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Preface to the Third Edition

I was very pleased that the publisher asked me for a further edition of this book
on Statistical Physics. It deals not only with the topic of Statistical Mechanics but
also with Data Analysis and it gives an thorough introduction into mathematics of
random variables. Insofar it occupies a special position among physics textbooks on
Statistical Physics.

Since meanwhile the physics of complex systems has received a greater impor-
tance, it was therefore obvious to expand that part of the book which deals with
the Data Analysis. In particular the concept of Granger causality and the Unscented
Kalman filter are discussed.

I thank my colleague Jens Timmer for some advice in this regard and I am very
grateful to Dr. Björn Schelter for the formulation of the relevant sections.

Emmendingen Josef Honerkamp
January 2012
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Preface to the Second Edition

The first edition of this book was appreciated very well, though, for some physicists,
it seems to contain an unconventional collection of topics. But more and more
complex systems are studied in physics, chemistry and biology so that knowledge
and experience in data analysis and model building becomes essential. Physics
students should learn more in statistical physics than only statistical mechanics,
they should also become acquainted with the mathematical background of numerical
methods for data analysis.

In this second edition I eliminated some misprints and some conceptual short-
comings, and I added some topics which are very useful and central for data analysis
and model building: the Monte Carlo Markov Chain method, the estimation of
realizations and of parameters in hidden systems such as hidden Markov systems
and state space models, and I introduced also some basic facts about testing of
statistical hypotheses and about classification methods. I hope that this enlargement
will meet some needs or, at least, will arouse interest in the reader.

I would like to thank many colleagues and students for discussions and clarifica-
tion, especially H.P. Breuer, J. Timmer, and H. Voss.

Emmendingen J. Honerkamp
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Part I
Modeling of Statistical Systems



Chapter 2
Random Variables: Fundamentals
of Probability Theory and Statistics

A fundamental concept for any statistical treatment is that of the random variable.
Thus this concept and various other closely related ideas are presented at the begin-
ning of this book. Section 2.1 will introduce event spaces, probabilities, probability
distributions, and density distributions within the framework of the Kolmogorov
axioms. The concept of random variables will then be introduced, initially in a
simplified form. In Sect. 2.2 these concepts will be extended to multidimensional
probability densities and conditional probabilities. This will allow us to define
independent random variables and to discuss the Bayes’ theorem. Section 2.3 will
deal with characteristic quantities of a probability density, namely, the expectation
value, variance, and quantiles. Entropy is also a quantity characterising a probability
density, and because of its significance a whole section, Sect. 2.4, is devoted to
entropy. In particular, relative entropy, i.e., the entropy of one density relative to
another, will be introduced and the maximum entropy principle will be discussed.
In Sect. 2.5, the reader will meet the calculus of random variables; the central limit
theorem in a first simple version is proven, stressing the importance of the normal
random variable; various other important random variables are also presented here.

Because many questions in statistical mechanics can be reduced to the formu-
lation of limit theorems for properly normalized sums of random variables with
dependencies given by a model, the subsequent sections present further discussion
of the concept of a limit distribution.

Section 2.6 introduces renormalization transformations and the class of stable
distributions as fixed points of such transformations. Domains of attraction are
discussed and the distributions in such domains are characterized by their expansion
in terms of eigenfunctions, which themselves are obtained by a stability analysis.

Finally, Sect. 2.7 addresses the large deviation property for a sequence of random
variables YN ; N D 2; : : : and it is shown how the characteristic features of the
density of YN can then be revealed. It can already be seen that the shape of the
density of YN may, as a function of an external parameter, become bimodal so that
in the thermodynamic limit N ! 1 not only one but two equilibrium states exist.
Thus the phenomenon of different phases and of a phase transition can already be
demonstrated on this level.

J. Honerkamp, Statistical Physics, Graduate Texts in Physics 38,
DOI 10.1007/978-3-642-28684-1 2, © Springer-Verlag Berlin Heidelberg 2012
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6 2 Random Variables: Fundamentals of Probability Theory and Statistics

2.1 Probability and Random Variables

During the course of history many people devoted much thought to the sub-
ject of probability (Schneider 1986). For a long time people sought in vain to
define precisely what is meant by probability. In 1933 the Russian mathematician
A. N. Kolmogorov formulated a complete system of axioms for a mathematical
definition of probability. Today this system is the basis of probability theory and
mathematical statistics.

We speak of the probability of events. This means that a number is assigned
to each event and this number should represent the probability of this event. Let
us consider throwing a die as an example. In this case each possible event is an
outcome showing a certain number of points, and one would assign the number 1/6
to each event. This expresses the fact that each event is equally likely, as expected
for a fair die, and that the sum of the probabilities is normalized to 1.

The Kolmogorov system of axioms now specifies the structure of the set of events
and formulates the rules for the assignment of real numbers (probabilities) to these
events.

2.1.1 The Space of Events

We consider a basic set ˝ , whose elements consist of all possible outcomes of an
experiment, irrespective of whether this experiment can actually be performed or is
only imaginable. A single performance of this experiment is called a realization. It
yields an element ! in ˝ .

We now want to identify events as certain subsets of ˝ . One may think of
events as the sets f!g, which contain one single element !, and as such represent
elementary events.

However, one may also think of other sets which contain several possible
outcomes, because the probability that the outcome of a realization belongs to a
certain set of outcomes might also be interesting.

A more detailed mathematical analysis reveals that in general not all subsets of˝
can be considered as events to which one can assign a probability. Only for certain
subsets, which can be made members of a so-called Borel space, can one always
consistently introduce a probability. Here, a Borel space is a set B of subsets of ˝ ,
for which:

• ˝ 2 B
• If A 2 B then NA 2 B, where NA is the complement of A
• If A;B 2 B then A [ B 2 B

and, more generally, the union of countably many (i.e., possibly infinitely many)
sets in B also belongs to B.
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For sets of a Borel space the axioms imply immediately that ; 2 B. Furthermore,

for A;B 2 B we also have A \ B 2 B, since A \ B D NA[ NB .
Of course, a Borel space should be defined in such a way that all possible

outcomes of an experiment are really contained in this space.

Remarks.

• We should distinguish between experimental outcomes and events. Each exper-
imental outcome ! is an event f!g, but not every event is an experimental
outcome, because an event which does not correspond to an elementary event
contains many outcomes. We want to assign a consistent probability not only to
experimental outcomes, but to all events.

• Frequently, a set of events fA1; : : : ; AN g is given such that Ai \ Aj D ; for
i ¤ j , and

A1 [ � � � [AN D ˝: (2.1)

Such a set is called complete and disjoint.

Examples.

• When we throw a die the outcomes are the elementary events fig; i D 1; : : : ; 6.
Further examples of events are f1; 2g (points smaller than 3) or f1; 3; 5g (points
are odd). Hence, not only the probability for the elementary outcome f1g may be
of interest, but also the probability that the points are odd.

We have
f1g [ � � � [ f6g D ˝ � f1; : : : ; 6g: (2.2)

• The Borel space may contain all intervals fx1 � x � x2g on the real axis. It then
also contains all points and all open intervals, as well as the event fx � �g for
� 2 R.

Subsets not belonging to this Borel space can only be defined by complicated
mathematical constructions (see e.g. Dudley 1989). We do not want to pursue
this any further, because such sets are not relevant in physical considerations.

2.1.2 Introduction of Probability

Having dealt with the space of events we can now introduce the notion of
probability. To each eventA in the space of events B we assign a real number P.A/,
the probability of A. This assignment has to satisfy the following properties:

• P.A/ � 0 for all A 2 B,
• P.˝/ D 1,
• Let Ai ; i D 1; : : : be countably many (i.e. possibly infinitely many) disjoint sets

in B with Ai \ Aj D ; for i ¤ j , then
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P.[Ai/ D
X

i

P.Ai/: (2.3)

These three conditions are certainly necessary for P.A/ to be a probability. It
was the achievement of Kolmogorov to show that these three requirements allow a
complete and consistent definition of such an assignment for all events.

Note that we have introduced probability without saying what it means, i.e.,
how to measure it. We have merely introduced an assignment which has all
properties one would expect of the notion of probability. In Part II we will deal
with the measurement of probabilities and of quantities which are calculated from
probabilities.

Remarks.

• From P.A/C P. NA/ D P.˝/ D 1 we find P.A/ � 1.
• It can be shown: P.A1/ � P.A2/, if A1 � A2.
• More general, the following can be shown:

P.A1 [ A2/ D P.A1/C P.A2/ � P.A1 \A2/: (2.4)

Examples. For the throw of a die, for example, we take P.fig/D 1=6 for
i D 1; : : : ; 6. Hence we have, e.g., P.f1; 3g/D1=3, P.f1; 3; 5g/D1=2, P.f2; 4;
5; 6g/D 2=3, P.f1; 3g/ < P.f1; 3; 5g/.

Next we will consider the Borel space containing the intervals and points on the
real axis. We introduce the probabilities of all events by defining the probabilities
P.fx � �g/ for the sets fx � �g for all �. The function P.fx � �g/will be denoted
by P.�/ and is called the probability distribution.

This function satisfies:

�!C1 W P.�/! P.˝/ D 1; (2.5a)

�! �1 W P.�/! P.;/ D 0: (2.5b)

When P.�/ is differentiable we also consider

%.�/ D dP.�/

d�
; (2.6)

from which we get

P.�/ D
Z �

�1
%.x/ dx: (2.7)

Using %.x/ we may now calculate the probability for any interval fx1 � x � x2g
and represent it as

P.fx1 � x � x2g/ D
Z x2

x1

%.x/ dx: (2.8)
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In particular, we have

Z C1

�1
%.x/ dx D 1; (2.9)

and also

P.fxg/ D 0: (2.10)

If dx is small enough, %.x/ dx is the probability of the event .x; xCdx/. In other
words it is the probability of obtaining a value x0 2 .x; x C dx/ as the result of a
realization (i.e., the performance of an experiment). The function %.x/ is referred to
as the density function or density distribution. In physics and certain other fields the
name ‘distribution function’ is also frequently used. In the mathematical literature,
however, the latter name is reserved for the function P.�/.

2.1.3 Random Variables

A discrete random variable is a collection of possible elementary events together
with their probabilities. A ‘realization’ of a random variable yields one of the
elementary outcomes and it does so with the probability which has been assigned to
this elementary event.

When we throw a die the random variable ‘number of spots’ is realized. The
possible realizations are the numbers 1–6, each with probability 1/6.

Hence, to characterize a random variable one has to list the possible elementary
events (realizations) together with their probabilities. Each realization will yield an
outcome which in general is different from the previous one. Where these outcomes
are numbers, they are also called random numbers.

If the possible realizations (outcomes) do not form a discrete set but a continuum
in R, the collection cannot contain the probabilities of all elementary events, but
instead the distribution function P.�/ or the density %.x/. If we denote the possible
outcomes (realizations) by x, the random variable will be denoted by X , the
corresponding distribution function by PX.�/, and the density by %X.x/. Hence,
the random variableX is defined by the set of its possible realizations together with
the probability density %X.x/ or the probability distribution PX.�/. We have

P.fxjx � �g/ D PX.�/ (2.11)

and

%X.x/ D dPX.x/

dx
: (2.12)

One may also consider functions Y D f .X/ of random variables. Y is the random
variable with the realizations y D f .x/ given the realization x of X , and the
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distribution function is

PY .�/ D P.fxjf .x/ � �g/: (2.13)

In Sect. 2.5 we will see how to perform calculations with random variables.
In the mathematical literature (see e.g. Kolmogoroff 1933; Feller 1957) the

concept of a random variable is often introduced in a more general way. One usually
proceeds from a general basic set ˝ . The events of the Borel space B should
be measurable, but they do not have to be intervals of the real axis. The random
variables are then defined as mappings X.!/ of the outcomes ! onto the real axis,
and the sets fxjx � �g are replaced by the sets A� D f!jX.!/ � �g; � 2 R,
to which a probability is assigned. For this to be consistent, one has to require
A� 2 B; � 2 R.

Having physical applications in mind, we have defined the basic set ˝ to be the
real axis and, consequently, were able to choose the mapping as the identity. In this
way, the concept of a random variable is very simple. However, the generalization
of this concept is straightforward.

Some important random variables are the following:

(a) Let the set of the possible realizations of X be the real numbers in the interval
.a; b/ with uniform probability. Then

%X.x/ D 1

b � a : (2.14)

Almost every computer provides a more or less reliable random number gen-
erator which claims to yield uniformly and independently distributed random
numbers on the interval .0; 1/.

(b) The Gaussian or normal distribution: The set of possible realizations of X are
all real numbers. The density is

%X.x/ D 1p
2��

exp

�
� .x � �/

2

2�2

�
: (2.15)

Here %X.x/ represents a normal curve with a maximum at x D � and a width
characterized by � . For larger values of � the curve gets broader, but also
flatter (see Fig. 2.1). %X.x/ is the density function of the Gaussian distribution,
which is also called the normal distribution N.�; �2/. For � D 0 and � D 1

one also speaks of the standard normal distribution. Normal random variables
(i.e., random variables with a normal distribution) will play an important role in
subsequent discussions and we will frequently return to them.

(c) The binomial distribution (also called the Bernoulli distribution): Let K be the
discrete random variable with possible realizations k D 0; 1; : : : ; n and the
(discrete) probability density
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Fig. 2.1 Density function of the Gaussian distribution for various values of �

B.n; pI k/ D
 
n

k

!
pk.1 � p/n�k ; k D 0; 1; : : : ; n: (2.16)

Such a probability for a realization k occurs (naturally) in the following way:
Let X be a random variable with the only two possible outcomes x1 (with
probability p) and x2 (with probability .1 � p/ ). Now consider an n-fold
realization of X . K then represents the multiplicity of the occurrence of x1.
An example of this latter case is the following:

Consider two adjoining boxes of volumes V1 and V2. Through a hole in a
dividing wall particles of a gas can be exchanged. A particle will be in the
volumeV1 with probabilityp D V1=.V1CV2/ and in V2 with probability 1�p D
V2=.V1 C V2/. For a total of n particles we will find k particles in volume V1
with probability

B.n; pI k/ D
 
n

k

!� V1

V1 C V2
�k� V2

V1 C V2
�n�k

(2.17)

D
 
n

k

!�V1
V2

�k� V2

V1 C V2
�n
: (2.18)

Of course, we should expect that B.n; pI k/ has a maximum at k D np D
nV1=.V1 C V2/. This will be confirmed later (see Fig. 2.2, left).

(d) The Poisson distribution: Let K be the discrete random variable with possible
realizations k D 0; 1; : : : and the discrete density
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Fig. 2.2 Densities of the binomial distribution (left ) and the Poisson distribution (right )

%.�I k/ D �k

kŠ
e��; k D 0; 1; : : : : (2.19)

The density %.�I k/ results from B.n; pI k/ in the limit p ! 0; n ! 1 and
p n D � D const. K is equal to the number of events occurring within a time
interval .0; T /, if the probability for the occurrence of one event within the time
interval dt is just p D � dt=T . To see this, we divide the time interval .0; T /
into n equal segments of length dt D T=n. Then

p D �

T

T

n
D �

n
; (2.20)

and the probability that in k of these n segments one event occurs is then just
given by B.n; pI k/ of (2.16). For n ! 1 one takes dt ! 0 and p ! 0 such
that p n D � remains constant. The density function is shown in Fig. 2.2(right).
It will turn out in Sect. 2.3 that � is the average number of events in the time
interval .0; T /.

Radioactive decay provides a physical example of the Poisson distribution.
We consider a radioactive element with a radiation activity of ˛ Becquerel,
i.e., on average ˛ decays occur within 1 s. Then we have �=T D ˛ s�1. The
probability that no decay occurs within a time interval of T seconds is

%.� D ˛T I k D 0/ D e�˛T ; (2.21)

and the probability of just one decay within the time interval T is

%.� D ˛T I k D 1/ D ˛T e�˛T : (2.22)
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2.2 Multivariate Random Variables and Conditional
Probabilities

2.2.1 Multidimensional Random Variables

In analogy to the definition of random variables one can introduce d -dimensional
random vectors X D .X1; : : : ; Xn/ as n component random variables. In this case
the basic space of possible outcomes is R

n, and events are, among other things,
domains in R

n as cartesian products of events belonging to the Borel spaces of the
components. The probability density is now a function %.x1; : : : ; xn/ on R

n. The
probability that a realization of X1 yields a value in the interval .x1; x1C dx1), and,
similarly, that realizations of X2; : : : ; Xn yield values in the corresponding intervals
is %.x1; : : : ; xn/dx1 : : : dxn. Two examples will help to clarify this:

In a classical description, the momentum p of a particle with massm in a gas may
be considered as a (three-dimensional) random variable. For the density distribution
one obtains (see (2.29))

%.p/ D 1

A
exp

�
�ˇ p2

2m

�
; where ˇ D 1

kBT
: (2.23)

Here T represents the temperature, kB is Boltzmann’s constant, and A is a
normalization constant. The density %.p/ in (2.23) is thus given by a three
dimensional Gaussian distribution. The general n-dimensional (or ‘multivariate’)
Gaussian distribution reads

%.�;AIx/ D .2�/�n=2

.det A/1=2
exp

�
�1
2
.x � �/i .A�1/ij .x � �/j

�
: (2.24)

Here we have used the summation convention, i.e. one has to sum over all indices
appearing twice. The vector � and the matrix A are parameters of this distribution.

As our second example of a multivariate distribution we consider a gas of N
classical particles characterized by the momenta and positions of all particles:

.p; q/ D .p1; : : : ;pN ; q1; : : : ; qN /: (2.25)

We will describe this state at each instant by a 6N -dimensional random vector.
When the volume and the temperature of the gas are specified, one obtains for the
probability density in statistical mechanics (see (3.49))

%.p; q/ D 1

A
e�ˇH.p;q/; ˇ D 1

kBT
; (2.26)
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where again T denotes the temperature, kB Boltzmann’s constant, and A a normal-
ization constant. Furthermore,H.p; q/ is the Hamiltonian function for the particles
in the volume V . This density is also called the Boltzmann distribution.

2.2.2 Marginal Densities

When one integrates over some of the variables of a multidimensional probabil-
ity density, one obtains a probability density describing the probability for the
remaining variables, irrespective of the values for those variables which have been
integrated over. Let, for instance,

%0.x1/ D
Z

dx2 : : : dxn %.x1; x2; : : : ; xn/; (2.27)

then %0.x1/ dx1 is the probability of finding X1 in the interval Œx1; x1 C dx1�,
irrespective of the outcome for the variables X2; : : : ; Xn.

This may be illustrated for the case of the Boltzmann distribution (2.26). With
the Hamiltonian function

H D
NX

iD1

p2
i

2m
C V.q1; : : : ; qN /; (2.28)

one obtains, after taking the integral over p2; : : : ;pN ; q1; : : : ; qN , the probability
density (2.23) for a single particle, in this case in the form

%0.p1/ D 1

A0
exp

�
�ˇ p2

1

2m

�
: (2.29)

2.2.3 Conditional Probabilities and Bayes’ Theorem

With the Boltzmann distribution (2.26) we have already met a distribution where
certain given parameters need to be included explicitly, for instance, the temperature
T and the volume V . The number of particles N may also be counted among these
given parameters. In probability theory one writes A j B for an event A under the
condition that B is given. So the probability P.A/ is then more precisely denoted
by P.A j B/, i.e., the probability of A when B is given. P.A j B/ is called the
conditional probability.

This notion extends to the probability densities. The Boltzmann distribution can
therefore be written as

%.p; q j T; V;N /; (2.30)
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or in words, the probability density for the positions and momenta at given
temperature, volume, and number of particles. In the same way,

%.px j py; pz/

is the probability density for the x-component of the momentum of a particle under
the condition that the y- and z-components are given.

One may form

P.A;B/ D P.A j B/P.B/; (2.31)

which is the joint probability for the occurrence of A and B . If B is an event in the
same Borel space asA, then the joint probabilityP.A;B/ is equivalent to P.A\B/.

One may also define the conditional probability by

P.A j B/ D P.A;B/
P.B/ : (2.32)

If the denominator P.B/ vanishes, it is also not meaningful to consider the
conditional probability P.A j B/.

Similarly, conditional densities might also be introduced by using the multivari-
ate probability densities, e.g.,

%.px j py; pz/ D %.px; py; pz/

%.py; pz/
: (2.33)

Example: Consider a fair die and B D f2; 4; 6g, A D f2g. (Here A and B belong
to the same Borel space.) Then

P.A j B/ D P.A\ B/
P.B/ D P.A/

P.B/ D
1=6

1=2
D 1

3
: (2.34)

The probability for the event f2g, given the number of points is even, is 1=3.
Obviously also P.B j A/ D 1.

We note that if

N[

iD1
Bi D ˝ (2.35)

is a disjoint, complete partition of ˝ (such that Bi \ Bj D ; and the union of all
Bi is equal to the total set ˝), then obviously

P.A/ D P.A;˝/ D
NX

iD1
P.A;Bi / D

NX

iD1
P.A j Bi/P.Bi /: (2.36)
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This should be compared with the formula

%X1.x1/ D
Z

dx2 %X1;X2 .x1; x2/ D
Z

dx2 %.x1 j x2/ %X2.x2/: (2.37)

In the remainder of this section we describe two useful statements about
conditional probabilities.

Independence of Random Variables

Let A1 and A2 be two events (in the same, or possibly in different Borel spaces).
A1 is said to be independent of A2 if the probability for the occurrence of A1 is
independent of A2, i.e.,

P.A1 j A2/ D P.A1/: (2.38)

In particular we have then also:

P.A1; A2/ D P.A1/P.A2/: (2.39)

If A1 is independent of A2, then A2 is also independent of A1: Statistical
(in)dependence is always mutual.

Similarly, the joint density of two independent random variables may be writ-
ten as

%X1;X2.x1; x2/ D %X1.x1/ %X2.x2/: (2.40)

Bayes’ Theorem

From

P.A;B/ D P.A j B/P.B/ D P.B j A/P.A/ (2.41)

it follows that

P.B j A/ D P.A j B/P.B/
P.A/ : (2.42)

Hence P.B j A/ can be determined from P.A j B/, if the a priori probabilities
P.A/ and P.B/ are known.

This statement was first formulated by the English Presbyterian and mathemati-
cian Thomas Bayes (1702–1761) in an essay that was found after his death.
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Bayes’ theorem is a very useful relation for determining the a posteriori
probabilities P.B j A/. It has enormous numbers of applications, of which we
merely give two examples here.

(a) A company which produces chips owns two factories: Factory A produces 60%
of the chips, factory B 40%. So, if we choose at random one chip from the
company, this chip originates from factory A with a probability of 60%. We
further suppose that 35% of the chips coming from factory A are defective, but
only 25% of those coming from factory B.

Using Bayes’ theorem one can determine the probability that a given defective
chip comes from factory A. Let d be the event ‘the chip is defective’, A the event
‘the chip comes from factory A’, and B.D NA/ the event ‘the chip comes from
factory B’. From Bayes’ theorem we then have

P.Ajd/ D P.d jA/ � P.A/
P.d/ D P.d jA/ � P.A/

P.d jA/ � P.A/C P.d jB/ � P.B/: (2.43)

Inserting the numbers P.A/ D 0:60; P.d jA/ D 0:35; P.d jB/ D 0:25 yields a
value of P.Ajd/ D 0:68.

