = /dr " (x:r) (5.221)

we therefore obtain

1 9M(x. 1 B ~
m% = 5 [—a O{l,O(-x) H(X,Z‘)i| (5222)

2

1 9 ~ 19 =
-|—E [—5 ap(x) M (x,t) + 3 9x2 a2,0(x) H(x,t)} .

Notice that the differential operators act on all terms to the right of them. Again we
have to distinguish between the case where the term of order 1/52 is present and
that where it vanishes because o o(x) = 0.

We first consider the case

ajo(x) = /dr ro(x;r)y=0. (5.223)

Introducing 7 = 272 f(£2)t, one obtains in the limit 2 — oo for [1(x,7) =
I1(x,t) the equation

oIl (x. 9 1 9
% = [—gam(x) +353 az,o(x)] (x, 7). (5.224)

Equation 5.224 is a general Fokker—Planck equation. (In the case of the random
walk ¢9 = 1, ¢; = 0, r takes on only the discrete values r = =+1, and therefore
a1 =0, a0 =2
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Hence, for large length and time scales the Fokker—Planck equation describes the
stochastic process originally described by a master equation. We have assumed the
validity of the representation (5.218) for the transition rates and have considered
up to now the case (5.223). The term o 1(x) denotes the drift term, ay(x) the
diffusion term.

Remark. From

o1 o1
wo(X | X) = 2 (DIX) + 5 AKX)) bvxn
1 / 1 /
+5 (D) = 5 A ) Sxxm (5.225)
one obtains immediately
a11(x) = A(x) (5.226a)
a0(x) = D(x), (5.226b)

i.e., the Fokker—Planck equation with given drift term A(x) and diffusion term D (x)
may also be obtained from a master equation with transition rates (5.225). Yet, this
is only one master equation among many yielding the given Fokker—Planck equation
in the limit £2 — oo.

Now we turn to the case

ajo(x) = /dr roo(x,r)#0. (5.227)

Introducing a new time variable

T = f([?)é (5.228)

into (5.222), we obtain for ﬁ’(x, T) = 1~7(x, t) up to order 1/£2

A’ (x, 1) =[

A z)] (5.229)
Jt

dax

17 0 ~ 19 =
o [ e @ w0 + 55w o).

Without the term of order 1/£2, this equation would be a master equation for a
deterministic process with solution

T'(x,7) = 8(x — (1)), (5.230)
where c(7) solves the differential equation

¢(t) = arole(®)] = a10(0) =) - (5.231)
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The total stochastic process is therefore dominated by this deterministic process.
Fluctuations to this process can be included by the ansatz

x(1) =c(r) + 272 ¢(x) (5.232)

i.e., since X = £ x (cf. (5.218) and (5.219)),
Xt)=Rc(r)+2"7¢6(0). = f(Q)é : (5.233)

Here £(7) is a time-dependent random var