In the same manner we can determine the probability of having a certain illness
when the test for this illness showed positive. Luckily enough, this is not as large
as one might first expect. Let A be the event ‘the illness is present’ and B the event
‘the test is positive’. The conditional probabilities P.BjA/ and P.Bj NA/ yield the
probabilities that a test has been positive for a sick patient and a healthy patient,
respectively.P.BjA/ is called the sensitivity, P. NBj NA/ D 1�P.Bj NA/ the specificity
of the test.

The probability P.A/ that the illness is present at all is in general of the order
of magnitude 0:01 � 0:001. From this a surprisingly small value for the probability
of being ill may result even if the test has been positive. In numbers: If we set e.g.
P.BjA/ D 0:95 and P.Bj NA/ D 0:01 one obtains

P.AjB/ � P.patient is ill j test is positive/ (2.44a)

D 1

1C 0:0105.1� P.A//
P.A/

(2.44b)

D

8
ˆ̂<

ˆ̂:

1

1C 10:5 � 0:087 for P.A/ D 1

1000

1

1C 1:04 � 0:490 for P.A/ D 1

100
:

(2.44c)

Hence, the results depend sensitively on the probability P.A/, i.e., on the overall
frequency of the illness and on P.B j NA/, the probability that the test is positive for
a healthy patient.
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(b) An amusing application of Bayes’ theorem is in solving the following problem,
which we cite from von Randow (1992):

You are taking part in a TV game show where you are requested to choose one of three
closed doors. Behind one door a prize is waiting for you, a car, behind the other two doors
are goats. You point at one door, say, number one. For the time being it remains closed. The
showmaster knows which door conceals the car. With the words ‘I’ll show you something’
he opens one of the other doors, say, number three, and a bleating goat is looking at the
audience. He asks: ‘Do you want to stick to number one or will you choose number two?’.

The correct answer is: It is more favorable to choose number 2, because the
probability that the car is behind this door is 2/3, whereas it is only 1/3 for door
number 1.

Intuitively, most people guess that the probabilities for both remaining possibili-
ties are equal and that the candidate has no reason to change his mind. In the above
mentioned booklet one can read about the turmoil which was caused by this problem
and its at first sight surprising solution after its publication in America and Germany.

We define (von Randow 1992):

A1: the event that the car is behind door number 1, and similarly A2 and A3.
M1: the event that the showmaster opens door number 1 with a goat behind;

similarly M2 and M3.

As we have denoted the door the showmaster has opened as number 3 we are
interested in

P.A1 jM3/ and P.A2 jM3/: (2.45)

Are these probabilities equal or different?

First argument (not using Bayes’ theorem):

P.A1 j M3/ is independent of M3, because the showmaster acts according to the
rule: Open one of the doors that the candidate has not chosen and behind which is
a goat.

So

P.A1 jM3/ D P.A1/ D 1=3; (2.46)

from which follows P.A2 jM3/ D 2=3.
Second argument (using Bayes’ theorem):
We have

P.A2 jM3/ D P.M3 j A2/P.A2/
P.M3/

: (2.47)
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Now

P.A2/ D 1=3; (2.48a)

P.M3 j A2/ D 1; (2.48b)

P.M3 j A1/ D 1=2; (2.48c)

P.M3/ D P.M3 j A1/P.A1/C P.M3 j A2/P.A2/
D 1=2 � 1=3C 1 � 1=3 D 1=2; (2.48d)

and therefore
P.A2 jM3/ D 2=3: (2.49)

Similarly, one obtains:
P.A1 jM3/ D 1=3: (2.50)

One can simulate the game on a computer and will find that after N runs in
approximately 2N=3 cases the goat is behind door 2, so that a change of the chosen
door is indeed favorable.

2.3 Moments and Quantiles

2.3.1 Moments

Let X be a random vector in R
n with the distribution %.x/. The expectation value

of a functionH.X/ of the random variable X is then defined as

hH.X/i D
Z

dnx H.x/ %.x/: (2.51)

In the mathematical literature, the expectation value of H.X / is also written as
E.H.X//.

A particularly important moment is

� � E.X/ � hXi D
Z

dnx x %.x/; (2.52)

which is the expectation value of the random variable itself. (Any possible outcome
is multiplied by its probability, i.e., one forms x %.x/ dnx, and then the sum is taken
over all possible outcomes).

Some other important properties of moments and relations involving them are
the following:
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• When H.x/ is a monomial of degree m, the expectation value is also called the
mth moment of the distribution function. Hence, the mth moment for a scalar
random variable is simply

hXmi D
Z

dx xm %.x/: (2.53)

• An important combination of moments is the variance. For a scalar random
variable it is given by:

Var.X/ D h�X � hXi�2i D hX2i � hXi2 (2.54a)

D
Z

dx .x � hXi/2 %.x/: (2.54b)

Hence, the variance is the expectation value of the squared deviation of the
random variableX from the expectation value hXi. Therefore, the more scattered
the realizations of X are around hXi, the larger the variance is.

p
Var.X/ is also

called the standard deviation.
For the one-dimensional Gaussian distribution %.�; �2I x/ given in (2.15) one

obtains
hXi D �; (2.55)

and

Var.X/ D
Z 1

�1
dx .x � �/2 %.�; �2I x/ D �2; (2.56)

i.e., the parameter �2 in (2.15) is identical to the variance of the normal
distribution.

The higher moments of the normal distribution are easily calculated:

h.X � �/ki D
�
0; if k is odd,
1 � 3 � : : : � .k � 1/ � �k; if k is even.

(2.57)

• For a multivariate distribution we may define second moments with respect to
different components, for example,

hXiXj i D
Z

dnx xixj %.x1; : : : ; xn/: (2.58)

In analogy to the variance we now define a covariance matrix:

Cov.Xi ; Xj / � �2ij � h.X � �/i .X � �/j i (2.59a)

D
Z

dnx .xi � �i/ .xj � �j /%.x1; : : : ; xn/: (2.59b)
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For the multivariate normal distribution given in (2.24) we get

hXi D �; (2.60)

and

h.X ��/i .X � �/j i D Aij : (2.61)

Hence, the matrix A in the expression of the multivariate normal distribution
given in (2.24) is the covariance matrix for the normal distribution.

• The correlation between two random variables Xi ; Xj is obtained from the
covariance by normalization:

Cor.Xi ; Xj / D Cov.Xi ; Xj /p
Var.Xi /Var.Xj /

D �2ij

�i i �jj
: (2.62)

When Xi and Xj are mutually independent, one obtains immediately

Cor.Xi ; Xj / D Cov.Xi ; Xj / � 0: (2.63)

On the other hand, if the correlation or the covariance of two random variables
vanishes one can in general not conclude that they are statistically independent.

Only whenXi and Yj are both normally distributed, is this conclusion correct,
because in this case the covariance matrix, and hence also the matrix A in (2.24),
is diagonal, and the total density function is the product of the density functions
of the individual random variables.

• An important expectation value for a probability density is

G.k/ � heikX i D
Z

dx eikx %X.x/; (2.64)

which is called the characteristic function. G.k/ is thus the Fourier transform of
the density function. When all moments exist, G.k/ can be expanded in a power
series and the coefficients contain the higher moments:

G.k/ D
1X

nD0

.ik/n

nŠ
hXni: (2.65)

The expansion of lnG.k/ with respect to k yields a power series, in which the
so-called cumulants �n appear:

lnG.k/ D
1X

nD1

.ik/n

nŠ
�n; (2.66)
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with the cumulants

�1 D � D hXi (2.67a)

�2 D Var.X/ D hX2i � hXi2 (2.67b)

�3 D hX3i � 3hX2ihXi C 2hXi3; (2.67c)

and so on for higher cumulants.
It is now important to note that the Fourier transform of the Gaussian or

normal distribution is

G.k/ D exp

�
i�k � 1

2
�2k2

�
; (2.68)

i.e., one obtains for the Gaussian distribution

�1 D � (2.69a)

�2 D �2; (2.69b)

and thus for a normal distribution all higher cumulants vanish!
• Individual moments, in particular the expectation value, need not be adequate

characteristics of a distribution. For a distribution with two maxima, symmetric
around x D 0, the expectation value is � D 0, although x D 0 may never or
seldom be assumed. (see Fig. 2.3). Similarly, for a broad or skew distribution the
expectation value, for instance, is not a conclusive quantity.

• The moments may not always be finite. The Lorentz or Cauchy distribution (also
called Breit–Wigner distribution),

%.x/ D 1

�

�

.x � a/2 C �2 ; �1 < x <1 (2.70)

decays so slowly at infinity that all moments diverge. This may also be seen from
the characteristic function, for which one obtains

G.k/ D eika�jkj� : (2.71)

This function has no power series expansion around k D 0.
• For distributions other than probability distributions moments can also be used

for a global characterization. For instance, for a distribution of charges %.r/ we
know the electric dipole moment

p D
Z

d3r r %.r/; (2.72)



2.3 Moments and Quantiles 23
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Fig. 2.3 A density with two
maxima (also called a
bimodal distribution). The
expectation value is zero, but
x D 0 is never assumed

and for a distribution of mass m.r/ the moments of inertia

Iij D
Z

d3r m.r/
��ri rj C ıij r2

�
: (2.73)

• For discrete probability distributions the moments are defined in an analogous
way. For instance, for the Poisson distribution p.�I k/,

hKi D
1X

kD1
k p.�I k/ D

1X

kD1
k
�k

kŠ
e�� D � (2.74)

and

hK2i D
1X

kD1
k2 p.�I k/ D �2 C �: (2.75)

For a Poisson random variable the variance is therefore equal to the mean:

Var.K/ D �: (2.76)

For the binomial distribution one obtains

hKi D np; (2.77a)

Var.K/ D np .1 � p/: (2.77b)

2.3.2 Quantiles

The ˛-quantile for a probability distribution of a scalar random variableX is defined
as the value x˛ for which
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P (x)(x)
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0.9-quantilemedian
expectation value

Fig. 2.4 Median, expectation value and 0.9-quantile of a probability distributionP.x/, also shown
for the density %.x/
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Fig. 2.5 The area of the shaded region is 0.6827 times the total area under the curve, which is
1. The probability that the random variable X assumes a value in the interval Œ� � �; �C �� is
therefore 0.6827 or 68.27%

P.x˛/ D
Z x˛

�1
dx %X.x/ D ˛: (2.78)

The probability of a realization yielding a value in the interval Œ�1; x˛� is then ˛
or 100 ˛%, the probability for a value x > x˛ is equal to .1 � ˛/ or .1 � ˛/ 100%.
The 1/2-quantile is also called the median (see Fig. 2.4).

The quantiles of the standard normal distribution can be found in a table for the
distribution function or a table for the quantiles themselves. For instance x0:5 D 0;

x0:8413 D 1; x0:9772 D 2. In this case symmetry reasons imply that x1�˛ D �x˛ , i.e.,
we also have x0:1587 D �1, x0:0228 D �2. The interval .�1; 1/ contains 84:13% �
15:87% D 68:27%, the interval .�2; 2/ 95:45% of the values (see Fig. 2.5). For a
general normal distribution N.�; �2/ one finds the following values:
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Interval Percentage of values

.�� �; �C �/ 68:27%
.� � 2�; �C 2�/ 95:45%
.� � 3�; �C 3�/ 99:73%:

(2.79)

2.4 The Entropy

An important characteristic feature for a random variable is the entropy, which we
will introduce in this section.

2.4.1 Entropy for a Discrete Set of Events

Let fA1; : : : ; AN g be a complete, disjoint set of events, i.e.,

A1 [A2 [ � � � [ AN D ˝: (2.80)

Furthermore, let P be a probability defined for these events. We then define the
entropy as

S D �k
NX

iD1
P.Ai/ ln

�P.Ai /
�
: (2.81)

Here k represents a factor which we set equal to 1 for the moment. In the framework
of statistical mechanics k will be Boltzmann’s constant kB.

We observe:

• The entropy is defined for a complete, disjoint set of events of a random variable,
irrespective of whether this partition of ˝ into events can be refined or not. If ˝
is the real axis, we might have, e.g., N D 2;A1 D .�1; 0/; A2 D Œ0;1/.

• Since 0 � P.Ai/ � 1 we always have S � 0.
• If P.Aj / D 1 for a certain j and P.Ai / D 0 otherwise, then S D 0. This means

that if the event Aj occurs with certainty the entropy is zero.
• If an event has occurred, then, as we will show in a moment, � log2 P.Aj / is a

good measure of the number of questions to be asked in order to find out that it
is just Aj which is realized. In this context, ‘question’ refers to questions which
can be answered by ‘yes’ or ‘no’, i.e., the answer leads to a gain of information
of 1 bit. Hence, on average the required number of yes-or-no questions is

S 0 D �
NX

jD1
P.Aj / log2

�P.Aj /
� D S C const: (2.82)
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The entropy is thus a measure of the missing information needed to find out
which result is realized.

To show that � log2 P.Aj / is just equal to the number of required yes-or-no
questions, we first divide˝ into two disjoint domains˝1 and˝2 such that

X

Ai2˝1
P.Ai/ D

X

Ai2˝2
P.Ai/ D 1

2
: (2.83)

The first question is now: Is Aj in ˝1? Having the answer to this question we
next consider the set containing Aj and multiply the probabilities for the events
in this set by a factor of 2. The sum of the probabilities for this set is now again
equal to 1, and we are in the same position as before with the set ˝: We divide
it again and ask the corresponding yes-or-no question. This procedure ends after
k steps, where k is the smallest integer such that 2k P.Aj / becomes equal to or
larger than 1. Consequently, � log2 P.Aj / is a good measure of the number of
yes-or-no questions needed.

• If the probabilities of the events are equal, i.e.,

P.Ai/ D 1

N
; (2.84)

we have
S D lnN: (2.85)

Any other distribution of probabilities leads to a smaller S . This will be shown
soon.

The above observations suggest that the entropy may be considered as a lack
of information when a probability density is given. On average it would require
the answers to S yes-or-no questions to figure out which event has occurred. This
lack is zero for a density which describes the situation where one event occurs with
certainty. If all events are equally probable, this lack of information about which
event will occur in a realization is maximal.

A less subjective interpretation of entropy arises when we think of it as a measure
for uncertainty. If the probability is the same for all events, the uncertainty is
maximal.

2.4.2 Entropy for a Continuous Space of Events

In a similar manner we define the entropy for a random variableX , where the space
of events is a continuum, by

SŒ%X � D �k
Z

dx %X.x/ ln

�
%X.x/

%0

�
: (2.86)
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When %X.x/ has a physical dimension, the denominator %0 in the argument of the
logarithm cannot simply be set to 1. Since the physical dimension of %X.x/ is equal
to the dimension of 1=dx, the physical dimension of %0 has to be the same, in order
that the argument of the logarithm will be dimensionless.

It is easy to see that a change of %0 by a factor ˛ leads to a change of the entropy
by an additive term k ln ˛. Such a change of %0 only shifts the scale of S . Notice
that we no longer have S � 0.

We now calculate the entropy for a Gaussian random variable N.�; �2/. We
obtain (for k D 1; %0 D 1):

S D
Z

dx

�
.x � �/2
2�2

C 1

2
ln.2��2/

�
%X.x/ (2.87)

D 1

2

�
1C ln.2��2/

�
: (2.88)

The entropy increases with the width �2 of the probability density, i.e., with
the spreading around the expectation value. In this case we again find that the
broader the distribution, the larger our ignorance about which event will occur in
a realization, and the larger the entropy. Again, entropy means a lack of information
or uncertainty.

2.4.3 Relative Entropy

The relative entropy of a density function p.x/ with respect to a second density
function q.x/ is defined by

SŒpjq� D �k
Z

dx p.x/ ln

�
p.x/

q.x/

�
: (2.89)

Obviously, p.x/ � q.x/ if and only if SŒpjq� D 0. However, while the entropy for
a complete and disjoint set of events is positive semi-definite, the relative entropy
of a density function p.x/ with respect to a given density function q.x/ is negative
semi-definite, i.e.,

SŒpjq� � 0: (2.90)

This is easy to see: We use the inequality

ln z � z � 1 (2.91)

for z D q.x/

p.x/
, multiply by p.x/, integrate over x, and obtain
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�
Z

dx p.x/ ln

�
p.x/

q.x/

�
�
Z

dx
�
q.x/ � p.x/�: (2.92)

Since both densities are normalized, the integrals on the right-hand side are equal,
from which (2.90) follows.

2.4.4 Remarks

The notion of entropy was first introduced into thermodynamics as an extensive
quantity, conjugate to temperature. The revealing discovery of the connection
between this quantity and the probability of microstates was one of the great
achievements of L. Boltzmann, and the equation S D k lnW appears on his
tombstone. The introduction of entropy as a measure of the uncertainty of a density
originated from Shannon (1948). Kullback and Leibler (1951) were the first to
define the relative entropy, for which reason it is sometimes called Kullback–Leibler
entropy. The relation between thermodynamics and information theory has been
discussed extensively by Jaynes (1982).

Entropy and relative entropy may also be introduced as characteristic quantities
for density functions which are not probability densities, for example, the mass
density, charge density, etc. However, in these cases the densities are not necessarily
normalized, and in order to obtain such a useful inequality as (2.90) one has to define
the relative entropy by (see (2.92), setting k D 1)

SŒpjq� D
Z

dx
�
p.x/ � q.x/� �

Z
dx p.x/ ln

�
p.x/

q.x/

�
: (2.93)

2.4.5 Applications

Using the inequality (2.90) satisfied by the relative entropy it will now be easy to
see that a constant density distribution always has maximum entropy (compare with
the statement in connection with (2.85) about the probability distribution (2.84)).
Notice, however, that such a constant density distribution is only possible if ˝ , the
set of possible outcomes, is a compact set, e.g., a finite interval.

Let q.x/ � q0 be the constant density on ˝ and %.x/ be an arbitrary density.
The entropy of this density can also be written as

SŒ%� D SŒ%jq0�� k ln

�
q0

%0

�
: (2.94)

From SŒ%jq0� � 0 and SŒ%jq0� D 0 for % � q0 follows: SŒ%� is maximal for % � q0.
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As a second application we now consider two random variables X1;X2, their
densities %X1.x/, %X2.x/, and the joint density %X1;X2.x1; x2/. For the relative
entropy

SŒ%X1;X2 j %X1%X2 � (2.95)

D �
Z

dx1 dx2 %X1;X2.x1; x2/ ln

	
%X1;X2.x1; x2/

%X1.x1/%X2.x2/




a short calculation yields

SŒ%X1;X2 j %X1%X2 � D S12 � S1 � S2; (2.96)

where Si is the entropy for the density %Xi .x/; i D 1; 2 and S12 the entropy of the
joint density %X1;X2.x1; x2/. As the relative entropy is always smaller than or equal
to zero, one always has

S12 � S1 C S2: (2.97)

Hence, the entropy of the joint density is always smaller than or equal to the sum of
the entropies of the single densities. Equality holds if and only if

%X1;X2.x1; x2/ D %X1.x1/%X2.x2/; (2.98)

i.e., if the two random variables are independent: the entropies of independent
random variables add up. For independent random variables the total entropy is
maximal. Any dependence between the random variables reduces the total entropy
and lowers the uncertainty for the pair of random variables, i.e. any dependency
corresponds to an information about the pair of random variables. The relative
entropy SŒ%X1;X2 j %X1%X2 � is also known as mutual information.

In the remainder of this section we address the maximum entropy principle.
We are looking for the density function %.x/ which has maximum entropy and
satisfies the supplementary conditions

hgi .X/i �
Z

dx gi .x/ %.x/ D 	i ; i D 1; : : : ; n: (2.99)

Here gi .x/ are given functions and 	i are given real numbers.
From the proposition about the relative entropy proven above, one finds that the

density function with maximum entropy satisfying the supplementary conditions
(2.99) has the form

%.x/ D 1

A
e��1g1.x/�:::��ngn.x/: (2.100)

Here A is a normalization factor and f�i g may be calculated from f	ig. With the
help of this maximum entropy principle we can determine density functions.
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Proof. For the density function (2.100) one obtains (with k D 1)

SŒ%� D ln.A%0/C
nX

iD1
�i	i ; (2.101)

where %0 represents the factor which might be necessary for dimensional reasons.
Let '.x/ be a second density satisfying the supplementary conditions (2.99).
Then, according to (2.90)

SŒ'j%� � 0; (2.102)

and therefore

SŒ'� D �
Z

dx '.x/ ln

�
'.x/

%0

�
(2.103)

� �
Z

dx '.x/ ln

�
%.x/

%0

�
(2.104)

D
Z

dx '.x/

"
ln.A%0/C

nX

iD1
�igi .x/

#
(2.105)

D ln.A%0/C
nX

iD1
�i	i � SŒ%� : (2.106)

Hence, %.x/ given by (2.100) is the density with maximum entropy.
Let us look at two examples. First we seek the density defined on Œ 0; 1 / which

has maximum entropy and satisfies the supplementary condition

hXi D 	: (2.107)

We immediately find this density as

%.x/ D 1

A
e��x for x � 0: (2.108)

The normalization factor A is given by

A D
Z 1

0

dx e��x D 1

�
; (2.109)

and � is determined by 	 according to

	 D hXi D
Z 1

0

dx x � e��x (2.110)

D �� @

@�

Z 1

0

dx e��x D 1

�
: (2.111)
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Therefore

%.x/ D 1

	
e�x=	: (2.112)

As a second example we seek the density %.q;p/, defined on the 6N -
dimensional phase space for N classical particles, which has maximum entropy
and satisfies the supplementary condition

hH.q;p/i D E; (2.113)

whereH.q;p/ is the Hamiltonian function for the N particles. One obtains

%.q;p/ D 1

A
e��H.q;p/; (2.114)

i.e., the Boltzmann distribution. We still have to determine A and �. The former
follows from the normalization condition

A D
Z

d3Np d3N q e��H.q;p/: (2.115)

In particular, we find

� 1

A

@A

@�
D hH.q;p/i: (2.116)

� follows from the supplementary condition:

E D hH.q;p/i D 1

A

Z
d3Np d3N q H.q;p/ e��H.q;p/: (2.117)

The right-hand side yields a function f .�;N; V /, which has to be equal to E. The
resulting equation has to be solved for � to obtain � D �.E;N; V /.

The meaning of � becomes more obvious when we consider the entropy. We have

SŒ%� D ln.A%0/C �E (2.118)

and therefore, using (2.116),

@ S Œ%�

@E
D @ �

@E

@

@�
ln.A%0/C @ �

@E
E C � D �: (2.119)

The quantity � indicates the sensitivity of the entropy to a change in energy.
In Chap. 3 on statistical mechanics we will introduce the temperature as being
proportional to the inverse of this quantity �, and we will consider a system of
N particles in a volume V , for which the temperature, i.e. the parameter �, is held
fixed by contact with a heat bath. In this system, which will be called the canonical
system, we will obtain the Boltzmann distribution as the probability density for the
positions and momenta of the particles. In the present context it results from the
requirement of maximum entropy under the supplementary condition hH i D E.
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This has a twofold significance: First, that the energy is not fixed, but the system
may exchange energy with the environment (i.e. the heat bath), and second, that
hH i is independently given, which is equivalent to fixing the temperature in the
canonical system. Both approaches to the Boltzmann distribution proceed from the
same physical situation.

If we were looking for a system with maximum entropy which satisfies the
supplementary conditions

hH i D E and hH2i D C; (2.120)

we would construct a system where both hH i and hH2i are independently given. In
the canonical system, however, one can determine hH2i as a function of E;N; V or
T;N; V .

2.5 Computations with Random Variables

2.5.1 Addition and Multiplication of Random Variables

Random variables can be added if their realizations can be added; they can be
multiplied if the product of their realizations is meaningful. We may consider
functions or mappings of random variables. The question then arises of how to
determine the probability density of the sum, the product, and of the mapping.

Multiplication of a random variable with some constant. Let us first consider a
random variable X with a density distribution %X.x/. We set

Z D ˛ X; (2.121)

and find

%Z.z/ D
Z

dx ı.z� ˛x/ %X .x/ D 1

j˛j%X.
z

˛
/: (2.122)

Obviously

hZi D ˛hXi; (2.123a)

Var.Z/ D ˛2Var.X/; (2.123b)

because

hZi D
Z

dz z %Z.z/ D
Z

dz z
Z

dx ı.z� ˛x/ %X .x/ (2.124)

D ˛
Z

dx x %X.x/ D ˛hXi: (2.125)

In the same way one can derive the relation for Var.Z/.
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Function of a random variable. Now let us take the more general case

Z D f .X/: (2.126)

One obtains for the density function

%Z.z/ D
Z

dx %X.x/ı.z� f .x// (2.127)

D
X

i

1

jf 0.xi .z//j%X.xi .z// ; (2.128)

where fxi .z/g are the solutions which result from solving the equation z D f .x/

for x. There may be several solutions, which we denote by xi .z/; i D 1; : : :.
Apart from this complication, the transformation of the densities under a

coordinate transformation x ! z.x/ may also be obtained from the identity

1 D
Z

dx %X.x/ D
Z

dz

ˇ̌
ˇ̌dx

dz

ˇ̌
ˇ̌ %X.x.z// D

Z
dz %Z.z/; (2.129)

and we find, in agreement with (2.128),

%Z.z/ D %X.x.z//
ˇ̌
ˇ̌dx

dz

ˇ̌
ˇ̌ : (2.130)

A similar relation holds for several dimensions. Let X D .X1;X2; : : : ; Xn/ be an
n-tuple of random variables and

Zi D Zi.X/; i D 1; : : : ; n (2.131)

a mapping X! Z D .Z1; : : : ; Zn/. For the density function %Z.z/ one then finds

%Z.z/ D
ˇ̌
ˇ̌@.x1; : : : ; xn/
@.z1; : : : ; zn/

ˇ̌
ˇ̌ %X.x.z//: (2.132)

Examples.

(a) Let

Z D � lnX; %X.x/ D 1 for x 2 Œ 0; 1 �: (2.133)

With dz=dx D �1=x, and hence jdx=dzj D jxj D e�z, one obtains

%Z.z/ D e�z %X.x.z//: (2.134)

Thus, with %X.x/ D 1, Z is exponentially distributed.
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(b) Let

.Z1;Z2/ D
p
�2 lnX1.cos 2�X2; sin 2�X2/; (2.135)

where X1 and X2 are independent and uniformly distributed in Œ0; 1�. Then

%Z.z/ �
ˇ̌
ˇ̌@.x1; x2/
@.z1; z2/

ˇ̌
ˇ̌ %X.x/ D 1p

2�
e�z21=2

1p
2�

e�z22=2: (2.136)

In this case .Z1;Z2/ are also independent, each with a standard normal
distribution.

Addition of random variables. Let X1;X2 be two random variables with proba-
bility density %.x1; x2/. We set

Z D X1 CX2: (2.137)

Then

%Z.z/ D
Z

dx1 dx2 ı.z� x1 � x2/ %.x1; x2/ (2.138)

D
Z

dx1 %.x1; z � x1/: (2.139)

Three distinct cases are of interest. If X1 andX2 are both normally distributed, then,
according to (2.24), the joint density %.x1; x2/ is an exponential function with an
exponent quadratic in x1 and x2. For Z D X1 C X2 one may derive the density
from (2.139). The integrand in (2.139), i.e., %.x1; z � x1/, and also the result of
the integration are therefore exponential functions with quadratic exponents. This
implies that %Z.z/ is also of this form, and thereforeZ is also a normally distributed
random variable.

Hence, the sum of two normal random variables is always (even if they are
mutually dependent) another normal random variable. More generally, every linear
superposition of normal random variables is again a normal random variable.

Next, ifX1 andX2 are independent with probability densities %X1.x/ and %X2.x/,
respectively, we find

%Z.z/ D
Z
dx1 %X1.x1/ %X2.z � x1/; (2.140)

i.e., the density function for a sum of two independent random variables is the
convolution of the individual density functions. For the characteristic function we
obtain

GZ.k/ D GX1.k/GX2.k/: (2.141)
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It is easy to show that for independent random variablesX1;X2

hZi D hX1i C hX2i; (2.142)

Var.Z/ D Var.X1/C Var.X2/: (2.143)

The first relation follows from

hZi D
Z

dz
Z

dx1 dx2 z ı.z� x1 � x2/ %1.x1/ %2.x2/ (2.144)

D
Z

dx1 dx2 .x1 C x2/ %1.x1/ %2.x2/ (2.145)

D hX1i C hX2i: (2.146)

The equation for Var.Z/ can be derived similarly.
When all cumulants exist, we may use (2.141) for the characteristic function to

prove the sum rules, because it is a direct consequence of

GX.k/ D exp

�
ik�1.X/� 1

2
k2�2.X/� : : :

�
(2.147)

that the cumulants of a sum Z D X1 C X2 are the sums of the cumulants. As
�1.X/ D hXi and �2.X/ D Var.X/, (2.142) and (2.143) follow.

Finally, for two dependent random variablesX1;X2, (2.142) still holds, which is
not necessarily true for (2.143). In this case

Var.Z/ D Var.X1/C 2Cov.X1;X2/C Var.X2/: (2.148)

Multiplication of independent random variables. LetX1;X2 be two independent
random variables with probability densities %X1.x/ and %X2.x/. We set

Z D X1 X2: (2.149)

Then

%Z.z/ D
Z

dx1 dx2 ı.z� x1x2/ %X1.x1/%X2.x2/ (2.150)

D
Z

dx1 %X1.x1/
1

jx1j %X2
�

z

x1

�
: (2.151)
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2.5.2 Further Important Random Variables

Having learnt how to calculate with random variables, we can now construct
some important new random variables by combining some of those that we have
already met.

First, we consider n independent random variables X1; : : : ; Xn with standard
normal distributions and set

Z D X2
1 C � � � CX2

n: (2.152)

The density distribution of Z is given by

%Z.z/ D
Z

dx1 : : : dxn ı.z� x21 � � � � � x2n/ %.x1; : : : ; xn/; (2.153)

with

%.x1; : : : ; xn/ D .2�/�n=2 exp

�
�1
2
.x21 C � � � C x2n/

�
: (2.154)

We obtain

%Z.z/ D 1

2n=2
 .n=2/
zn=2�1e�z=2; (2.155)

where 
 .x/ is the gamma function (
 .x C 1/ D x
 .x/; 
 .1=2/ D p� ,

 .N C 1/ D NŠ for N D 0; 1; : : : ).

This random variable Z occurs so frequently that it bears its own name: �2n with
n degrees of freedom. One finds

h�2ni D n; (2.156a)

Var.�2n/ D 2n: (2.156b)

One is equally likely to encounter the random variable
p
Z D �n with density

%�n.z/ D
1

2n=2�1
 .n=2/
zn�1e�z2=2: (2.157)

The three components vi of the velocities of molecules in a gas at temperature
T are normally distributed with mean 0 and variance �2 D kBT=m (cf. Sect. 2.2).
Here, m denotes the mass of a molecule and kB Boltzmann’s constant. Therefore,
n D 3 and vi D �Xi , where Xi is a random variable with a standard normal

distribution. For the absolute value of the velocity v D
q

v21 C v22 C v23 we obtain
the density

%.v/ D 1

�
%�3

� v

�

�
D
s

2m3

�.kBT /3
v2 exp

�
� mv2

2kBT

�
: (2.158)
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This is also called the Maxwell–Boltzmann distribution. Furthermore, we find

Dm
2

v2
E
D m

2
�2
˝
�23
˛ D m

2

kBT

m
� 3 D 3

2
kBT: (2.159)

Next, consider two �2-distributed random variables Yk and Zq with k and q
degrees of freedom, respectively. The ratio

Z D Yk=k

Zq=q
(2.160)

is a so-called Fk;q-distributed random variable. For the density one obtains

%Fk;q .z/ D
�
k

q

�k=2 

�
1=2.k C q/�


 .1=2 k/
 .1=2 q/

	 zk=2�1
�
1C k

q
z

��.kCq/=2
: (2.161)

Finally, let Y be a random variable with a standard normal distribution and Zq
be a �2-distributed random variable with q degrees of freedom. The ratio

Tq D Yp
Zq=q

(2.162)

defines a t-distributed random variable with q degrees of freedom. The density

%Tq .z/ D
1p
q


 .1=2C q=2/

 .1=2/
 .q=2/

�
1C z2

q

��.qC1/=2
(2.163)

is also called the density function of the Student t-distribution (after the pseudonym
‘Student’ assumed by the English statistician W. S. Gosset).

Remark. Above we have introduced the probability densities of some frequently
occurring random variables. In the computation of characteristic quantities, in
particular the ˛-quantiles for general ˛, which are often required in practice, one
encounters special functions like the incomplete beta function. Here we do not want
to deal with such calculations, since quantities such as the ˛-quantiles can be found
from any statistics software package.

However, we do want to introduce the graphs of some densities in Fig. 2.6. As can
be seen from the formulas, the densities of the �-, �2-, and F -distributions tend to
zero for z! 0, when n exceeds 1 or 2, or when k exceeds the value 2. For z!1
these functions decrease exponentially or as a power law. For large values of q the
density of the t-distribution strongly resembles the normal distribution.
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Fig. 2.6 Density functions of the �-distribution (upper left ), the �2-distribution (upper right ), the
F -distribution (lower left ) and the t -distribution (lower right )

2.5.3 Limit Theorems

In this subsection we consider sums of N independent and identically distributed
random variables and investigate the properties of the densities for such sums as
N ! 1. The resulting propositions are called limit theorems. They play an
important role for all complex systems which consist of many subsystems and
where the characteristic quantities of the total system result from sums of the
corresponding quantities of the subsystems.

The central limit theorem. Let Xi; i D 1; : : : ; N; be independent and identically
distributed random variables. All cumulants shall exist and let

hXii D 0; (2.164a)

Var.Xi/ D �2; i D 1; : : : ; N: (2.164b)

We set

ZN D 1p
N

�
X1 C � � � CXN

�
: (2.165)
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If follows that

hZN i D 0; (2.166a)

Var.ZN / D 1

N

NX

iD1
Var.Xi/ D �2; (2.166b)

furthermore, all higher moments and cumulants decrease at least as fast as N�1=2
for N !1.

Thus for N ! 1 the random variable ZN is a Gaussian random variable with
mean 0 and variance �2. Because of its far-reaching significance this statement is
also called the ‘central limit theorem’. It has been proven for many different and
more general conditions (see e.g. Gardiner 1985).

So, according to the central limit theorem, we may describe the total influence
resulting from a superposition of many stochastic influences by a Gaussian random
variable. For this reason one often assumes that the measurement errors are
realizations of Gaussian random variables.

We will make frequent use of the central limit theorem. A first simple application
is the following: Suppose the random number generator of a computer provides us
with random numbers x which are uniformly distributed on the interval Œ0; 1�. Then
%.x/ D 1 for x 2 Œ0; 1�, and

hXi D 1

2
; (2.167a)

Var.X/ D
Z 1

0

x2dx � hXi2 D 1

3
� 1
4
D 1

12
: (2.167b)

Hence

X 0 D .X � 1
2
/
p
12� (2.168)

is a random number with vanishing mean value and variance �2, uniformly
distributed in Œ� 1

2

p
12�; 1

2

p
12��. If we select N such numbers and set

ZN D 1p
N
.X 01 C : : :CX 0N /; (2.169)

thenZN is approximately a Gaussian random variable with variance �2 and mean 0.
For N D 12 this approximation is already quite good.

The mean of random variables. Consider the independent random variables
X;X1; : : : ; XN , all having the same probability density. All moments and all
cumulants shall exist. We set

ZN D 1

N

�
X1 C � � � CXN

�
: (2.170)
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Then

hZN i D 1

N

NX

iD1
hXii D hXi; (2.171a)

Var.ZN / D 1

N
Var.X/; (2.171b)

and all higher moments and cumulants decrease like 1=N 2 or faster in the limit
N !1.

As an application, considerN independent realizations x1; : : : ; xN of the random
variable X and form the expectation value

zN D 1

N

�
x1 C � � � C xN

�
: (2.172)

Each xi may also be thought of as a realization of Xi , where each random variable
Xi is a ‘copy’ of X ; therefore zN is a realization of ZN . For N large enough the
higher cumulants are negligible and thusZN may be regarded as a Gaussian random
variable with expectation value hXi and variance Var.X/=N . For larger values of
N the realization zN of the mean value scatter less and less around hXi, and the
distribution of ZN is better and better approximated by a Gaussian distribution. For
N ! 1 the support of the density for the random variables ZN , i.e., the domain
where the density is larger than any arbitrarily small ", shrinks to the value hXi.

Thus, by forming the mean value of N realizations of a random variable X one
obtains a good ‘estimator’ for hXi. This estimator gets better and better for larger
values of N . This is the origin of the casual habit of using the expressions ‘mean
value’ and ‘expectation value’ as synonyms, although the expectation value is a
quantity which is derived from a probability density, while the mean value always
refers to the mean value of realizations. In Part II we will make the concept of
estimators more precise.

Above we have considered two differently normalized sums of N independent
and identically distributed random variables with finite variance. In the first case the
limit distribution is again a normal distribution, in the second case it is concentrated
around a point. These are two typical scenarios which occur frequently in statistical
physics. There, however, we mostly deal with dependent random variables, and
the dependence is described by the models of the interactions among the different
subsystems.

Sums of random variables will be further considered in the next two sections.

2.6 Stable Random Variables and Renormalization
Transformations

In Sect. 2.5.3 we identified the normal distribution as the limit of a large class
of distributions. Now we will become acquainted with other classes of random
variables that all have prominent distributions as limit distributions.
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2.6.1 Stable Random Variables

We first introduce the notion of a stable distribution. Let X;X1; : : : ; XN be
independent and identically distributed random variables with a density %.x/, and,
furthermore, let

SN D X1 C : : :CXN : (2.173)

We define the density %.x/ as stable if there exist constants cN > 0 and dN for any
N � 2 such that SN has the same density as cNX C dN . The density %.x/ is called
strictly stable if this statement is true for dN D 0.

For example, the normal distribution is stable: A sum of normal random variables
is again normally distributed. But the Cauchy distribution, which we met in
Sect. 2.3, with its density and generating function,

%.x/ D 1

�

�2

.x � �/2 C �2 ; (2.174)

G.k/ D ˝
eikX

˛ D eik��jkj� ; � > 0 (2.175)

is also stable. The sum of N Cauchy random variables is again a Cauchy random
variable, because in this case the characteristic function of SN is

GSN D eiNk��N jkj� ; (2.176)

and therefore

Y D 1

N
.X1 C : : :CXN/ (2.177)

is again Cauchy distributed with the same parameters. The densities of the normal
distribution and the Cauchy distribution differ with respect to their behavior for large
jxj. The moments of the Cauchy distribution do not exist.

Thus the normal distribution and the Cauchy distribution are two important stable
distributions, the first one with cN D N1=2, the second one with cN D N . One can
now prove the following statement (Feller 1957; Samorodnitzky and Taqqu 1994):
The constant cN can in general only be of the form

cN D N1=˛ with 0 < ˛ � 2: (2.178)

The quantity ˛ is called the index or the characteristic exponent of the stable density.
For the Cauchy distribution we find ˛ D 1; for the normal distribution ˛ D 2.

A stable density with index ˛ D 1=2 is

%.x/ D
8
<

:

1p
2�x3

e�1=2x for x > 0;

0 for x < 0:

(2.179)
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For such random variables fXig with ˛ D 1=2,

Y D 1

N 2
.X1 C : : :CXN/ (2.180)

is again a random variable with the density given in (2.179).
For a stable density %.x/ with exponent ˛ ¤ 1 one can always find a constant �

such that %.x��/ is strictly stable. For ˛ D 1 this shift of the density is unnecessary
as the Cauchy distribution is strictly stable even for � ¤ 0.

The generating function of strictly stable densities is

G.k/ D e�jkj˛� ; (2.181)

with some scale parameter � > 0. Thus for ˛ < 2 one obtains for x !1

jxj1C˛%.x/! const. ¤ 0: (2.182)

The stable densities with characteristic exponents ˛ < 2 do not have a finite
variance.

More generally, stable densities may be characterized not by three but by four
parameters: In addition to the index ˛, the scale parameter � , and the shift parameter
�, one has the skewness ˇ, which we now meet for the first time. The skewness ˇ
measures the deviation from symmetry. For ˇ D 0 we have %.�x/ D %.x/. As
we want to deal here only with strictly stable densities, for which ˇ D 0 for all
˛ 2 .0; 2�, we give no further details concerning this parameter or its role in the
characteristic function.

Remark. A realization x of a random variable with a strictly stable density for an
index ˛ and a scale parameter � D 1 can be constructed as follows (Samorodnitzky
and Taqqu 1994): Take a realization r of a uniformly distributed random variable
in the interval Œ��=2; �=2� and, independently, a realization v of an exponential
random variable with mean 1. Then set

x D sin .˛r/

.cos r/1=˛

�
cos ..1 � ˛/r/

v

�.1�˛/=˛
: (2.183)

A series of such realizations is represented in Fig. 2.7 for various values of ˛.
For decreasing ˛ the larger deviations become larger and more frequent. A real-
ization x of a Cauchy random variable (˛ D 1) with scale parameter � and shift
parameter � is more easily constructed: Take a realization r of a random variable
uniformly distributed in Œ��=2; �=2� and set

x D � tan r C �: (2.184)

Special constructions also exist for ˛ D 2�k; k � 1.
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Fig. 2.7 A series of realizations of a random variable with a stable density for four different values
of the index ˛

2.6.2 The Renormalization Transformation

There is a further way to characterize stable distributions: Let X D fXig1iD�1 be a
sequence of independent and identically distributed random variables with density
%.x/. We consider the transformation Tn, n � 1, for which

X
0

i D .TnX/i D
1

nı

.iC1/n�1X

jDi n
Xj : (2.185)

In this transformation the random variables are thus combined into blocks of
length n. The random variables within each block are summed up and this sum
is renormalized by a power ı of the length n of this block. This transformation is
called a renormalization transformation. The familiy of transformations fTn; n � 1g
form a semi-group, i.e. Tmn D TmTn. This semi-group is also called renormalization
group. A sequence X D fXig1iD�1 is a fixed point of this group of transformations
if the X

0

i resulting from TnX have the same density %.x/ as the Xi .
A sequence of independent strictly stable random variables with characteristic

exponent ˛ is obviously a fixed point for fTn; n � 1g with ı D 1=˛. Therefore,
such stable densities appear as the limit of sequences of densities, which result
from successive applications of the transformation Tn with n fixed (or a single
transformation Tn with increasing n) to a given sequence of random variables with
a given density. Under successive transformations all densities with finite variance,
i.e., ˛ D 2, approach the normal distribution. This corresponds to the central limit
theorem.
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Hence, stable densities have a domain of attraction of densities. For the transfor-
mation with index ˛ all densities with the asymptotic behavior (2.182) belong to the
domain of attraction of the stable density with exponent ˛.

Suppose we are given a density which belongs in the above sense to the domain
of attraction of a stable density with index ˛. If the ‘wrong’ transformation is applied
to this density, i.e., a transformation with index ˇ ¤ ˛, then the limit is either not a
density or there is a drift towards a density which is concentrated around one point.
There are also densities which do not belong to the domain of attraction of any stable
density.

2.6.3 Stability Analysis

We now want to examine the behavior of densities close to a fixed point. For n D 2
the renormalization transformations may also easily be formulated on the level of
densities. For ı D 1=˛ one obtains

.T2%/.x/ D %X 0.x/ D 21=˛
Z

dy %.21=˛x � y/%.y/: (2.186)

The stable density representing the fixed point will be denoted by %�.x/.
Let %.x/ D %�.x/C 	.x/. For the deviation 	.x/ the transformation T2 leads to

	0 D T2.%� C 	/� T2 %� D DT2	CO.	2/ (2.187)

with

.DT2	/.x/ D 2 21=˛
Z

dy %�.21=˛x � y/	.y/: (2.188)

Let �n.x/ denote the eigenfunctions of DT2 and �n the corresponding eigenval-
ues. Then

.DT2�n/.x/ D �n�n.x/: (2.189)

Obviously, %�.x/ itself is an eigenfuction with eigenvalue 2. We set �0 D %�.x/,
�0 D 2.

Let vn be the coefficients of an expansion of the deviation 	.x/ with respect to
the eigenfunctions �n, i.e.

	.x/ D
1X

nD1
vn�n.x/: (2.190)

Remark. For ˛ D 2, i.e., for the densities with finite variance, the eigenfunctions
and eigenvalues are simply

�n.x/ D 1p
2��

e�x2=2�2Hn

�x
�

�
and �n D .

p
2/2�n: (2.191)
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Here fHng denote the Hermite polynomials. In particular, the first polynomials are

H1.x/ D x; H2.x/ D x2 � 1;
H3.x/ D x3 � 3x; H4.x/ D x4 � 6x2 C 3: (2.192)

When a density %.x/ belonging to the domain of attraction of the normal distribution
is approximated by the density of the normal distribution with the same variance and
the same mean value, the difference 	 can be represented as (cf. Papoulis 1984)

	.x/ � %.x/ � 1p
2��

e�x2=2�2 D 1p
2��

e�x2=2�2
1X

nD3
vnHn

�x
�

�
; (2.193)

and the coefficients fvng are proportional to the moments f�ng of the density %.x/.
One obtains, for example,

v3 D 1

3Š�3
�3; v4 D 1

4Š�4
.�4 � 3�4/: (2.194)

For a more general distribution we also have

v1 D 1

�
�1; v2 D 1

2Š�2
.�2 � �2/: (2.195)

In a linear approximation the deviation 	.x/ changes under a renormalization
transformation according to

	0.x/ D .DT2	/.x/ D
X

nD1
vn
0�n.x/; (2.196)

where

v0n D �nvn; (2.197)

i.e. the coefficients fvng are the characteristic parameters of the density %.x/,
which in a linear approximation transform covariantly under a renormalization
transformation. We will also call them scale parameters.

For the density %.x/ to belong to the domain of attraction of the density %�.x/
under the renormalization transformation T2, the eigenvalues �n obviously have to
satisfy �n < 1, unless vn D 0. In physics, those parameters vn for which �n > 1

are called relevant parameters. If �n D 1 one speaks of marginal parameters, and if
�n < 1 they are called irrelevant parameters.

The subspace of the space of parameters fvng for which all relevant parameters
vanish is called a ‘critical surface’ in physics. So this space is identical to the domain
of attraction of the stable density %�.x/.
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2.6.4 Scaling Behavior

For a given renormalization transformation we now examine the transformation
properties of a density which does not belong to the domain of attraction of the cor-
responding stable density, but which is close to this domain in the following sense:
There shall exist an expansion of this density with respect to the eigenfunctions
f�ng,

%.x/ D %�.x/C
X

nD1
vn�n.x/; (2.198)

such that the relevant parameters, which we take to be v1 and v2 without loss of
generality, are supposed to be small. If they were to vanish, %.x/ would belong to
the domain of attraction.

The generating function of the cumulants,

F Œ%.x/; t � D ln

�Z
dx %.x/eitx

�
; (2.199)

is now considered as a functional of %.x/ and a function of t . Let %0.x/ D .T2%/.x/,
then

F Œ%0.x/; t � D ln
� Z

dx 21=˛
Z

dy %.21=˛x � y/%.y/eitx
�

(2.200)

D 2F
	
%.x/;

t

21=˛



: (2.201)

The functionalF Œ%.x/; t � transforms covariantly under the renormalization transfor-
mation. As the densities may equivalently be characterized by their scale parameters
fvng and fv0ng, F can also be considered as a function F.v1; : : : ; t/ of these scale
parameters and the variable t . Thus

F.v01; v02; v03; : : : ; t/ D 2F
�

v1; v2; v3; : : : ;
t

21=˛

�
; (2.202)

or, taking v0n D �nvn; � D 2; �n D �an ; �at D 21=˛,

F.�a1v1; �
a2v2; �

a3v3; : : : ; �
at t/ D �F.v1; v2; v3; : : : ; t/: (2.203)

For densities close to the fixed point of the renormalization transformation the
irrelevant scale parameters v3; : : : will be small. To a good approximation F can be
considered as independent of these parameters and one obtains the scaling relation:

F.�a1v1; �
a2v2; �

at t/ D �F.v1; v2; t/: (2.204)

This behavior holds for all densities that are close to the domain of attraction of the
corresponding stable density. In this sense it may be called universal.



2.7 The Large Deviation Property for Sums of Random Variables 47

From such a scaling law one can easily determine the behavior of F (and other
derived quantities) close to the domain of attraction (the critical surface) of the stable
density corresponding to the renormalization transformation. We will come back to
this point in Sect. 4.7, where we will consider renormalization transformations in
the context of random fields, in particular for spin systems.

Remark. For those densities in the domain of attraction of the normal distribution,
F can be explicitly represented by an expansion in cumulants:

F Œ%.x/; t � D
1X

nD1

.it/n

nŠ
�n: (2.205)

The cumulants f�ng transform in the same way as the fvng, i.e. � 0n D 21�n=2�n,
because the cumulants of a sum of random variables is the sum of the cumulants
and the renormalization by the factor 2�1=2 produces a further factor 2�n=2. Then
also �0n.�at t/n � 21�n=2�n.

p
2t/n D 2�ntn, hence, in this case there exists an easier

way to derive the scaling relations:

F.�a1�1; �
a2�2; �

a3�3; : : : ; �
at t/ D �F.�1; �2; �3; : : : ; t/: (2.206)

It is of the same form as (2.203) with fvng now replaced by f�ng. Note, however,
that the two sets of covariant parameters are easily transformed into each other.

2.7 The Large Deviation Property for Sums
of Random Variables

In Sect. 2.5 we have learnt the arithmetic of random variables and investigated the
behavior of densities of N independent random variables for large values of N . We
have formulated a first version of the central limit theorem. In Sect. 2.6 we studied
special classes of random variables which can also be seen as limits of a sequence
of properly normalized sum of N .N D 2; : : :/ random variables.

A sum of random variables represents a prototype of a macrovariable for a
statistical system. In systems having many degrees of freedom, quantities describing
the total system are often represented by sums of quantities pertaining to the
single components or degrees of freedom. The kinetic energy of the total system
is composed of the kinetic energies of the single constituents; the magnetization of
a spin system is the mean value of all magnetic moments. Every extensive quantity
is a sum of corresponding quantities for the subsystems.

In this section we will study the density of such sums for large N . We first
introduce a special property for such a sequence which will turn out to be very
relevant in statistical systems and, whenever this property is met, some strong
statements can be made about the density of the macrovariable.
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In order to be able to introduce this property and to make the statements about
the density we first introduce two new concepts.

The free energy function. Let X be a random variable with density %.x/. Then

f .t/ D ln
˝
etX
˛ D ln

	Z
dx etx%.x/



(2.207)

is called the free energy function. This name for f .t/ refers to the fact that
in statistical mechanics this function is closely related to the free energy of
thermodynamics. f .t/ is the generating function of the cumulants, if they exist.
In Sect. 2.3, formula (2.66), we introduced f .ik/ D lnG.k/ as such a generating
function. But f .t/ is real and it is easy to show that it is also a strictly convex
function, i.e., the second derivative always obeys f 00.t/ > 0, unless the density
%.x/ is concentrated around a point.

We give some examples:

• For the normal distribution X 
 N.�; �2/ one finds

f .t/ D �t C 1

2
�2t2: (2.208)

• For the exponential distribution %.x/ D me�mx we have

f .t/ D � ln

�
m � t
m

�
; t < m: (2.209)

• For a random variable with discrete realizations f�1;C1g and %.˙1/ D 1=2 one
obtains

f .t/ D ln .cosh t/: (2.210)

The Legendre transform. Let f .t/ be a strictly convex function, then the Legen-
dre transform g.y/ of f .t/ is defined on Œ0;1/ by

g.y/ D sup
t

.ty � f .t//: (2.211)

g.y/ is again strictly convex.
Hence, in order to write down g.y/ explicitly one first has to determine the

supremum; it is found at t D t.y/, where t.y/ follows from solving the equation

y D f 0.t/ (2.212)

for t . The convexity of f .t/ guarantees that t.y/ exists. Thereby one obtains

g.y/ D t.y/y � f .t.y// (2.213)
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and

dg D y dt C t dy � f 0.t/ dt D t dy; i.e. also g0.y/ D t.y/: (2.214)

In this way the Hamiltonian function H.p; q/ of a classical mechanical system
is the Legendre transform of the Lagrange function L. Pq; q/:

H.p; q/ D sup
Pq

�
p Pq �L. Pq; q/

�
: (2.215)

The Lagrange function is convex with respect to the argument Pq, since L. Pq; q/ D
m Pq2=2C : : :.

Let us determine the Legendre transforms for the above mentioned examples.

• For the normal distribution N.�; �2/ one obtains from (2.208)

g.y/ D .y � �/2
2�2

; (2.216)

• For the exponential distribution follows from (2.209)

g.y/ D my � 1 � lnmy; (2.217)

• And for a random variable with discrete realizations f�1;C1g and %.˙1/ D 1=2
one finds

g.y/ D 1C y
2

ln .1C y/C 1 � y
2

ln .1 � y/: (2.218)

The convexity of f .t/ and g.y/ is easily verified for each case.
Armed with these preparations we are now able to introduce the central notion,

the large deviation property.
We consider a sequence YN of random variables with densities %N .y/. We may

think of them as the densities for YN D .X1C: : :CXN /=N , where fXig are random
variables with a density %.x/. However, any other sequence is also possible.

We say that such a sequence has the large deviation property, if the densities for
%N .y/ obey

%N .y/ D e�aN S.y/Co.N /; (2.219)

with aN ! N for N ! 1. The residual term o.N / contains only contributions
which increase sublinearly as a function of N . In the limit N !1 the probability
of an event being in .y; y C dy/ should therefore be arbitrarily small for almost
all y. For large N a significant probability remains only for minima of S.y/.

The function S.y/ therefore plays an essential role for the densities %N .y/
for large N . In the so-called thermodynamic limit, i.e. N ! 1, the probability
limN!1 %N .y/ is different from zero only at the absolute minimum ymin of the
function S.y/.
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We will see that in models of real statistical systems such a value ymin

corresponds to the equilibrium state and that the function S.y/ corresponds to the
negative of the entropy, and we know that the entropy assumes its maximum for an
equilibrium state.

But we can already see the following: If the function S.y/ assumes its absolute
minimum at two (or more) values, one also obtains two (or more) possible equilib-
rium states. In this case one speaks of two phases. Which phase or which mixture
of phases is realized depends on the initial conditions and/or boundary conditions.

If S.y/ depends on a parameter and if for a certain value of this parameter the
minimum splits into two minima, this value is called a critical point. The splitting
is called a phase transition. Hence this phenomenon can already be described at this
stage.

The determination of the function S.y/ is, of course, of utmost importance. An
example where this quantity is particularly easy to calculate is the following.

Let X;X1; : : : be identical and independent random variables with a density
%.x/. Furthermore, let the free energy function,

f .t/ D ln
˝
etX
˛ D ln

�Z
dx etx%.x/

�
; (2.220)

be finite for all t . Set

YN D 1

N

NX

iD1
Xi : (2.221)

Under these conditions the sequence %YN .y/ has the large deviation property.
Indeed, (2.219) holds with aN D N , and we find that

• The function S.y/ is the Legendre transform of f .t/:

S.y/ D sup
t

.ty � f .t//: (2.222)

• The function S.y/ is the negative relative entropy SŒ%y.x/ j %.x/�, where %.x/
is the density of X and %y.x/ follows from the density of %.x/ after a shift of the
expectation value to y.

If the realizations of X assume only discrete values in a finite set fx1; : : : ; xr g with
x1 < : : : < xr , then S.y/ is finite and continuous in the interval .x1; xr /, while
S.y/ D1 for y outside .x1; xr /.

For a proof of these statements we refer to the literature (Ellis 1985; Shwartz
and Weiss 1995). However, we want to illustrate them for the above-mentioned
examples.

• Let %.x/ be the normal distribution N.�; �2/, i.e., f .t/ is given by (2.208) and
its Legendre transform by (2.216). As expected, one finds

S.y/ D .y � �/2
2�2

: (2.223)
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The same result may be obtained by forming the negative relative entropy:

� SŒ%y.x/ j %.x/� D
Z

dx %y.x/ ln

"
e�.x�y/2=2�2

e�.x��/2=2�2

#
(2.224)

D
Z

dx %y.x/
�
.x � �/2=2�2 � .x � y/2=2�2�

D .y � �/2
2�2

: (2.225)

• For large values of N , the mean value YN of N exponential random variables
has a density (cf. (2.217))

%N .y/ / exp .�N.my � 1 � lnmy/C o.N // : (2.226)

The sum Z D NYN of N exponential random variables is also called a gamma
distributed random variable. One obtains for its density

%Z.z/ D .mz/N�1

.N � 1/Še
�mz; (2.227)

which is in accordance with (2.226).
• For the discrete random variable with the possible realizations f�1; 1g and
%.˙1/ D 1=2 one finds according to (2.218)

%N .y/ D 1

2N

X

fxiD˙1g
ı

 
y � 1

N

NX

iD1
xi

!
/ e�NS.y/; (2.228)

where

S.y/ D 1C y
2

ln .1C y/C 1 � y
2

ln .1 � y/: (2.229)

One obtains the same results by forming the negative relative entropy:

� SŒ%y.x/ j %.x/� D %.1/.1C y/ ln

	
.1C y/=2
1=2




C%.�1/.1 � y/ ln

	
.1 � y/=2
1=2



(2.230)

D 1C y
2

ln .1C y/C 1 � y
2

ln .1 � y/: (2.231)
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In this case we may use the Bernoulli distribution for an explicit calculation of
%.y/ and thus also S.y/. It gives us the probability thatN realizations ofX yield
q times the value 1 and therefore y D .q � .N � q//=N D 2q=N � 1,

%.y/ D
 
N

q

!�
1

2

�q �
1

2

�.N�q/
D
 

N
N
2
.1C y/

!
2�N : (2.232)

Using Stirlings formula lnNŠ D N.lnN � 1/C o.N / we obtain

ln%.y/ D N.lnN � 1/� N
2
.1C y/ ln

�
N

2
.1C y/

�

�N
2
.1 � y/ ln

�
N

2
.1 � y/

�
�N ln 2C o.N / (2.233)

D �N
	
1C y
2

ln .1C y/C 1 � y
2

ln .1 � y/


C o.N /: (2.234)

In the next chapter we will make use of the representation of the density given in
(2.219).



Chapter 3
Random Variables in State Space:
Classical Statistical Mechanics of Fluids

Using the concepts of probability theory and statistics introduced in Chap. 2, the
problem of statistical mechanics can be stated as follows: Consider a system of N
particles with momenta and positions pi ; qi , i D 1; : : : ; N . At each instant, the
microscopic state x D .p1; : : : ;pN ; q1; : : : ; qN /may be considered as a realization
of a random variable in the 6N -dimensional phase space. For this random variable
the density function has to be determined under various external, macroscopically
given conditions. Furthermore, we will consider only systems in a stationary state
so that the density function may be assumed to be time independent.

In Sects. 3.1 and 3.2 the density function for different external, macroscopically
fixed conditions will be formulated. The microcanonical, canonical and grand
canonical system is introduced.

Section 3.3 introduces the different thermodynamic potentials and relates them
to one another.

In Sect. 3.4, the susceptibilities, which characterize the response of a material to
external changes, will be defined. Their relation to the variances and covariances of
corresponding quantities of the macroscopic system will turn out to be a special
case of the fluctuation–dissipation theorem which will be discussed in a more
general form in Chap. 5. Relations among susceptibilities are discussed as well as
the Maxwell relations.

While the ideal classical gas will already be discussed when introducing the
various densities, the subsequent sections deal with the case where the interaction
between the particles can no longer be neglected. Here equations of state for liquids
can also be formulated. As gases and liquids together are referred to as ‘fluids’, one
speaks in this context also of the theory of fluids.

First, in Sect. 3.5, the law of equipartition, useful for many approximate con-
siderations, will be proven. Section 3.6 focuses on the particle density N.r/; the
corresponding covariance function Cov.N.r/N.r0// is the natural quantity in which
the interaction between the particles of the statistical system becomes apparent.
Therefore, this quantity, or equivalently the radial distribution function derived
from it, is the central quantity in the theory of fluids. Its relation to experimentally
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accessible quantities and to the structure functions will be discussed as will its use
in formulating the equations of state and the virial theorem.

Section 3.7 is dedicated to approximation methods. The virial expansion will
be presented and its results compared with those of molecular dynamics. Ways of
formulating integral equations for the radial distribution function will be discussed
briefly, perturbation expansion will be introduced, and a generalized equation of
state will be formulated, from which in the following section, Sect. 3.8, the equation
of state for the van der Waals gas will be derived. This will allow us to discuss phase
transitions in fluids, corresponding states, and critical behavior.

3.1 The Microcanonical System

We consider a closed system of N particles in a volume V . As the system is closed
the total internal energy has a fixed value E. (Here the internal energy of the system
results only from the internal degrees of freedom.) A system where the macroscopic
quantities E , N , and V are given will be called a microcanonical system and the
probability density for the microstate x D .p1; : : : ;pN ; q1; : : : ; qN /, which we are
going to determine in the following, is the microcanonical density.

The dynamics of the individual particles is given by the Hamiltonian function

H.x/ � H.p1; : : : ;pN ; q1; : : : ; qN / (3.1)

and as a constraint for x one thus obtains

H.x/ D E : (3.2)

Fixing the energy to a sharp value is, of course, only an idealization. It is
mathematically simpler and physically more realistic to determine the probability
density in a domain

E � H.x/ � E C�E : (3.3)

It will turn out that the value of �E has no actual significance.
As we do not have any information about this density distribution, it is most

plausible to assume that all microstates within this domain are equally probable.
This corresponds to a choice for the density in accordance with the maximum
entropy principle (Sect. 2.4). It has the form

%.xjE; V;N / D
8
<

:

1

A
for fxjE � H.x/ � E C�Eg

0 otherwise :
(3.4)

The denominatorA follows from the normalization condition:

A D
Z

dx .� .E C�E �H.x// �� .E �H.x/// ; (3.5)
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where�.x/ is the Heaviside function,

�.x/ D
�
1 for x > 0 ;
0 otherwise:

(3.6)

A has the dimension .pq/3N D .Js/3N .
For the entropy of the random variable belonging to the microstate x, we then

obtain according to Sect. 2.4, (2.86), setting the constant k equal to the Boltzmann
constant kB:

S D kB ln .A%0/; (3.7)

and now we have to decide about the value of %0. This cannot be done without
anticipating some knowledge from quantum mechanics. The uncertainty relation of
quantum mechanics suggests that one introduces cells with a volume proportional
to h3N in phase space because the product of the standard deviations �q�p for any
component is of order h. Furthermore, if two cells differ only with respect to the
exchange of single particles, they are quantum mechanically considered identical.
Thus all NŠ cells, related by a permutation of the particles, must be considered
identical and therefore NŠh3N is a natural volume in phase space for a microstate.
Then the probability of finding a microstate x in a certain cell Zi of the phase space
(or in one of those which have to be considered identical) is

pi D NŠ
Z

Zi

dx
1

A
D NŠ h3N

A
: (3.8)

These probabilities all have the same value provided the cells lie within the domain
of the energy shell fE � H.x/ � E C�Eg; otherwise, pi D 0.

The inverse

˝.E; V;N / � A

NŠ h3N
(3.9)

may be regarded as the number of microstates in the interval .E;EC�E/,
and ˝.E; V;N / is called the density of states (number of states per energy
interval�E).

For the entropy one now easily obtains (see Sect. 2.4)

S.E; V;N / D kB ln˝.E; V;N / : (3.10)

Comparing with (3.7), we have obtained

%0 D 1

N Š h3N
: (3.11)
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Example. For an ideal gas the Hamiltonian function is given by

H.x/ � H.p1; : : : ;pN ; q1; : : : ; qN / D
NX

iD1

p2
i

2m
; (3.12)

and˝.E; V;N / is easily determined. We introduce, as an auxiliary quantity,

˝ 0.E; V;N / D
Z

dx �.E �H.x// (3.13)

D V N

Z
d3Np �

�
E �H.p/� : (3.14)

The integral over the momenta represents the volume of a sphere in 3N -dimensional
space with radius

p
2mE; it is given by

˝ 0.E; V;N / D V N �3N=2

�

�
3N

2
C 1

� .2mE/3N=2 : (3.15)

Thus to first order in �E one obtains

A D ˝ 0.E C�E;V;N /�˝ 0.E; V;N / D E @˝ 0

@E

�E

E
(3.16)

D V N �3N=2

�

�
3N

2

� .2mE/3N=2�E
E

; (3.17)

and finally

˝.E; V;N / D 1

h3NN Š
V N �3N=2

�

�
3N

2

� .2mE/3N=2 ; (3.18)

where we have neglected the contribution �E=E . (It is of order 10�x , where x is
of order 10; but EN is of order 10x with x � 1023!)

Using the expansion of the gamma function for large arguments,

ln� .x/ D x.lnx � 1/CO.lnx/ ; (3.19)

yields for the entropy

S.E; V;N / D kBN

�
lnV C 3

2
ln

�
2�mE

h2

��
� kBN .ln.N / � 1/

�kB
3

2
N

�
ln

�
3

2
N

�
� 1

�
CO.lnN/ : (3.20)
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So for the entropy of the classical ideal gas we obtain

S.E; V;N / D kBN

�
ln

�
V

N

�
C 3

2
ln

�
4�mE

3N h2

�
C 5

2

�
: (3.21)

For a fixed volume per particle, V=N , and fixed energy per particle, E=N ,
the entropy is strictly proportional to the number of particles N , as it should
be. However, had we not taken into account the indistinguishability of particles
postulated by quantum mechanics, the factor NŠ in (3.18) and thus the termN lnN
in (3.20) would be missing. The entropy per particle would increase with the number
of particles N and for N !1 even become infinite. This contradicts the laws
of classical thermodynamics and was the origin of extensive discussions among
physicists before the formulation of quantum mechanics. This contradiction, as well
as others which would occur without the incorporation of the indistinguishability of
particles, is known as Gibbs paradox (named after the American physicist Gibbs,
who discussed the indistinguishability of particles). This Gibbs paradox should not
be confused with the Gibbs phenomenon, which we will address in Sect. 9.3.

For gases under normal conditions one finds

S

kBN
� 10 : (3.22)

3.2 Systems in Contact

Up to now we have considered a closed, isolated system. Energy, number of particles
and volume were fixed, externally given values, and, as the system was closed, these
values remained unchanged.

We now want to bring two such systems into contact and thereby remove their
isolation in various ways. In Sect. 3.2.1 we will assume contact in such a way that
interactions of the particles allow energy to be exchanged. Such contact will be
called thermal contact.

In Sect. 3.2.2 we will consider exchange of energy and volume, and, in
Sect. 3.2.3, exchange of energy and particles.

For each case we will introduce new system variables – temperature, pressure,
and chemical potential, respectively – and then also discuss systems where these
variables are held fixed.

3.2.1 Thermal Contact

We first consider two closed systems withE0; V;N andE0
B; VB;NB as given values

for the system variables energy, volume, and particle number, respectively. We bring



58 3 Random Variables in State Space: Classical Statistical Mechanics of Fluids

these systems into thermal contact, i.e., allow an exchange of energy, while the total
system remains closed. Having established the contact we wait for a certain time
until we know for sure that the total system is in a stationary equilibrium state.

The energies of the two systems, denoted by e and eB , will have changed. At each
instant they can be considered as realizations of the random variables E and EB .
However, because of energy conservation one always has eCeB D Etot D E0CE0

B .
We are interested in the probability density %.e/ for the energy of the first system.

To determine this we consider the number of microstates of the total system in which
the first system has the energy e. This number is˝.e; V;N /˝B.Etot � e; VB;NB/,
because each state of the first system can be combined with a distinct state of the
second system.

In the closed total system all states are equally probable. Denoting the number of
states of the total system by A, we therefore obtain

%.e/ D 1

A
˝.e; V;N /˝B.Etot � e; VB;NB/ : (3.23)

We will analyze this expression for the energy density of the first system and find
that it may also be written as

%.e/ / e�Ng.y/ ; y D e

N
; (3.24)

where y is the energy per particle in the first system. Therefore, the random variable
has the large deviation property. In the thermodynamic limit N ! 1 the energy
per particle will assume a unique value determined by the minimum of g.y/.

Introduction of Temperature

First we determine the maximum of %.e/ by setting the derivative of kB ln%.e/ with
respect to e equal to zero. Denoting the entropy of the microcanonical density by
S D kB ln˝ we have

kB ln%.e/ D S.e; V;N /C SB.Etot � e; VB;NB/� kB lnA ; (3.25)

and therefore

@kB ln%.e/

@e
D @S.e; V;N /

@e
� @SB.eB; VB;NB/

@eB

ˇ̌
ˇ̌
eBDEtot�e

D 0 : (3.26)

In order to analyze this equation, we introduce

1

T
D @S.e; V;N /

@e
(3.27)
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and call T the temperature. Similarly, we introduce the temperature TB . Note that
kBT has the dimension of an energy. Thus (3.26) implies that the maximum of %.e/
is determined by the solution of the equation

T .e; V;N / D TB.Etot � e; VB;NB/ ; (3.28)

that is, the most probable value of e is that for which the temperatures of the two
systems are equal.

Remarks.

• We have introduced a new system variable, the temperature, which can be
attributed to each system. When the entropy function of the microcanonical
density S.E; V;N / is known, the temperature is given by (3.27). For the ideal
gas, for instance, we have from (3.21)

S.E; V;N / D kBN

�
ln

�
V

N

�
C 3

2
ln

�
4�mE

3N h2

�
C 5

2

�
; (3.29)

and therefore one obtains for the temperature

1

T
D @S.E; V;N /

@E
D kBN

3

2

1

E
; (3.30)

or

T D E
3
2
kBN

or E D 3

2
NkBT : (3.31)

Of course, we still have to show how a variable like the temperature can be
measured (see Sect. 7.2).

• The temperature is an intensive variable. These are system variables which
mutually adjust when two systems enter corresponding contact.

• As the entropy increases with the number of possible states (cf. Sect. 2.4) and,
in addition, the number of possible states generally increases with energy, the
temperature will, in general, be positive. However, when there exists a maximum
value for the energy, the number of states can decrease with growing energy. In
this case it might happen that T < 0 (e.g., for the ideal paramagnetic crystal; see
Sect. 4.4).

• One can show (see, e.g., Kittel (1980)) that energy and entropy flow from
the system with initially higher temperature to the system with initially lower
temperature.

• If two systems with slightly different temperatures are in thermal contact and
there is an energy flow ıQ into one system, then the change of entropy is given by

S.e C ıQ; V;N /� S.e; V;N / D @S

@e
ıQ ; (3.32)
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i.e.,

dS.e; V;N / D 1

T
ıQ : (3.33)

The change of energy for a system in thermal contact is therefore

ıQ D T dS.e; V;N / : (3.34)

This quantity of energy which is exchanged in connection with a change of
entropy is called heat (cf. Sect. 7.1).

The Density of the Canonical System

We now come back to the analysis of formula (3.23) for the density %.e/.
Let the energy EB of the second system be so large that the energy which

will be exchanged in a contact is negligible compared to EB . Then TB will also
be practically unchanged, and the first system will assume the temperature TB
as a consequence of the contact. A system that is large enough to determine the
temperature of any other system it is in contact with, is called a heat bath. If the
system variables T; V;N for a system are given, one speaks of a canonical system.

The density %.e/ of a canonical system has to be interpreted as %.ejT; V;N /, i.e.,
the density of a canonical system. According to (3.23) we have

%.ejT; V;N / D 1

A
˝.e; V;N /˝B.Etot � e; VB;NB/ (3.35)

D 1

A
˝.e; V;N / exp

�
1

kB
SB.Etot � e; VB;NB/

�
; (3.36)

where ˝.e; V;N / is the number of cells, i.e., the number of microstates in the
interval .e; e C de/, and SB.e; V;N / is the corresponding entropy.

The expression SB.Etot � e; VB;NB/ can be expanded with respect to e and one
obtains

SB.Etot � e; VB;NB/ D SB.Etot; VB;NB/� 1

T
e CO

�
1

NB

�
; (3.37)

so that, finally, we get the result

%.ejT; V;N / D 1

A0˝.e; V;N /e
�ˇe

/ exp .�ˇe C S.e; V;N /=kB/ ; (3.38)

where ˇ D 1=kBT .
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〈 E 〉 ∝ N

ρ(e)

e

→ ← σE 

Fig. 3.1 The energy density
of a canonical system. To a
good approximation this is
the density of a Gaussian
distribution with variance
�2E � N

We note that if we introduce the energy per particle YN D E=N as a random
variable and take s.yN / D S.e; V;N /=N as the entropy per particle, the density
%YN .y/ of YN has, according to (3.38), the form

%YN .y/ / e�Ng.y/ ; where g.y/ D ˇy � s.y/=kB : (3.39)

The sequence of random variables fYN ;N ! 1g whose realizations are equal to
the energy per particle, thus has the large deviation property.

We want to illustrate this further by determining the variance of the density %.e/.
The value where %.e/ assumes its maximum, will be denoted by Oe0, and we

expand %.e/ and kB ln%.e/ near Oe0: With e D Oe0 C � we obtain

kB ln %. Oe0 C �/ D kB ln%. Oe0/C 1

2
�2�C : : : ; (3.40)

where

� D @2S.e; V;N /

@e2

ˇ̌
ˇ̌
eDOe0
D @

@e

�
1

T

�
D � 1

T 2
@T

@e
: (3.41)

This result shows the following:

• � is negative because e increases with T ; a similar result holds for �B . This
implies that we really are dealing with a maximum.

• From e D O.N/ we find � D O. 1
N
/. The higher order terms in � will also

be of higher order in 1=N . Up to terms of order 1=N the exponent of %.e/ is
thus a quadratic function of �, and %.e/ corresponds to the density of a Gaussian
distribution with variance �2E , which is of the order N (Fig. 3.1).

From this we find

�E

Oe0 D O
�

1p
N

�
: (3.42)
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For N � 1023 the ratio is therefore �E= Oe0 � 10�12. This implies that, although the
internal energy of a system which is in thermal contact with a second system is not
fixed, in practice it assumes a fixed value Oe0, which can be derived from (3.28) and
is practically identical to hEi.

The Boltzmann Density

Knowing the density %.e/ � %.e jT; V;N / we now can calculate the density
%.xjT; V;N / for a system in contact with a heat bath of temperature T . Using (3.4)
and (3.9) one finds

%.xjT; V;N / D
Z

de %.xje; V;N /%.ejT; V;N / (3.43)

D
Z H.x/

H.x/��E
de
1

A

1

A0 ˝.e; V;N /e
�ˇe (3.44)

D
Z H.x/

H.x/��E
de

1

A0h3NN Š
e�ˇe (3.45)

D 1

A0h3NN Š
e�ˇH.x/�E (3.46)

D 1

A00 e�ˇH.x/ : (3.47)

This density is called the canonical density or Boltzmann density. We have already
derived it in Sect. 2.4.5 proceeding from the maximum entropy principle as the
density of maximal entropy in the situation where the energy H.X/ is not given
but is a random variable with

hH.X/i D E ; (3.48)

whereE turns out to be precisely the energy the system assumes according to (3.28)
in a thermal contact. For the Boltzmann density we will also use the form

%.xjT; V;N / D 1

h3NN ŠZ
e�ˇH.x/ ; (3.49)

where, in anticipation of quantum mechanical results, we have split off the factor
h3NN Š from the normalization factor Z. This remaining dimensionless normaliza-
tion factor Z is called the partition function. From the normalization condition we
find

Z.T; V;N / D
Z

d3Np d3N q
1

h3NN Š
e�ˇH.p;q/ : (3.50)
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The Free Energy

Having determined the probability density for the microstates of a system with given
values of temperature, volume, and number of particles, it now seems natural, from
a probabilistic point of view, to define the generating functions of the moments and
the cumulants. But as only the expectation values of macroscopic quantities like
H.x/ are of interest in statistical mechanics, the partition function already plays
the role which is played otherwise by the generating function of the moments: The
repeated differentiation with respect to a parameter yields all moments. The variable
F.T; V;N /, defined by

� ˇF.T; V;N / D lnZ.T; V;N / ; (3.51)

so that

Z.T; V;N / D e�ˇF.T;V;N / (3.52)

serves now as a generating function of the cumulants. We will call it the free energy.
The prefactor ˇ D 1=kBT provides the free energy F.T; V;N / with the dimension
of an energy. For E.T; V;N / � hH.X/i we thus obtain

hH.X/i D 1

Z

Z
d3Np d3N q

1

h3NN Š
H.p; q/e�ˇH.p;q/ (3.53)

D 1

Z

�
� @
@̌

�
Z (3.54)

D � @
@̌

lnZ.T; V;N /; (3.55)

and for Var.H.X// we have

Var.H.X// D hH2i � hH i2 (3.56)

D 1

Z

@2Z

@̌ 2
� 1

Z2

�
@Z

@̌

�2
(3.57)

D @2

@̌ 2
lnZ: (3.58)

For the entropy of the canonical density one obtains immediately from (2.86),
setting %0 D 1=.h3NN Š/,

S.T; V;N / D � 1

T
.F.T; V;N /� E.T; V;N // (3.59)

with

E.T; V;N / D hH.X/i : (3.60)
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Therefore, we also have

F.T; V;N / D E.T; V;N / � T S.T; V;N / : (3.61)

Notice that the entropy of the canonical density S.T; V;N / is a function entirely
different from the entropy S.E; V;N / of the microcanonical density. Nevertheless,
as ‘usual’ in physics, we will use the same name ‘S’ for it.

In addition to the microcanonical system, for which the system variablesE; V;N
are held fixed, we have now introduced a second system, the canonical system. It
corresponds to an externally determined temperature (through the contact with a
heat bath), volume, and particle number. The probability density of the microstates
is given by (3.49), which we also may write as

%.xjT; V;N / D 1

h3NN Š
eˇ
�
F�H.x/

�
: (3.62)

Example. For the ideal gas we have

Z D 1

N Šh3N

Z
d3N q d3Np exp

 
�ˇ

NX

iD1

p2i
2m

!

D 1

N Šh3N
V N

Z
d3Np exp

 
�ˇ

NX

iD1

p2i
2m

!

D 1

N Šh3N
V N .2�mkBT /

3N=2 ;

where we have used
R C1

�1 dx e�x2 D p� . With help of

�t D
s

h2

2m�kBT
; (3.63)

which in Chap. 6 will be introduced as thermal de Broglie wavelength, we may also
write

Z.T; V;N / D 1

N Š

�
V

�3t

�N
: (3.64)

Thus

�ˇF D lnZ D N ln

�
V

�3t

�
�N.lnN � 1/

D N

�
ln

�
V

N�3t

�
C 1

�
;



3.2 Systems in Contact 65

i.e., with v D V=N :

F.T;N; V / D �kBTN

�
ln

�
v

�3t

�
C 1

�
: (3.65)

For E.T; V;N / � hH.X/i one obtains

E.T; V;N / D � @
@̌

lnZ.T; V;N / (3.66)

D 3

2
NkBT : (3.67)

One can easily show that

S D � 1
T
.F � E/ ;

and therefore

S.T;N; V / D kBN

�
ln

�
v

�3t

�
C 5

2

�
:

3.2.2 Systems with Exchange of Volume and Energy

After we have considered in the previous section the thermal contact of two systems
and thereby introduced the temperature, we now want to allow not only the exchange
of energy but also the exchange of volume for two systems in contact. LetE0; V 0;N

and E0
B; V

0
B ;NB be the initial values for energy, volume, and number of particles,

respectively, for two initially isolated systems. After these two systems come into
contact and a time independent state of equilibrium has been established, we
have to consider the energy E;EB and the volume V; VB as random variables
with realizations e; eB; v; vB . Because of the conservation laws, we always have
eC eB D Etot D E0CE0

B and vC vB D Vtot D V 0CV 0
B . Therefore, we now want

to study the density of the random variables V and E:

%.e; v; N / D 1

A
˝.e; v; N /˝.Etot � e; Vtot � v; NB/ : (3.68)

This will again turn out to be the density of a Gaussian distribution, where the
dispersion around the most probable values will be very small and indeed vanishes
in the thermodynamic limit N !1.
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Introduction of Pressure

These most probable values Oe; Ov follow from the condition that the change of density
(or rather the logarithm of the density) has to vanish to first order in de and dv. One
finds

d
�
k ln %.e; v/

� D
 
@S.e; v; N /

@e
� @S.eB; vB;NB/

@eB

ˇ̌
ˇ̌
eBDEtot�e

!
de

C
 
@S.e; v; N /

@v
� @S.eB; vB;NB/

@vB

ˇ̌
ˇ̌
vBDVtot�v

!
dv : (3.69)

We introduce

p.e; v; N / D @S.e; v; N /

@v
T .e; v; N / ; (3.70)

and similarly pB.eB; vB;NB/. This new system variable will be called pressure; the
justification for this will follow shortly. But already at this point it can be seen that
the physical dimension of p is energy/volume, or, equivalently, force/area.

As e and v can vary independently, the prefactors of de and dv in (3.69) have to
vanish separately. Therefore, the values Oe; Ov, for which the density %.e; v/ assumes
a maximum, are determined by the equations:

T . Oe; Ov; N / D TB. OeB; OvB;NB/ (3.71a)

p. Oe; Ov; N / D pB. OeB; OvB;NB/ : (3.71b)

Not only the temperatures but also the pressures of both systems adjust to each other.
Hence, the pressure is also an intensive variable.

Remarks.

• If S.E; V;N / is known for a system, the temperature and also the pressure are
easy to calculate. For the ideal gas we have from (3.21)

S.E; V;N / D kBN

�
ln

�
V

N

�
C 3

2
ln

�
4�mE

3N h2

�
C 5

2

�
; (3.72)

and therefore

p.E; V;N / D T kBN
1

V
D E

3=2kBN

kBN

V
D 2

3

E

V
: (3.73)

• In the first equation of (3.73) we have already established the well known
equation of state for the ideal gas, if we treat T not as a function of E, but as
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an independent variable. In Sect. 3.3 we will see that p.T; V;N / can also be
calculated as

p.T; V;N / D �@F.T; V;N /
@V

(3.74)

and with (3.65) we also find immediately

p.T; V;N / D �@F.T; V;N /
@V

D kBTN

V
: (3.75)

• With increasing volume the number of possible microstates also increases, i.e.,
the pressure is always positive if the temperature is positive.

• One can show (see e.g., Kittel (1980)) that, for two systems being in contact,
volume ‘flows’ into the system which initially has the larger pressure (i.e., that
system increases its volume). This increase of volume leads to a decrease of
pressure, while for the other system the pressure increases as the volume gets
smaller until both pressures are equal.

• The second derivatives of kB ln %.e; v; N / at its maximum . Oe; Ov/ are again of
order 1=N . This implies that %.e; v; N / is a two-dimensional Gaussian density.
The relative dispersion around the maximum . Oe; Ov/ is again of the order 1=

p
N .

• When two systems of slightly different temperature and pressure are in contact
and there is a flow of energy dE and volume dV into one system (i.e., this system
increases its volume by dV ), then the change of entropy is

dS D @S

@E
dE C @S

@V
dV D 1

T

�
dE C pdV

� � ıQ

T
: (3.76)

Hence, the change of energy under these conditions is

dE D T dS � pdV : (3.77)

Thus the pressure determines the change of energy which results from a change of
volume. This change of energy is positive when the change of volume is negative,
i.e., when the volume becomes smaller.

This agrees with our intuitive understanding and provides the justification for
referring to this system variable as pressure.

Furthermore, consider, for instance, a gas in a box with a movable wall of area A
(Fig. 3.2). If this wall is slowly pressed inwards under the action of a force F such
that the mechanical pressure pmech D F=A is only infinitesimally larger than the
counterpressure of the gas and any nonequilibrium states are avoided in this process,
then the work done by the displacement of the wall by a distance dh is

dW D F dh D pmechA dh : (3.78)
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pmech = F/A

dh
Fig. 3.2 Change of volume
dV D �A dh by the
displacement dh of a wall
with area A

The energy dW is transferred to the gas. If we interpretA dh as the change of volume
�dV of the gas, the respective change of energy of the gas is dE D �pmechdV . The
pressurep defined in (3.70) from the entropy is therefore identical to the mechanical
pressure in (3.78) and to the counterpressure.

The Density of the T –p System

If EB and VB are large enough that under contact to another system the flow of
energy and volume can be neglected, one speaks of a heat and volume bath. The
system variables T and p of the smaller system can be regulated by bringing it into
contact with such a bath. As a result the energy and the volume adjust. In this case
one has to interpret the density %.e; v/ as %.e; vjT; p;N /, and it is given by

%.e; vjT; p;N / D 1

A
˝.e; v; N /˝B.Etot � e; Vtot � v; NB/ (3.79)

D 1

A
˝.e; v; N / eSB.Etot�e;Vtot�v;NB /=kB : (3.80)

The entropy SB may be expanded in e and v and one obtains

SB.Etot � e; Vtot � v; NB/ D SB.Etot; Vtot; NB/ � 1

T
e � 1

T
pv

CO
�
1

NB

�
; (3.81)

and therefore

%.e; vjT; p;N / D 1

A0 ˝.e; v; N / e�ˇ.eCpv/ : (3.82)

For a system in contact with a heat and a volume bath one thus obtains for the
density of a microstate x

%.x; V jT; p;N / D
Z H.x/

H.x/��E
de
Z VC�V

V

dv %.xje; v; N / %.e; vjT; p;N /

D 1

A00 e�ˇ.H.x/CpV / : (3.83)
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Notice that the volumeV is an argument as well as the microstate x. In the derivation
of (3.83) we have used the fact that %.xje; v; N / is different from zero only for
.H.x/ ��E � e � H.x// and (now) for .V � v � V C�V /.

This density can also be written as

%.x; V jT; p;N / D 1

h3NN Š

1

�V

1

Y 0 e�ˇ.H.x/CpV / : (3.84)

Here�V is a reference volume ensuring that the expression has the correct physical
dimension. The value of �V is not important, as it drops out in all calculations of
measurable quantities. Y 0 is called the partition function of the T –p system. From
the normalization conditions one obtains

Y 0.T; p;N / D 1

h3NN Š�V

Z 1

0

dV
Z

d3Np d3N qe�ˇ.H.p;q/CpV / (3.85)

D 1

�V

Z 1

0

dV Z.T; V;N / e�ˇpV : (3.86)

Y 0 may be represented as

Y 0.T; p;N / D e�ˇG.T;p;N / ; (3.87)

and G.T; p;N / is called the free enthalpy.

Setting %0 D 1

h3NN Š�V
one obtains from (2.86) the entropy of this density:

S.T; p;N / D � 1

T
.G.T; p;N /� E.T; p;N /� p V.T; p;N // (3.88)

with

E.T; p;N / D hH.X/i; (3.89a)

V.T; p;N / D hV i : (3.89b)

Notice that contrary to (3.60) the expectation value h:i now has to be taken with
respect to the density %.x; V jT; p;N /. For instance, for the volume we get

V.T; p;N / D hV i

D 1

Y 0�V

Z 1

0

dV
Z

d3Np d3N q V
1

h3NN Š
e�ˇ.H.p;q/CpV /

D 1

Y 0�V

Z 1

0

dV Z.T; V;N / V e�ˇpV

D � 1
ˇ

1

Y 0
@Y 0

@p
D @

@p
G.T; p;N / : (3.90)
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Solving (3.88) for G.T; p;N / one obtains

G.T; p;N / D E.T; p;N /C p V.T; p;N /� T S.T; p;N / (3.91)

D F.T; p;N /C p V.T; p;N / : (3.92)

Example. For the ideal gas we have

Z.T; V;N / D 1

N Š
V N

�
2�mkBT

h2

�3N=2
D 1

N Š

�
V

�3t

�N
; (3.93)

and therefore

Y 0 D e�ˇG.T;p;N / D 1

�V

Z 1

0

dV e�ˇpV 1

N Š
V N ��3N

t (3.94)

D ��3N
t

1

.ˇp/N
1

ˇp�V
; (3.95)

where we have used

Z 1

0

dV V N e�˛V D
�
� d

d˛

�N Z 1

0

dV e�˛V D NŠ 1

˛NC1 : (3.96)

Since the (dimensionless) term ˇp�V may be neglected, one obtains the following
expression for the free enthalpy of an ideal gas:

G.T; p;N / D �kBT
	�N ln.ˇp/ �N ln�3t



(3.97)

D kBTN ln

�
p�3t
kBT

�
: (3.98)

3.2.3 Systems with Exchange of Particles and Energy

Finally, we want to consider contact between two systems where an exchange of
energy and particles is allowed. As the argument is similar to that in the previous
sections, only the most important formulas will be given here.

• We define a new system variable

	.E; V;N / D �T .E; V;N / @S.E; V;N /
@N

; (3.99)

which is called chemical potential. For an ideal gas, for instance, one obtains

	.E; V;N / D kBT

�
ln

�
N

V

�
� 3
2

ln

�
4�mE

3h2N

��
: (3.100)
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Hence, the chemical potential depends only logarithmically on the density of
particles N=V .

• The chemical potential is an intensive variable. For two systems in contact such
that an exchange of particles is allowed, the chemical potentials become equal
in stationary equilibrium. Until this equilibrium state is reached, there is a flow
of particles from the system with higher chemical potential to the system with
lower chemical potential.

• When two systems with slightly different temperature and chemical potential are
in contact such that a quantity of energy dE and a quantity of particles dN flows
into one system, the change of entropy for this system is

dS D @S

@E
dE C @S

@N
dN D 1

T

�
dE � 	 dN

� � ıQ

T
: (3.101)

The change of energy for systems in such contact is therefore

dE D T dS C 	 dN : (3.102)

Thus the chemical potential determines the change of internal energy resulting
from a change in the number of particles.

• One can define a ‘particle bath’. For a system in contact with a heat bath and
a particle bath the variables T , V , and 	 are fixed; the energy and the particle
number adjust. The density for a microstate x of an N -particle system where N
can vary from 0 to1 reads

%.x;N jT; V; 	/ D 1

N Šh3N Y
e�ˇ.H.x/�	N/ : (3.103)

This is also called the grand canonical or macrocanonical density. The grand
canonical or macrocanonical partition function Y is

Y.T; V; 	/ D
1X

ND0

Z
d3Np d3N q

1

N Šh3N
e�ˇ.H.p;q/�	N/ (3.104)

D
1X

ND0
Z.T; V;N / eˇ	N : (3.105)

A corresponding variableK.T; V; 	/ is introduced through the expression

Y.T; V; 	/ D e�ˇK.T;V;	/

or, equivalently,

K.T; V; 	/ D �kBT lnY.T; V; 	/ : (3.106)
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Again setting %0 D 1=.h3NN Š/ the entropy is obtained from (2.86) as

S.T; V; 	/ D � 1
T
.K.T; V; 	/� E.T; V; 	/C 	N.T; V; 	// ; (3.107)

where

N.T; V; 	/ � hN i D kBT
1

Y

@Y

@	
D �@K

@	
: (3.108)

Thereby one also obtains

K.T; V; 	/ D E.T; V; 	/ � TS.T; V; 	/� 	N.T; V; 	/ : (3.109)

Example. For an ideal gas

Z.T; V;N / D 1

N Š

�
V

�3t

�N
(3.110)

and one gets

Y.T; V; 	/ D
1X

ND0

1

N Š

�
V

�3t

�N
.eˇ	/N � e�ˇK ; (3.111)

where

K.T; V; 	/ D � V
�3t

eˇ	 kBT : (3.112)

One observes that K.T; V; 	/ is linear in V ; this is also generally the case. This
can be seen by the following argument: The intensive variable p.T; V; 	/ cannot
depend on the extensive variable V because there is no other extensive variable
available such that V and this variable together can form an intensive quantity.
Hence, p.T; V; 	/ � p.T; 	/, and as p D � @K

@V
, we find always that

K D �p V: (3.113)

From N D �@K=@	, one obtains

N D V

�3t
eˇ	 ; (3.114)

and thus again [cf. (3.100)]

	.T; V;N / D kBT ln
�3t
v
: (3.115)
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3.3 Thermodynamic Potentials

In Sect. 3.2 we introduced the system variables temperature, pressure, and chemical
potential and calculated the respective probability densities of the microstate x D
.p1; : : : ;pN ; q1; : : : ; qN / for situations where one or several of these intensive
variables, in addition perhaps to other variables, are kept fixed externally.

In particular, we have represented the partition functions of these densities
Z; Y 0; Y in terms of the functions F.T; V;N /, G.T; p;N /, and K.T; V; 	/. By
definition these functions all have the physical dimension of an energy and they
will play a central role. We will also refer to them as the Gibbs functions of the
corresponding systems.

The starting point was the density of the microcanonical system, where the
energy, the volume, and the number of particles are held fixed externally. We have
calculated the entropy for this density and introduced the intensive variables by the
following definitions:

1

T
D @S

@E
;

p

T
D @S

@V
;

	

T
D � @S

@N
: (3.116)

The differential form dS of the entropy S.E;N; V /,

dS D 1

T
dE C p

T
dV � 	

T
dN ; (3.117)

summarizes these relations in a simple and intelligible way, and the differential form
dE of the internal energyE D E.S; V;N / then reads

dE D T dS � pdV C 	 dN : (3.118)

The differential form for E will be called the Gibbs differential form.
We find that the system variables can be grouped into pairs .T; S/, .p; V /,

.	;N /. The variables within each pair are conjugated with respect to energy (i.e.,
the product of their physical dimensions has the dimension of an energy). The first
variable in each pair is an intensive variable, the second an extensive variable, i.e.,
it scales with the number of particles. Extensive variables, such as particle number,
volume, and entropy, add when two systems come into contact.

From the fundamental form (3.118) one can read off the relations between the
corresponding energy conjugated variables:

T D @E.S; V;N /

@S
; (3.119a)

p D � @E.S; V;N /
@V

; (3.119b)

	 D @E.S; V;N /

@N
: (3.119c)
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We will first show that the differential forms of the other Gibbs functions
have the same relevance for the corresponding systems as the Gibbs form of the
internal energyE.S; V;N / does for the microcanonical system. For this reason, the
Gibbs functionsF.T; V;N /,G.T; p;N /, andK.T; V; 	/ are called thermodynamic
potentials. The internal energy E.S; V;N / is therefore the Gibbs function or the
thermodynamic potential of the microcanonical system.

From (3.61) we get for the free energy, the Gibbs function of the canonical
system:

F.T; V;N / D �T S.T; V;N /C E.T; V;N / : (3.120)

In principle, the microcanonical and the canonical system must be considered
as different. In the microcanonical system, energy E is fixed; in the canonical
system, E is a random variable with density %.e j T; V;N /. When we observe a
canonical system from time to time, we will always measure different realizations
of this random variable.

How widely these measured values vary around a mean value depends, however,
on the number of particles N . In Fig. 3.1, we illustrated that the density of,
say, %.e/ in a canonical system can be considered a good approximation as a normal
distribution with an expectation value hH.X/i D Oe0 / N and a variance �2 / N .
The variance itself is of order N and in the following section we will associate the
variance with a measurable system variable, a susceptibility.

The dispersion measured by the standard deviation � is, however, of the
order

p
N , and the relative dispersion of the density around Oe0 is of the order 1=

p
N .

For particle numbers of the order N � 1023, as occur in statistical mechanics, this
is extremely small. For such a large number of particles, energy E in a canonical
system with a given temperature T is practically equal to hH.X/i D e0, and the
canonical system corresponds to a microcanonical system with fixed energy e0,
where e0 is determined by

@S.e0; V;N /

@e0
D 1

T
: (3.121)

If we identify hH.x/i, the expectation value of the energy in the canonical
system, with energy E of the microcanonical system, then

dE D T dS � p dV C 	 dN; (3.122)

and thus

dF D �T dS � S dT C dE D �S dT � p dV C 	 dN; (3.123)

from which we can read off

S.T; V;N / D � @F.T; V;N /
@T

; (3.124a)
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p.T; V;N / D � @F.T; V;N /
@V

; (3.124b)

	.T; V;N / D @F.T; V;N /

@N
: (3.124c)

Thus we have shown that the free energy is also a thermodynamic potential. For free
enthalpy, we found (cf. (3.88)) after identifying hH.x/i with E and hV i with V :

G.T; p;N / D E.T; p;N / � TS.T; p;N /C pV.T; p;N / ; (3.125)

and for the fundamental form, one obtains

dG D �S dT C V dp C 	 dN ; (3.126)

from which we can read off

S.T; p;N / D � @G.T; p;N /
@T

; (3.127a)

V.T; p;N / D @G.T; p;N /

@p
; (3.127b)

	.T; p;N / D @G.T; p;N /

@N
: (3.127c)

Finally, from (3.109) we find forK.T; V; 	/

K.T; V; 	/ D E.T; V; 	/ � TS.T; V; 	/� 	N.T; V; 	/ ; (3.128)

and the fundamental form is

dK D �S dT � pdV �N d	 ; (3.129)

from which we read off

S.T; V; 	/ D � @K.T; V; 	/
@T

; (3.130a)

p.T; V; 	/ D � @K.T; V; 	
@V

/; (3.130b)

N.T; V; 	/ D � @K.T; V; 	
@	

/ : (3.130c)

This conversion of the differential forms of the Gibbs functions suggests that the
Gibbs functions itself are related by a Legendre transformation (see Sect. 2.7). This
is the case, as we will show now.
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We write the density %.e j T; V;N / in the form (3.39)

%YN .y/ D
1

Z�E
exp .�Ng.y j T; V;N // ; y D e=N ; (3.131)

where

g.y j T; V;N / D ˇy � s.y; V;N /=kB ; s D S=N : (3.132)

For the partition function, we obtain from (3.131)

Z.T; V;N / D 1

�E

Z 1

0

dy e�Ng.yjT;V;N / ; (3.133)

and one obtains for the free energy

� ˇF.T; V;N / D ln

�
1

�E

Z 1

0

dy e�Ng.yjT;V;N /
�
: (3.134)

Now we consider the free energy f D F=N per particle and take the thermody-
namic limit N !1, which leads us to

f̌ .T; V;N / D lim
N!1

ˇF.T; V;N /

N
(3.135)

D � lim
N!1

�
1

N
ln

�
1

�E

Z 1

0

dy e�Ng.yjT;V;N /
��

(3.136)

D inf
y
g.y j T; V;N / (3.137)

D � sup
y

.�ˇy C s.y; V;N /=kB/ : (3.138)

Hence, the free energy per particle is the Legendre transform of the negative
entropy �s.y; V;N / of the microcanonical system. The entropy itself is concave,
i.e., �s.y; V;N / is convex, as required for a Legendre transformation. After
multiplication by N and kBT , we obtain, of course,

F.T; V;N / D � sup
E

.�E C TS.E; V;N // D inf
E
.E � TS.E; V;N // : (3.139)

To find a minimum of E � TS.E; V;N /, we have to set the first derivative of this
expression to zero. This leads to

1 � T @S
@E
D 0; (3.140)
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from which we obtain some solution E.T; V;N /. Then the the free energy is the
value of E � TS.E; V;N / at this minimum:

F.T; V;N / D E.T; V;N /� TS.E.T; V;N /; V;N /
D E.T; V;N /� TS.T; V;N /; (3.141)

as known.
In the same manner, the thermodynamic potentials can also be converted to each

other. To see this, we consider as an example the definition of Y 0 in (3.86):

Y 0.T; p;N / D 1

�V

Z 1

0

dV Z.T; V;N / e�p ˇV : (3.142)

The integral represents a Laplace transformation from the function Z.T; V;N /
to Y 0.T; p;N /. We again identify the dependence on N by introducing the free
enthalpy g per particle, the free energy f per particle, and the volume v per particle,
and we obtain

� ˇg.T; p/ D 1

N
ln

�
1

�V

Z 1

0

dv e�N. f̌ .T;V;N /Cˇp v/

�
: (3.143)

For N !1 we obviously get

g.T; p/ D � sup
v
.�pv � f .T; V;N // ; (3.144)

or, equivalently,

G.T; p;N / D � sup
V

.�pV � F.T; V;N // : (3.145)

The free enthalpy can therefore be obtained from F.T; V;N / by a Legendre
transformation.

We can also determine the thermodynamic potential of the macrocanonical
system from the free energy. We return to (3.105), from which we find

Y.T; V; 	/ D e�ˇK.T;V;	/ D
1X

ND0
eV.ˇ	n� f̌ 0.T;V;N // : (3.146)

In this case we have introduced n D N=V and the free energy per volume f 0 D
F=V . As the sum now includes all possible numbers of particles, we have to define
the thermodynamic limit by V !1 and obtain eventually

K.T; V; 	/ D � sup
N

.	N � F.T; V;N // : (3.147)
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Finally, the enthalpy H.S; p;N / is a thermodynamic potential for a system
where S; p;N are given. It is

H.S; p;N / D � sup
V

.�pV �E.S; V;N // : (3.148)

Therefore, the fundamental form for the enthalpy reads:

dH D T dS C V dp C 	 dN : (3.149)

The space of the macroscopic states, which in a mathematical approach might be
introduced as a manifold (Straumann 1986), can be parametrized by various triplets
of coordinates. We speak of triplets, because up to now we have considered only
three independent macroscopic state variables. For magnetic systems or systems
with several species of particles the number of coordinates increases. To each set of
coordinates or triplet there corresponds a thermodynamic potential, from which the
other system variables may be calculated.

These thermodynamic potentials are convex functions on this space. A Legendre
transformation of the potentials represents a coordinate transformation and leads to
a different thermodynamic potential.

Remarks.

• Motivated by the Legendre transform of F.T; V;N / which leads to the free
enthalpy, one may also introduce the so-called Landau free energy by


.p; T; V;N / D p V C F.T; V;N / : (3.150)

Then the free enthalpy can be determined by

G.T; p;N / D inf
V

.p; T; V;N / : (3.151)

The determination of the extremum of 
 as a function of V leads again to the
condition that the first derivative of 
 with respect to V has to be zero, which
is identical with the relationship p D �@F=@V . In Sect. 3.8, we will study the
Landau free energy in a more complex situation, where 
 may have more then
one minimum. This happens when different phases can exist.

• The Gibbs fundamental form (3.118) specifies the ways in which this system can
exchange energy: in the form of heat, T dS , in the form of work, �pdV , or in
the form of chemical energy, 	 dN . We have already referred to these forms of
energy exchange in Sect. 3.2 and will return to them in Sect. 7.1.

• If heat is exchanged at constant pressure, from

dE D T dS � pdV (3.152)
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we also obtain

ıQ � T dS D d .E C pV / D dH ; (3.153)

i.e., the change of enthalpy in processes which take place at constant pressure is
equal to the exchanged quantity of heat.

• For an infinitesimal isothermal change of state we have

d.E � TS/ D �pdV D dW ; (3.154)

or, with F D E � TS ,
dF D dW ; (3.155)

i.e., the change of the free energy in processes which take place at constant
temperature is equal to the work done by the system (cf. Sect. 7.3).

3.4 Susceptibilities

Up to now we have determined the probability densities for the various systems. The
systems differ with respect to the collection of system variables which are externally
given. The first derivatives of the corresponding thermodynamic potentials lead to
the corresponding energy conjugated system variables. However, in addition to such
relations among the system variables of a gas or a fluid, one can also measure the
so-called response functions or susceptibilities, which are a measure of the response
of a system variable to a change in a second system variable. We now will introduce
these response functions.

3.4.1 Heat Capacities

The most important response functions are the heat capacities. They describe the
quantity of heat T dS that must be added to a system in order to achieve an increase
of the temperature by dT . If these quantities of heat refer to a gramme, a mole, or a
single particle of the substance in question, they are called specific heats. One still
has to distinguish which system variables are kept constant.

1. When the number of particles and the volume V are kept constant, the relevant
heat capacity is

CV D T @S.T; V;N /
@T

D �T @
2F.T; V;N /

@T 2
: (3.156)

On the other hand, for constant volume (and constant number of particles) we
have

dE D T dS ; (3.157)
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i.e., the heat absorbed is equal to the change of energy, and therefore

CV D @E.T; V;N /

@T
: (3.158)

Being the second derivative of the free energy with respect to temperature, CV
has to be related to a variance or covariance. To find this relation we consider

E.T;N; V / D � @

@̌
lnZ ; (3.159)

and, using

@

@T
D @̌

@T

@

@̌
D � 1

kBT 2
@

@̌
; (3.160)

we obtain

@E.T;N; V /

@T
D 1

kBT 2
@2

@̌ 2
lnZ D 1

kBT 2

 
1

Z

@2Z

@̌ 2
� 1

Z2

�
@Z

@̌

�2!

D 1

kBT 2
.hH2i � hHi2/ : (3.161)

(In this section we use the symbol H to denote the Hamiltonian function, so as
to avoid confusion with the enthalpyH .) Therefore

CV D 1

kBT 2
Var.H.X// ; (3.162)

where X again stands for the random vector of positions and momenta. Hence,
CV is proportional to the variance �2H of the energy. BothE.T;N; V / and �2H are
of the orderN . As a further consequence we find that CV � 0.

For an ideal gas E D 3
2
kBNT and one obtains

CV D 3

2
kBN : (3.163)

2. When the number of particles and the pressure are kept constant, the relevant
heat capacity is

Cp D T @S.T; p;N /
@T

D �T @
2G.T; p;N /

@T 2
: (3.164)

Since

dH D T dS C V dp C 	 dN ; (3.165)
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the absorption of heat at constant pressure (and constant number of particles)
results in a change of enthalpy, and Cp can also be expressed in the form

Cp D @H.T; p;N /

@T
: (3.166)

Note that we consider here the enthalpy as a function of T; p;N , not of S; p;N .
The enthalpyH.T; p;N / can be written as

H.T; p;N / D � @

@̌
lnY 0 ; (3.167)

and with (3.160) one thus obtains

@H.T; p;N /

@T
D 1

kBT 2
@2

@̌ 2
lnY 0 : (3.168)

In analogy to (3.161) one finally gets

Cp D 1

kBT 2
Var

�H.X/C p V � ; (3.169)

where the variance is now determined from the density %.x; V jT; p;N /. From
this expression for Cp it follows immediately that Cp � 0.

For an ideal gas the enthalpy is

H.T; p;N / D E.T; p;N /C p V.T; p;N / (3.170)

D 3

2
NkBT CNkBT D 5

2
NkBT (3.171)

and therefore

Cp D 5

2
kBN : (3.172)

Intuitively, one would also expect that Cp >CV . To obtain an increase of
temperature at constant pressure additional energy is needed to increase the
volume.

3.4.2 Isothermal Compressibility

The isothermal compressibility is defined as

�T D � 1

V

@V.T; p;N /

@p
: (3.173)
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From

V.T; p;N / D @G.T; p;N /

@p
(3.174)

one gets

�T D � 1

V

@2G.T; p;N /

@p2
D kBT

V

@2

@p2

�
lnY 0� (3.175)

D 1

kBT V
.hV 2i � hV i2/ ; (3.176)

i.e.,

�T D 1

kBT V
�2V : (3.177)

Again we find �T � 0.
For an ideal gas the isothermal compressibility is

�T D � 1

V

@

@p

�
NkBT

p

�
D
�
NkBT

p2V

�
D 1

p
: (3.178)

3.4.3 Isobaric Expansivity

The isobaric expansion coefficient (or isobaric expansivity)

˛ D 1

V

@V.T; p;N /

@T
D 1

V

@2G.T; p;N /

@T @p
(3.179)

measures the relative change of volume per unit temperature. Since it may also be
written as a second derivative of the free enthalpy, it is possible to represent it as a
covariance:

From

V.T; p;N / D @G.T; p;N /

@p
D � 1

ˇ

1

Y 0
@Y 0

@p
(3.180)

and using

@

@T
D @̌

@T

@

@̌
D � 1

kBT 2
@

@̌
(3.181)

one obtains:

˛ D 1

V

1

kBT 2
@

@̌

�
1

ˇ

1

Y 0
@Y 0

@p

�
(3.182)

D 1

V

1

kBT 2

�
� 1
ˇ

1

Y 02
@Y 0

@̌

@Y 0

@p
C 1

Y 0
@

@̌

�
1

ˇ

@Y 0

@p

��
: (3.183)
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Since
1

Y 0
@

@̌

�
1

ˇ

@Y 0

@p

�
D h.HC pV / V i (3.184)

and also
1

Y 0
@Y 0

@̌
D �h.HC pV /i ; (3.185)

we obtain:

˛ D 1

T

1

kBT V
Cov..HC pV /; V / : (3.186)

where the covariance is determined with the density �.x; V j T; p;N /. For an ideal
gas this yields:

˛ D 1

V

@

@T

�
kBNT

p

�
D kBN

pV
D 1

T
: (3.187)

In general ˛ is positive. But there are exceptions, e.g., the volume of water
increases when the temperature decreases from 4ıC to 0ıC.

3.4.4 Isochoric Tension Coefficient and Adiabatic
Compressibility

Finally, we give expressions for the isochoric tension coefficient

ˇ D 1

p

@p.T; V;N /

@T
D � 1

p

@2F.T; V;N /

@V @T
(3.188)

and the adiabatic compressibility

�S D � 1

V

@V.S; p;N /

@p
D � 1

V

@2H.S; p;N /

@p2
: (3.189)

The first coefficient measures the relative change of pressure of a system due to a
change of temperature at constant volume. The second one describes the relative
change of the volume of a system when the pressure is changed and the entropy is
kept constant.

3.4.5 A General Relation Between Response Functions

We will conclude this section by deriving a general relation between response
functions. One finds

Cp � CV D VT
˛2

�T
: (3.190)
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In an ideal gas, for example, we have ˛ D 1
T

and �T D 1
p

and therefore

Cp � CV D VT
p

T 2
D pV

T
D NkB : (3.191)

Proof. We consider

ıQ D T dS.T; p/ D T
�
@S.T; p/

@T
dT C @S.T; p/

@p
dp

�
(3.192)

D Cp dT C T @S.T; p/
@p

�
@p.T; V /

@T
dT C @p.T; V /

@V
dV

�
: (3.193)

If the volume is kept constant we find

ıQ D CV dT D
�
Cp C T @S.T; p/

@p

@p.T; V /

@T

�
dT : (3.194)

Now

@S.T; p/

@p
D � @

2G.T; p/

@T @p
D � @V.T; p/

@T
D �V˛ : (3.195)

On the other hand

�
@p

@T

�

V

D �

�
@V.T; p/

@T

�

�
@V.T; p/

@p

� ; (3.196)

which we can read off from V.T; p/ at constant V :

dV D @V.T; p/

@T
dT C @V.T; p/

@p
dp D 0 : (3.197)

Therefore

@p.T; V /

@T
D �

@V.T; p/

@T
@V.T; p/

@p

D � V ˛

�V �T D
˛

�T
; (3.198)

and thus

CV D Cp � V T ˛2

�T
; (3.199)

hence proving (3.190).
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Remarks.

• In formula (3.195) we made use of the fact that the second derivative of a
thermodynamic potential can be interpreted in two different ways: On the one
hand

@2G.T; p;N /

@T @p
D @

@p

@G.T; p;N /

@T
D @

@p
.�S.T; p;N // ; (3.200)

and, on the other hand,

@2G.T; p;N /

@T @p
D @

@T

@G.T; p;N /

@p
D @

@T
V.T; p;N / : (3.201)

From this one obtains

@S.T; p;N /

@p
D �@V.T; p;N /

@T
: (3.202)

Relations of this kind, which are also called Maxwell relations, can be derived
from all second derivatives of any thermodynamic potential.

• We have seen that the susceptibilities are related to the covariances of the
quantities H;V; pV . This relation is often considered as a statement of the so-
called fluctuation–dissipation theorem, since the covariances represent a measure
of the fluctuations, and the susceptibilities are a measure of the dissipation.
The connection is immediately evident. The thermodynamic potentials are the
generating functions for the cumulants. Therefore the susceptibilities, being the
second derivatives of the thermodynamic potentials, are exactly the covariance
functions.

In Sect. 5.7 we will meet a more general fluctuation–dissipation theorem for
stochastic processes.

3.5 The Equipartition Theorem

We consider a system of N particles within the framework of classical physics.
Let the microstate be given by x D .p1; : : : ;pN ; q1; : : : ; qN /. If the Hamiltonian
functionH.x/ satisfies H.x/ !1 for a component jxi j ! 1 then the following
relation holds for an arbitrary polynomial function f .x/:

�
f .x/

@H

@xi

�
D kBT

�
@f .x/

@xi

�
: (3.203)
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This relation is an immediate consequence of the identity

0 D 1

N Šh3NZ

Z
d3Np d3N q

@

@xi

�
f .x/ e�ˇH.x/� (3.204)

D
�
@f .x/

@xi

�
� ˇ

�
f .x/

@H

@xi

�
: (3.205)

In particular for f .x/ D xj we obtain

�
xj
@H

@xi

�
D ıij kBT : (3.206)

Let us look at two applications. First, we considerH D HkinCV.q1; : : : ; qN / with

Hkin D
NX

iD1

p2
i

2m
D

3NX

˛D1

p2˛
2m

; (3.207)

where we have denoted by p˛; ˛ D 1; : : : ; 3N the 3N coordinates of the N
momenta .p1; : : : ;pN /.

Hence, we have for each ˛:

p˛
@H

@p˛
D p2˛
m

(3.208)

from which it follows that

3NX

˛D1

�
p˛

@H

@p˛

�
� 2 hHkini D 3NkBT (3.209)

or

hHkini D 3

2
NkBT : (3.210)

Second, when V.q1; : : : ; qN / is of the form

V.q1; : : : ; qN / D
NX

iD1
aiq

2
i D

3NX

˛D1
Qa˛q2˛ ; (3.211)

one obtains

3NX

˛D1

�
q˛
@H

@q˛

�
D 2

3NX

˛D1

˝ Qa˛q2˛
˛ � 2 hV i (3.212)
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and thus, from (3.206),

hV i D 3

2
NkBT : (3.213)

We note that every canonical variable which appears quadratically in the
Hamiltonian function contributes an amount of 1

2
kBT to the average energy.

Therefore we obtain, e.g., hH i D 3
2
NkBT for the classical ideal gas and we will

get hH i D 3NkBT from the contribution of the harmonic lattice vibrations to the
internal energy of a solid. (See also the law of Dulong and Petit in Sect. 6.6.)

To each variable entering quadratically in the Hamiltonian function, one
attributes a thermodynamic degree of freedom. The number of degrees of freedom
is therefore f D 3N for the ideal gas, and f D 6N for the harmonic oscillator.

Hence, for a system with f degrees of freedom one obtains the so-called
equipartition theorem

hH i D f 1

2
kBT : (3.214)

For an ideal diatomic gas, taking into account the rotations, we find f D .3C 2/
N D 5N , and when the vibrations are also taken into account f D .3 C 2 C 2/

N D 7N . The diatomic gas in the classical regime therefore has CV D 7
2
NkB.

However, a quantum-mechanical treatment of the ideal diatomic gas reveals that in
most cases the vibrational excitations to not contribute to the specific heat at room
temperature and therefore CV D 5

2
NkB (cf. Sect. 6.7).

Nonlinearities in the potential and quantum corrections will, of course, lead to
deviations from this equipartition theorem.

3.6 The Radial Distribution Function

We first introduce the local density of particles as a random variable

N.r/ D
NX

iD1
ı.r �Qi / : (3.215)

Here Qi are random variables whose realizations correspond to the positions of the
individual molecules. That the quantityN.r/ really is something like a local particle
density can easily be seen when we calculate the number of particles in a volume
element dV . In this case one finds for the number n.r/ of a realization of N.r/:

Z

dV
d3r n.r/ D

NX

iD1

Z

dV
d3r ı.r � qi / D

NX

iD1
Iqi2dV ; (3.216)

where Iqi2dV D 1 if q i is in dV , and is otherwise zero. So all particles in dV are
counted.



88 3 Random Variables in State Space: Classical Statistical Mechanics of Fluids

For a canonical system one has

hN.r/i D 1

N Šh3NZ
N

Z
d3Np

Z
d3N q ı.r � q1/ e�ˇH.p;q/ (3.217)

D N%1.r/ (3.218)

with the marginal density

%1.r/ D 1

N Šh3NZ

Z
d3Np

Z
d3q2 : : : d3qN e�ˇH.p;q/ ˇ̌

q1Dr
: (3.219)

In a spatially homogeneous system

%1.r/ D 1

V
(3.220)

and therefore one finds for the local density of particles

hN.r/i D N

V
� n : (3.221)

Next we consider the second moment

˝
N.r/N.r 0/

˛ D
NX

i;jD1

˝
ı.r �Qi / ı.r

0 �Qj /
˛

(3.222)

D
NX

iD1

˝
ı.r �Qi / ı.r

0 �Qi /
˛

(3.223)

C
*

NX

i;jD1i¤j
ı.r �Qi / ı.r

0 �Qj /

+
: (3.224)

For the first term one obtains immediately

NX

iD1

˝
ı.r �Qi / ı.r

0 �Qi /
˛ D ı.r � r 0/

NX

iD1
hı.r �Qi /i (3.225)

D ı.r � r 0/ hN.r/i (3.226)

D N

V
ı.r � r 0/ D nı.r � r 0/ ; (3.227)
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and for the second term

NX

i;jD1i¤j

˝
ı.r �Qi / ı.r

0 �Qj /
˛

D N.N � 1/
N Šh3NZ

Z
d3Np d3N q ı.r � q1/ ı.r

0 � q2/ e�ˇH.p;q/

D N.N � 1/ %2.r ; r 0/ (3.228)

with the marginal density

%2.r ; r
0/ D 1

N Šh3NZ

Z
d3Np

Z
d3q3 : : : d

3qN e�ˇH.p;q/ ˇ̌
q1Drq2Dr0

: (3.229)

Hence, for the second moments of the local density of particles we find

˝
N.r/N.r 0/

˛ D N

V
ı.r � r 0/CN.N � 1/ %2.r ; r 0/ : (3.230)

For a spatially homogeneous system the second moment function hN.r/N.r 0/i
can depend only on r � r 0. If in addition the system is isotropic, hN.r/N.r 0/i can
depend only on jr � r 0j.

For large distances jr�r 0j the dependence between the two local densities should
vanish such that

˝
N.r/N.r 0/

˛! hN.r/i ˝N.r 0/
˛ D n2 for jr � r 0j ! 1 : (3.231)

This suggests that, in addition to the second moment function, one also introduces
a radial distribution function given by

g2.r; r
0/ D hN.r/N.r

0/i � nı.r � r 0/
hN.r/i hN.r 0/i (3.232)

D N.N � 1/
n2

%2.r ; r
0/ (3.233)

D .N � 1/V
n

%2.r ; r
0/ : (3.234)

This function satisfies g2.r ; r 0/! 1 for jr � r 0j ! 1 .
From their definition, the second moment function and the radial distribution

function are closely related to the interactions between the particles. We shall clarify
this point in more detail below.
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For an ideal gas we get immediately from (3.229)

%2.r; r
0/ D 1

V 2
(3.235)

and therefore
˝
N.r/N.r 0/

˛ D N

V
ı.r � r 0/C N.N � 1/

V 2
: (3.236)

For the radial distribution function this leads to g2.r ; r 0/ D N�1
N
� 1.

Note that one always has
Z

d3r d3r 0 ˝N.r/N.r 0/
˛ D N2 : (3.237)

Furthermore, we find

ng2.r ; r
0/ D .N � 1/ %2.r ; r

0/
%1.r/

D .N � 1/ %2.r 0jr/ ; (3.238)

where %2.r 0jr/ d3r 0 is the probability of finding a particle in a region around r 0
under the condition that a particle is at r. In particular, if g2.r ; r 0/ only depends on
jr � r 0j, one gets

Z
d3r 0 ng2.jr � r 0j/ D

Z
dr r2 4� ng2.r/ D .N � 1/ (3.239)

and therefore

ng2.r/4�r
2dr (3.240)

is the average number of molecules in a spherical shell .r; r C dr/ around a given
molecule in the gas.

In a spatially homogeneous system the origin may be placed at the center of any
particle picked at random. Obviously, for r ! 0 we must have g2.r/ ! 0, as the
molecules cannot overlap. g2.r/ assumes its maxima at values which correspond to
those distances from the reference particle where other particles are most likely to
be found. Consequently, for a crystal, g2.r/ not only depends on jrj, but it displays
sharp maxima for those vectors that are lattice vectors. In a liquid one would not
expect such a sharp structure, but one will find rotational symmetry and a few peaks
whose sharpness, however, decreases with increasing distance (Fig. 3.3).

We will now show how certain many-particle quantities can be reduced to two-
particle quantities using the radial distribution function.

• Suppose that the interaction potential V.q1; : : : ; qN / can be represented as a sum
of two-particle potentials

V.q1; : : : ; qN / D 1

2

NX

i;jD1i¤j
V2.qi � qj / I (3.241)
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1

g2(r)

r

Fig. 3.3 Typical form of the
radial distribution function
g2.r/. The maxima are at
those distances where
neighboring particles are
most likely to be found

then hV.q1; : : : ; qN /i is determined by the radial distribution function. Indeed,

hV.q1; : : : ; qN /i D 1

2

NX

i;jD1i¤j

˝
V2.qi � qj /

˛
(3.242)

D 1

2

N.N � 1/
N Šh3NZ

Z
d3Np

Z
d3N q V2.q1 � q2/ e�ˇH.p;q/

D 1

2
N.N � 1/

Z
d3q1

Z
d3q2 V2.q1 � q2/ %2.q1; q2/

D 1

2

N 2

V

Z
d3q g2.q/ V2.q/ ; (3.243)

where we have used .N � 1/V%2.q/ D ng2.q/. Therefore, taking into account
(3.210), one obtains for hH i:

hH i D 3

2
NkBT C N2

2V

Z
d3q g2.q/ V2.q/ : (3.244)

In classical mechanics the virial is the time average of the quantity

3NX

˛D1
q˛
@V.q1 ; : : : ; qN /

@q˛
; (3.245)

and a virial theorem holds in the form

2H kin D
3NX

˛D1
q˛
@V

@q˛
; (3.246)

where A denotes the time average of some quantity A.
• In statistical mechanics the expectation value

V D
*
3NX

˛D1
q˛
@V.q1; : : : ; qN /

@q˛

+
(3.247)
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is called the virial of the potential V.q1; : : : ; qN /. If the potential can be written
as a sum of two-particle potentials, then

V D
*
NX

kD1
qk � rkV

+
(3.248)

D 1

2

NX

i;jD1i¤j

˝
.qi � qj / � rV2.qi � qj /

˛
: (3.249)

AllN.N �1/ terms in the sum in (3.249) now lead to the same contribution, thus

V D N.N � 1/1
2

Z
d3q1

Z
d3q2 .q1 � q2/ � rV2.q1 � q2/ %2.q1; q2/

D 1

2

N 2

V

Z
d3q g2.q/ q � rV2.q/ ; (3.250)

where we have again used

.N � 1/V%2.q/ D ng2.q/ D N

V
g2.q/ : (3.251)

Hence, the radial distribution function also determines the virial of the total
many-particle potential.

To obtain a virial theorem in statistical mechanics we consider the state
density of the canonical system. We consider the identity

Z.T; t3V;N / D
Z

d3N q d3Np exp

 
�ˇ

 
3NX

˛D1

p2˛
2mt2

C V.tq1; : : : ; tq3N /
!!

:

That this equation holds can easily be seen by the coordinate transforma-
tion p 0̨ D 1

t
p˛; q

0̨ D t q˛, which leaves the measure d3N q d3Np invariant but
stretches each length by a factor t .

Taking the derivative with respect to t and then setting t D 1 leads to

3V
@Z.T; V;N /

@V
D
 
2ˇ hHkini � ˇ

*
3NX

˛D1
q˛
@V

@q˛

+!
Z ; (3.252)

or, with 1
Z

@Z
@V
D @

@V
.�ˇF / D ˇp

pV D 2

3
hHkini � 1

3

*
3NX

˛D1
q˛
@V

@q˛

+
: (3.253)
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Using (3.250) and (3.210) and within the framework of statistical mechanics one
obtains from the virial theorem the general equation of state in the form

pV D NkBT � 1
6

N 2

V

Z
d3q g2.q/ q � r V2.q/ : (3.254)

Hence, the radial distribution function plays a key role for the equations of state
of real gases. It is even accessible by experiment. To explain this we first show
that the radial distribution function in a spatially homogeneous system may also be
written as

ng2.r/ D
NX

jD2

˝
ı.r �Q1 CQj /

˛ � .N � 1/ hı.r �Q1 CQ2/i : (3.255)

This is easy to see: Since %2.q1; q2/ can only depend on .q1 � q2/, we get

.N � 1/ hı.r �Q1 CQ2/i

D .N � 1/
Z

d3q1 d3q2 ı.r � q1 C q2/ %2.q1; q2/

D .N � 1/V%2.r/ (3.256)

and a comparison with (3.234) leads to the statement.
Now the Fourier transform of

1

n
hN.0/N.r/i D ı.r/C ng2.r/

is easily calculated and we obtain

I.�/ D 1

2�

Z
d3r ei��r

NX

jD1

˝
ı.r �Q1 CQj /

˛
(3.257)

D 1

2�

NX

jD1

˝
ei��Q1e�i��Qj

˛
(3.258)

D 1

2�

1

N

NX

i;jD1

˝
ei��Qi e�i��Qj

˛
: (3.259)

I.�/ is called the static structure function. It can be measured experimentally in the
quasi-elastic scattering of neutrons or X-rays at a momentum transfer of „�. Thus
the Fourier transform of the radial distribution function is a measurable quantity.
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Remarks. The static structure function follows from the dynamical structure func-
tion S.�; !/ for general inelastic scattering with momentum transfer „� and energy
transfer „! by

I.�/ D „
Z

d! S.�; !/ : (3.260)

This dynamical structure function S.�; !/ is proportional to the cross section for
the inelastic scattering of a particle (neutron or photon) with momentum „k and
energyE into the state „k0; E 0:

d2�

d˝ dE 0 / S.�; !/; � D k � k0 ; E 0 � E D „! : (3.261)

A scattering process is called quasi-elastic if the energy transfer satisfies
jE 0�Ej	E; for a given scattering angle � is then independent of E 0. If, then,
for a given momentum transfer all photons or neutrons are registered regardless of
their energies E 0, this corresponds to the integration of the cross section over ! in
(3.260) and therefore

I.j�j/ / d�

d˝
�
Z

dE 0 d2�

d˝ dE 0 ; (3.262)

See also Berne and Pecora (1976).

3.7 Approximation Methods

In the previous section we have met a central quantity in the description of nonideal
gases, namely the radial distribution function, and we have derived some general
statements about the form of the equations of state in terms of this distribution
function.

Now we will examine how systematic approximations allow us to calculate the
radial distribution function or to obtain the equations of state directly. This is the
subject of the statistical theory of fluids. A further approximation method, the mean
field approximation, will be introduced in the context of spin systems in Sect. 4.4.

As a whole, however, within the framework of this book we can only convey
a preliminary insight into the description of nonideal gases. For a more advanced
treatment we refer to Barker and Henderson (1976).

3.7.1 The Virial Expansion

For the ideal gas it was a straightforward matter to derive the equation of state
(Sect. 3.2). We found that the pressure is linear in the particle density n D N=V ,
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explicitly p D kBT n. Here for nonideal gases an expansion with respect to powers
of the particle density n in the form

p

nkBT
D pV

NkBT
D 1C b.T /nC c.T /n2 C : : : (3.263)

will be derived.
We proceed from the partition function of the macrocanonical system

Y D
1X

ND0
zN Z.T; V;N / : (3.264)

Here z D eˇ	, also called fugacity, and Z.T; V;N / is the partition function of the
N -particle system. One obtains

lnY D �ˇK D pV

kT
(3.265)

D ln
�
1C zZ.T; V; 1/C z2Z.T; V; 2/C : : :� : (3.266)

Expanding the logarithm one finds

lnY D pV

kT
D zZ1 C z2Z2 C z3Z3 C : : : (3.267)

with

Z1 D Z.T; V; 1/ ; Z2 D Z.T; V; 2/� 1
2
Z2.T; V; 1/ ; etc. (3.268)

Equation 3.267 would have the form of an equation of state if the fugacity z
were written as a function of T; V;N . In order to achieve this, we note that the
determination of N

N D �@K
@	
D kBT

@ ln Y

@	
D kBT

@z

@	

@ lnY

@z
D z

@ ln Y

@z

D zZ1 C 2z2Z2 C 3z3Z3 C : : : (3.269)

also leads to a series expansion in z. We now make the ansatz

z D N

Z1
C ˛N2 C ˇN3 C : : : (3.270)

for z as a function of T; V;N . Inserting this into the expansion (3.269) we can
determine the coefficients ˛; ˇ; : : : by comparing the coefficients of powers of N .
In general this is a complicated procedure for which a systematic strategy should
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be developed. For the first two virial coefficients, however, we will go through this
procedure explicitly:

The coefficients ˛ and ˇ are determined from

N D
�
N

Z1
C ˛N2 C ˇN3 C : : :

�
Z1 C 2

�
N

Z1
C ˛N2 C : : :

�2
Z2

C3
�
N

Z1
C : : :

�3
Z3 C : : : : (3.271)

The requirement that terms of orderN2 have to vanish on the right-hand side implies

˛Z1 C 2 Z2
Z2
1

D 0 ; (3.272)

and a similar requirement for the terms of order N3 leads to

ˇZ1 C 4˛ Z2
Z1
C 3 Z3

Z3
1

D 0 : (3.273)

Thus we find

˛ D �2 Z2
Z3
1

; ˇ D �3 Z3
Z4
1

C 8 Z
2
2

Z5
1

: (3.274)

With these coefficients we may insert z, as given by (3.270), into (3.267), yielding

pV

kBT
D
�
N

Z1
C ˛N2 C ˇN3 C : : :

�
Z1 C

�
N

Z1
C ˛N2 C : : :

�2
Z2

C
�
N

Z1
C : : :

�3
Z3 C : : : (3.275)

D N CN2

�
�2Z2
Z2
1

C Z2

Z2
1

�

CN3

�
�3Z3
Z3
1

C 8Z2
2

Z4
1

� 4Z
2
2

Z4
1

C Z3

Z3
1

�
; (3.276)

i.e., we obtain the equation of state in the form:

p D nkBT
�
1C b.T /nC c.T /n2 C : : :� (3.277)

with

b.T / D �Z2V
Z2
1

; c.T / D �2 Z3V
2

Z3
1

C 4 Z
2
2V

2

Z4
1

: (3.278)
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This is the virial expansion. b.T / is called the second and c.T / the third virial
coefficient.

Let us discuss the expressions for these first nontrivial virial coefficients. First,
we find (cp. 3.64)

Z1 D Z.T; V; 1/ D V

�3t
: (3.279)

where �t is the thermal de Broglie wavelength,

�t D
s

h2

2m�kBT
;

already introduced in (3.63). The existence of a potential does not have any effect
in this expression. Next, we have

Z.T; V; 2/ D 1

2h6

Z
d6p d6q exp�ˇ

�
p21
2m
C p22
2m
C V2.q1 � q2/

�

D 1

2
��6

t

Z
d3q1 d3q2 e�ˇV2.q1�q2/

D 1

2
��6

t V

Z
d3q e�ˇV2.q/ (3.280)

and therefore

b.T / D �
�
Z.T; V; 2/� 1

2
Z2.T; V; 1/

�
V

Z2.T; V; 1/
D �1

2

Z
d3q f .q/ (3.281)

with

f .q/ D e�ˇV2.q/ � 1 : (3.282)

For c.T / one obtains in the same manner

c.T / D � 1

3V

Z
d3q1 d3q2 d3q3 f .q1 � q2/ f .q1 � q3/ f .q2 � q3/ :

Similarly one can express all higher virial coefficients in terms of the
function f .q/.

We now will calculate the virial coefficients for two potentials explicitly.

Hard core potential. We think of atoms as hard cores of radius �=2, i.e., for q � �
we have V2.q/ D1; f .q/ D �1. For q > � we take ˇV2.q/ D ˇV2.q/	 1 such
that f .q/ D �ˇV2.q/ is a good approximation for f .q/.
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Under these conditions we get

b.T / D �1
2

Z
d3q f .q/ (3.283)

D 1

2

Z �

0

dq 4� q2 C 1

2
ˇ

Z 1

�

dq 4�q2 V2.q/ (3.284)

D 2� �
3

3
C 2�

kBT

Z 1

�

dq q2 V2.q/ ; (3.285)

i.e.,

b.T / D b0 � a

kBT
; (3.286)

with

b0 D 4 4�
3


�
2

�3
(3.287)

being four times the volume of one particle, and

a D �2�
Z 1

�

dq q2 V2.q/ : (3.288)

For an attractive potential (V2.q/ < 0 for q � �) a is positive.

Lennard-Jones potential. A frequently employed model for the interaction
between atoms is the Lennard-Jones potential

V2.q/ D 4"
 �

�

q

�12
�
�
�

q

�6!
: (3.289)

Setting x � q

�
and T � D kBT=" we obtain for this potential

b.T / D �1
2

Z
d3q

�
e�ˇV2.q/ � 1� D b0 b�.T �/ ; (3.290)

where b�.T �/ has been introduced as a special function

b�.T �/ D �3
Z 1

0

dx x2



e�4.x�12�x�6/=T � � 1
�
: (3.291)

Equations 3.286 and 3.291 describe approximately the experimental dependence of
the second virial coefficient b.T / on temperature, T : For decreasing temperature
b.T / becomes negative (Fig. 3.4). Only if we compare the results for a very large
range of temperature, do we find that different potentials lead to different predictions
for b.T /. Thus a discrimination between different potentials on the basis of a
comparison between theoretical and experimental results is difficult.
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Fig. 3.4 Reduced second virial coefficient b�.T �/ as a function of the reduced temperature T �

for the Lennard-Jones potential (solid line ) as well as some experimental data (From Hirschfelder
et al. (1954). Reprinted by permission of John Wiley & Sons, Inc.)

In a similar way one can study c.T / and one finds

c.T / D b20 c�.T �/ ; (3.292)

where c�.T �/ is again a universal function (i.e., independent of the parameters of
the Lennard-Jones potential).

Remarks.

• The higher virial coefficients are obtained systematically by the cluster expansion
of Ursell and Mayer (Ursell 1927, Mayer 1941, see also [Römer and Filk 1994]).
One writes

Z.T; V;N / D 1

N Š�3Nt

Z
d3q1 : : : d3qN exp

0

@�ˇ
X

i>j

V2.qi � qj /

1

A

D 1

N Š�3Nt

Z
d3q1 : : : d3qN

Y

i>j

�
1C fij

�

D 1

N Š�3Nt

Z
d3q1 : : : d3qN

0

@1C
X

i>j

fij C
X

i>jk>`

fij fk` C : : :
1

A
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with

fij D e�ˇV2.qi�qj / � 1 :
Keeping control of the large number of contributions is greatly facilitated when
they are represented graphically.Z.T; V;N /, for instance, leads to contributions
which for N D 2 and N D 3 may be represented as follows:

N D 2
1

2
�

�

N D 3
� �

�

�
��

1

2 3
� �

�

�
��

�
��

1

2 3
� �

�

�
��

1

2 3
� �

�

�
��

�
��

1

2 3

Each circle represents a particle, each line stands for a factor fij . One can show
that the contributions to the virial coefficients may also be represented by such
objects; in fact the only graphs that occur are those where each pair of points can
be connected by at least two independent, nonintersecting paths.

• For ˇ ! 0 all virial coefficients vanish, because e�ˇV2.q/ � 1 ! 0 for ˇ ! 0

(except in cases, where we assume that V2.q/ D 1 somewhere). In this limit
all fluids behave like ideal gases. It may happen that the second virial coefficient
also vanishes at a certain finite temperature. In this case the equation of state
corresponds, apart from higher order corrections, to that of an ideal gas. This
temperature is also called a 
-point.

• The virial expansion is only useful when n D N=V is sufficiently small that
only a few virial coefficients are needed, since the determination of the higher
coefficients becomes more and more difficult. One would thus like to know
whether the equation of state obtained by taking into account only the first four
to six virial coefficients also describes the liquid phase of a substance adequately.
Essentially, liquids and gases differ only in their densities (whereas the solid state
often shows crystalline structures). One might therefore expect that it is possible
to determine an equation of state which is valid for fluids in general.

For the hard core gas, studies have shown how far one can get using the
method of virial expansion. On the one hand, the virial expansion has been
examined by taking into account the first five or six virial coefficients, and this
expansion has then been extrapolated using a Padé approximation (Press et al.
2007). In a Padé approximation a polynomal series

f .x/ D a0 C a1x C : : :C anxn CO.xnC1/ (3.293)

is replaced by a rational function

f N;M .x/ D
c0 C c1x C : : :C cN xN
1C d1x C : : :C dMxM ; (3.294)
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Fig. 3.5 Graphical
representation of pV=NkBT

as a function of V0=V for a
hard core gas. V0 is the
volume of densest packing:
V0 D N�3=

p
2. The curves

are: (B5) virial expansion up
to fifth order, (B6) virial
expansion up to sixth order,
(Padé) Padé approximation.
Results from molecular
dynamics are indicated by
small circles (From Ree and
Hoover (1964))

such that the expansion of this function at x D 0 coincides with f .x/ up to order
xNCM (see e.g. Bender and Orszag 1978; Press et al. 2007). For N D M D 1

one obtains, e.g.,

c0 D a0; c1 � c0d1 D a1; �d1c1 C d21 c0 D a2 : (3.295)

On the other hand, some points of the equation of state have been determined
by a molecular dynamics calculation. In molecular dynamics calculations (see,
e.g., Rahman 1964; Verlet 1968) one solves the equations of motion for some
hundred particles numerically and regards the macroscopic state variables as the
time average determined from the corresponding microscopic quantities.

In Fig. 3.5 the results of such an investigation are compared with those of a
virial expansion including a Padé approximation.

Basically we may conclude that the extrapolation to all virial coefficients
by Padé approximation yields a qualitatively satisfactory equation of state.
Quantitative agreement, however, is not to be expected.



102 3 Random Variables in State Space: Classical Statistical Mechanics of Fluids

• In (3.254) we gave an equation of state for fluids which we now will write in the
form

p D nkBT

�
1� n

6kBT

Z
dq q2 4� g2.q/ q V

0.q/
�
: (3.296)

Expanding g2.q/ in powers of n,

g2.q/ D g20.q/C ng21.q/CO.n2/ ; (3.297)

and comparing with (3.277) yields

b.T / D � 1

6kBT

Z
dq q2 4� g20.q/ q V

0.q/ : (3.298)

This result then has to be compared with

b.T / D �1
2

Z
dq q2 4�

�
e�ˇV2.q/ � 1� : (3.299)

which by partial integration yields

b.T / D �1
2

Z 1

0

dq 4�

�
d

dq

q3

3

� �
e�ˇV2.q/ � 1� (3.300)

D 1

6

Z
dq 4� q2 q

��ˇV 0
2 .q/

�
e�ˇV2.q/ (3.301)

D � 1

6kBT

Z
dq q2 4� q V 0

2 .q/ e�ˇV2.q/ : (3.302)

So we obtain g20.q/ D e�ˇV2.q/. Thus, to first order in n, we can set g2.q/ D
e�ˇV2.q/, which is consistent with g2.q/ � 1 for ideal gases.

3.7.2 Integral Equations for the Radial Distribution Function

In the literature one can find various integrodifferential equations for the radial
distribution function. The solutions of these equations reproduce the experimental
results more or less satisfactory. We will briefly sketch the derivation of such
integrodifferential equations, but otherwise refer to the literature (McQuarrie 1976;
Balescu 1975).

We consider %1.r/ from (3.219), i.e.,

%1.r/ D 1

N Šh3NZ

Z
d3Np

Z
d3q2 : : : d

3qN e�ˇH.p;q/ ˇ̌
q1Dr

(3.303)
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for the Hamiltonian function

H.p; q/ D
NX

iD1

p2
i

2m
C
X

i>j

V2.qi � qj /C
NX

iD1
V1.qi / : (3.304)

Since an external potential V1.q/ is now also present, %1.r/ is no longer independent
of the position r . Taking the derivative of %1.r/ in (3.303) with respect to r we get

rr%1.r/ D �ˇrrV1.r/%1.r/ � ˇ 1

h3NN ŠZ

Z
d3Np

Z
d3q2 : : :



Z

d3qN rr

NX

jD2
V2.r � qj / e�ˇH.p;q/ ˇ̌

q1Dr

D �ˇrrV1.r/%1.r/ � ˇ.N � 1/



Z

d3q2 rrV2.r � q2/ %2.r; q2/ :

Using

N%1.r/ D n1.r/
and

N.N � 1/%2.r ; r 0/ D n2.r ; r 0/ D n1.r/n1.r 0/g2.r; r 0/

one obtains

rrn1.r/ D �ˇrrV1.r/n1.r/� ˇ
Z

d3q2 rr V2.r � q2/ n2.r ; q2/ : (3.305)

This equation for n1.r/ is therefore not closed: On the right-hand side there appears
the unknown quantity n2.r; q2/. If one analogously derives a differential equation
for this quantity, the next higher moment n3.r ; r 0; r 00/ appears, etc. Hence, we never
get a closed system of equations, but only an infinite hierarchy.

A closed system can obviously only be obtained if at some stage the moment
of highest order is approximated by an expression containing only lower moments.
Setting, e.g.,

n2.r; r
0/ D n1.r/n1.r 0/ ; (3.306)

leads to the integrodifferential equation for n1.r/:

rrn1.r/ D
�
�ˇrrV1.r/� ˇ

Z
d3q2 rrV2.r � q2/ n1.q2/

�
n1.r/

or

n1.r/ D e�ˇ.V1.r/�
R

d3q2 V2.r�q2/n1.q2/ / : (3.307)
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A similar factorizing ansatz leading to an equation for n2.r ; r 0/ is

n3.r ; r
0; r 00/ D n2.r ; r

0/n2.r 0; r 00/n2.r 00; r/
n1.r/n1.r 0/n1.r 00/

: (3.308)

Equations which may be derived by this or similar assumptions are, e.g.,

• The Born-Green-Yvon (BGY) equation:

�kBTr1 ln
	
g2.r12/


 D r1V2.r12/

Cn
Z

d3r3 r1V2.r13/ g2.r13/ g2.r23/ ;

• The Percus–Yevick equation for y.r/ D eˇV2.r/ g2.r/:

y.r12/ D 1C n
Z

d3r3
�
e�ˇV2.r13/ � 1� y.r13/


 �e�ˇV2.r23/ y.r23/� 1
�
;

• the ‘hypernetted-chain equation’ (HNC)

lny.r12/ D n
Z

d3r3 h.r23/ .h.r13/ � ln g2.r13/ � V2.r13/=kBT / ;

with h.r/ D g2.r/ � 1. In the last two equations g2.r/ represents the radial
distribution function of a macrocanonical system. From these equations one
obtains to lowest order in n:

y � 1 etc. g2.r/ D e�ˇV2.r/ : (3.309)

• The form of the curve g2.r/ as a function of the parameters n, T , calculated
from the integral equations, may be compared with the molecular dynamics
calculations for various potentials. Frequently one uses the hard core potential
and the Lennard-Jones (12-6) potential (3.289).

It turns out that the Percus–Yevick equation yields a function g2.r/ and an n-
dependence of p=nkBT which display the best agreement with the data from
molecular dynamics (McQuarrie 1976; Balescu 1975; Barker and Henderson
1976).

3.7.3 Perturbation Theory

Along with many other approximation methods, the formalism of a perturba-
tion expansion, known from classical mechanics, is also applicable in statistical
mechanics.
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For the potential we write

V.q1; : : : ; qN / D V 0.q1; : : : ; qN /C V 1.q1; : : : ; qN / ; (3.310)

where V 0.q1; : : : ; qN / is assumed to be a potential for which the partition function
Z0
N is known. Let h:i0 be the expectation value which is derived from the density

%0.x/ D 1

N Šh3NZ0
N

exp
	�ˇ �Hkin.p; q/C V 0.q1; : : : ; qN /

�

: (3.311)

Then

ZN D
Z

d3Np
Z

d3N q
1

N Šh3N
e�ˇ.Hkin.p;q/CV 0.q1;:::;qN // e�ˇV 1.q1;:::;qN /

D Z0
N

D
e�ˇV 1.q1;:::;qN /

E

0
(3.312)

D Z0
N

�
1 � ˇ ˝V 1

˛
0
C ˇ2

2

D�
V 1
�2E

0
C : : :

�
; (3.313)

where we have made a high-temperature expansion (i.e., an expansion in
ˇ D 1=kBT ) in the last line. Finally, we obtain

F D F0 C F1 (3.314)

where

F0 D �kBT lnZ0
N .T; V;N / (3.315)

and

F1 D �kBT ln

�
1 � ˇ ˝V 1

˛
0
C ˇ2

2

D�
V 1
�2E

0
C : : :

�
(3.316)

D
1X

nD1

.�ˇ/n�1

nŠ
!n (3.317)

�
�
!1 � !2

2kBT
C : : :

�
(3.318)

with

!1 D
˝
V 1
˛
0

(3.319a)

!2 D
D�
V 1
�2E

0
� ˝V 1

˛2
0
; (3.319b)

etc.
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From

V 1.q1; : : : ; qN / D
X

i<j

v1.qi � qj / (3.320)

one finds

!1 D
˝
V 1
˛
0
D N.N � 1/

2

˝
v1.q1 � q2/

˛
0

(3.321)

D 1

2
n2V

Z
d3q v1.q/ g02.q/ ; (3.322)

where g02.q/ is the radial distribution function for V 0.q1; : : : ; qN /.

In the calculation of
D�
V 1
�2E

0
expressions of the form

˝
v1.q1 � q2/v

1.q3 � q4/
˛
0

occur. They can only be written in a compact form like hv1.q1 � q2/i0 if the
corresponding four-particle distribution function g4.q1; q2; q3; q4/ is used. Such a
four-particle distribution function, however, is difficult to calculate, thus revealing
the limits of this method.

We now consider, as an example,

g02.q/ D
(
0 for q < �

1 for q > � :
(3.323)

Then

!1 D 1

2
n2V

Z 1

�

dq q2 4� v1.q/ D �a N
2

V
(3.324)

with

a D �2�
Z 1

�

dq q2 v1.q/ : (3.325)

For an attractive potential (v1.q/ < 0 for q � �) a is positive. This yields, to a first
approximation,

F D F0 � a N
2

V
; (3.326)

and thus

p D � @F
@V
D � @F0

@V
� a N

2

V 2
D � @F0

@V
� a

v2
: (3.327)

Instead of

p D � @F0
@V

; (3.328)
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which is the equation of state for the potential V D V 0, taking into account the
potential V 1, we now obtain the equation of state



p C a

v2

�
D � @F0

@V
; (3.329)

where a is determined from the potential v1.q/ according to (3.325). For the
attractive two-particle potential v1.q/ one finds to first order in the perturbation
expansion a decrease of pressure.

A suitable choice of g02.q/ together with a good approximation for F0 and
inclusion of the contributions of higher orders in a high-temperature expansion
lead to equations of state which are an improvement over methods where the radial
distribution function is calculated from integral equations.

3.8 The van der Waals Equation

In the previous section we obtained the equation of state



p C a

v2

�
D � @F0

@V
; (3.330)

where F0 is the free energy for a system with potential V 0.q1; : : : ; qN /. The
derivative of this free energy with respect to volume can again be represented as
a virial expansion

� @F0

@V
D nkBT .1C b.T /nC : : :/ : (3.331)

We now truncate this expansion after the term b.T /n and set b.T / D b0. For low
densities and not too small temperatures this should be a good approximation. If, in
addition, we replace the term 1C b0n by its Padé approximant

1C b0n! 1

1 � b0n D
v

v � b0 ; (3.332)

we obtain an equation of state of the form



p C a

v2

�
.v � b0/ D kBT : (3.333)

This is the van der Waals equation of state. For most fluids it agrees reasonably well
with experiments. It allows the investigation of many phenomena in real fluids, in
particular phase transitions.
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T > Tc

Tc

T < Tc

p

v

Fig. 3.6 Isotherms of the van
der Waals equation for
various values of the
temperature

The correction term v ! v � b0, which occurs here as an approximation of the
virial expansion, may be explained in another way:

Consider the hard core gas and let v0.q/ D 0 for q � � , where �=2 is the radius
of the spheres which represent the molecules, and v0.q/ D 1 for q < � . Because
of the latter assumption the integration over the positions in the canonical partition
function

Z0
N D

1

N Š
��3N

t

Z
d3q1 : : : d

3qN e�ˇV 0.q1;:::;qN / (3.334)

has for each integral a volume V0 which is excluded from the integration. So we get

Z0
N D

1

N Š
��3N

t .V � V0/N : (3.335)

Of course, V0 D Nb0, where b0 is of the order of the volume of a single molecule,
and we obtain

F0 D �kBTN ln.V � V0/C (terms independent of V ) ; (3.336)

and therefore

� @F0

@V
D kBTN

V � V0 D
kBT

v � b0 : (3.337)

3.8.1 The Isotherms

The isotherms for a van der Waals gas can easily be represented in a p–v diagramm
by considering p as a function of v for given T . When the temperature is below a
critical value Tc, the isotherms exhibit two extremal points for p as a function of v
(Fig. 3.6).
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At T D Tc the two extrema merge and the curve exhibits a saddle point. This
point is determined by

@p

@v
D 0 ; @2p

@v2
D 0 ; (3.338)

which together with the van der Waals equation of state in the form

p D kBT

v � b0 �
a

v2
(3.339)

leads to

�kBT

.v � b0/2 C
2a

v3
D 0 (3.340)

and

2kBT

.v � b0/3 �
6a

v4
D 0 : (3.341)

From these two equations for p and v we obtain as the critical temperature kBTc D
8
27

a
b0

, and the saddle point is at v D vc D 3b0, p D pc D a

27b20
. In particular, we find

kBTc

pcvc
D 8

3
� 2:7 : (3.342)

For real gases the values of this ratio is found, almost without exception, to be close
to 3:4.

Given the free energy of the van der Waals gas as

F.T; V;N / D �NkBT ln .V � V0/� aN N
V
; (3.343)

one obtains for the Landau free energy (cp. 3.150) per particle

�.p; T; v/ D p v � kBT ln .v � v0/� a
v
: (3.344)

From the preceding discussion, one may easily derive that for T < Tc an interval for
the pressure exists, in which �.p; T; v/ possesses two minima, say at v1.p; T / and at
v2.p; T /. Then two free enthalpy functions (and thus two chemical potentials) can
be defined, each belongs to one phase. But only the state with the smaller minimum
will correspond to a physical equilibrium state. The special value of p, for which
	1.p; T / � �.p; T; v1/ D �.p; T; v2/ � 	2.p; T /, is the just the pressure on the
vapor pressure curve for the given temperature T .
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Fig. 3.7 Isotherms for CO2 at T < Tc close to the critical point .Tc; pc; Vc/. Temperatures are
given in degrees Celsius. The Amagat is an old unit for volume and is equal to the volume of a
mole of a substance at 0ıC and 1 atm, approximately 22.4 L (From Michels et al. (1937))

3.8.2 The Maxwell Construction

Not all points on the isotherms for T < Tc correspond to physically possible equi-
librium states. Between the two extrema one finds, e.g., @p=@v > 0, while in general
@p=@v < 0 has to hold, because a decrease of volume always accompanies an
increase of pressure.

So we have to adjust the isotherms by hand. In this region we have to replace them
by a horizontal line, as can be seen from the experimental data shown in Fig. 3.7.

This adjustment is called the Maxwell construction and it turns out that it
reproduces the physical situation correctly: one replaces the isotherms for T < Tc

in the range between the extrema by a horizontal line such that the two shaded
areas in the right-hand diagram of Fig. 3.8 are just equal. So we can identify three
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Fig. 3.8 Maxwell construction for adjusting the isotherms of the van der Waals gas for T < Tc.
The isotherm between 1 and 2 is replaced by a horizontal line such that both shaded areas in the
picture on the right are equal

regions along the isotherms. Region a corresponds to the gaseous phase, region c
to the liquid phase, and region b, i.e., the horizontal line obtained by the Maxwell
construction, corresponds to the coexistence phase where gas and liquid coexist.

The condition that the two shaded areas have to be equal results from the
following observation:

Consider a fluid in the liquid phase with values for .p; v/ in region c. When the
volume v is increased, the pressure falls and one reaches a state where the liquid
phase and the gaseous phase start to coexist. Let this state correspond to point 1
(Fig. 3.8, left) at a pressure p0. The chemical potential of the liquid is 	1.p0; T /.
After the liquid has evaporated completely, one reaches point 2, where all the fluid is
in the gaseous phase. During this process the pressure remains constant. If we denote
the chemical potential of the gas by 	2.p0; T /, the relation 	1.p0; T / D 	2.p0; T /
had to be valid all the time, as the two substances (liquid and gas) can exchange
particles. Denoting the number of molecules at point 1 (all being in the liquid phase)
byN1 and their number at point 2 (all in the gaseous phase) byN2, we therefore also
have

	1N1 D 	2N2 : (3.345)

Generally, the relation 	N D F C pV holds, asK D �pV D E � TS �	N , and
therefore we find

F1 � F2 C p0.V1 � V2/ D 0 : (3.346)

For the free energy of the van der Waals gas we may also write

F1 � F2 D �
Z V2

V1

dV
@F

@V
D
Z V2

V1

dV p.V / : (3.347)

On the one hand, therefore, F1 � F2 is the area between V1 and V2 below the
isotherms p.V / (Fig. 3.8, middle), on the other hand, according to (3.346) F1 � F2
has to be equal to p0.V2�V1/, which is the area under the horizontal line from 1 to 2
at a height p0.

These two areas have to be equal and therefore also the areas in the picture on
the right-hand side of Fig. 3.8.

Energy is required, in the form of heat, to take one particle from the liquid
phase to the vapor phase in the coexistence region. This heat of conversion heat,
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which is also called latent heat and which we will denote by q, follows from the
Clausius–Clapeyron law (see e.g., Honerkamp and Römer 1993) as

q D T



v2.T; p/ � v1.T; p/
� dp.T /

dT
: (3.348)

Here p.T / denotes the vapor pressure curve in a p–T diagram, which results from
the equation

	1.p; T / D 	2.p; T / : (3.349)

Hence, for T ! Tc the latent heat tends to zero, as may readily be observed in
the p–v diagram, because for T ! Tc the two volumes v1 and v2 become equal.

A phase transition with a nonzero latent heat is also called a phase transition of
first order. The difference between v2 and v1 (i.e., between the volume of the fluid
when completely in the gaseous phase and the volume of the fluid when completely
in the liquid phase), which is present for T < Tc, may also be interpreted as the
difference between the first derivative with respect to pressure of the chemical
potential in the gaseous phase and that in the liquid phase. In a phase transition
of second order there are only the second derivatives of the chemical potential with
respect to pressure which exhibit a difference. On the other hand, at T D Tc one
speaks of a continuous transition.

3.8.3 Corresponding States

Introducing the variables

Qp D p

pc
; Qv D v

vc
; QT D T

Tc
(3.350)

one obtains the van der Waals equation in the form

�
Qp C 3

Qv2
�
.3Qv � 1/ D 8 QT : (3.351)

This means that when the pressure, volume, and temperature are measured in units
of their critical values, the equation of state assumes a universal form which is the
same for all substances. Two fluids with the same values of Qp; Qv, and QT are said to
be in corresponding states.

A similar universal form for the equation of state also results if one assumes that
the potential for the interactions between the particles is of the form

V2.r/ D " V2.r=�/ ; (3.352)

for all fluids, where only the parameters " and � vary from one fluid to another.
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Fig. 3.9 Z D pv=kBT as a function of Qp for different temperatures QT . The measured values for
various fluids at a given temperature QT lie on a master curve and therefore confirm the validity of
a universal equation of state in the variables Qp; Qv; QT (From Stanley (1971))

Thus one may suggest that also experimentally a universal equation of state can
be confirmed. In order to study this the quantity

Z D pv

kBT
D Zc

QpQv
QT (3.353)

with

Zc D pcvc

kBTc
(3.354)

has been examined for many fluids. In all cases Zc assumes almost the same value.
Many measurements show that the experimental data for Z as a function of Qp at
given temperature QT are on the same curve for many fluids (Fig. 3.9). (Note, that Qv
can also be regarded as a function of Qp and QT .) So indeed one can formulate the
same equation of state,

Z D Zc
QpQv
QT � f . Qp;

QT / ; (3.355)

for all these fluids.
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3.8.4 Critical Exponents

The state of a gas at T D Tc, p D pc, and v D vc is called a critical state. At this
point two phases, the gaseous and the liquid phase, exist simultaneously, but are no
longer distinguishable. This phenomenon has already been mentioned in Sect. 2.7.
Above Tc the gas can no longer be liquified and there exists only one equilibrium
state. Below Tc there are two equilibrium states (phases) and a region of coexistence
where both phases exist and where one can liquify the gas by decreasing the volume,
i.e., one can change the relative portion of the phases in the total system.

In the critical state one finds extremely large density fluctuations. This leads to an
opacity of the substance, which is also called critical opalescence. The critical state
was first observed for ether in 1822 by C. Cagniard de la Tour. For water (H2O) one
finds pc D 217:7 atm, Tc D 647:16K D 374ıC. The behavior of substances near
the critical point is quite universal, i.e., large classes of substances show the same
behavior close to the critical point.

We now want to examine the behavior of a van der Waals gas close to a critical
point. In this context we will give a general characterization of the behavior at a
critical point and also introduce the notion of a critical exponent.

At T D Tc the van der Waals gas satisfies near p D pc; v D vc

p � pc

p0c
D D

ˇ̌
ˇ̌ v � vc

vc

ˇ̌
ˇ̌
ı

sign.v � vc/ (3.356)

with the critical exponent ı D 3 and D D � 9
16

. Here p0c denotes the pressure of a
corresponding ideal gas, i.e., p0c D kBTc

vc
. The critical exponent for the behavior of p

as a function of v close to p D pc is therefore denoted by ı. For a van der Waals gas
we find ı D 3. This is evident, since the critical point is just an inflection point. The
coefficient is easily determined from the van der Waals equation of state.

We consider nliq � ngas for " D T�Tc
Tc

< 0 and " ! 0. Here nliq is the density
of the liquid and ngas the density of particles in the gaseous phase. We write the
behavior for T ! Tc in the form

nliq � ngas

2nc
D B .�"/ˇ ; (3.357)

where ˇ is a second critical exponent. In a van der Waals gas we find B D 2 and
ˇ D 1

2
.

For the specific heat CV at v D vc and T ! Tc the critical exponents are defined
according to

CV �
(
.�"/�˛0

for T < Tc ; " < 0

"�˛ for T > Tc ; " > 0 :
(3.358)

In a van der Waals gas the specific heat tends to a constant as T ! Tc˙0; therefore
˛ and ˛0 vanish.
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nliq − ngas

2nc

Fig. 3.10 Temperature dependence of the density difference .nliq � ngas/=2nc for CO2 in
logarithmic coordinates. From the slope of the straight line one obtains in this case ˇ D 0:35.
The prediction for the van der Waals gas is ˇ D 0:5, corresponding to the dashed line, where no
data are actually found (From Heller (1967))

For the isothermal compressiblity one finds

�T D � 1

V

@V.T; p;N /

@p
: (3.359)

We consider

1

vc�T

ˇ̌
ˇ̌
vDvc

D @p.T; v; N /

@v

ˇ̌
ˇ̌
vDvc

(3.360)

in the limit T ! Tc C 0, i.e., we examine the way the slope of the isotherm tends
to zero as T ! Tc for T > Tc. Let �0T be the isothermal compressibility of the ideal
gas, i.e., �0T D 1=pc. We write

�T

�0T
D C "�� ; " D T � Tc

Tc
: (3.361)

For a van der Waals gas we get C D 4
9

and the critical exponent � D 1. The slope
of the isotherm tends to zero linearly in " and therefore �T diverges as "�1.

We have thus now defined the critical exponents

˛ ; ˛0 ; ˇ ; � ; ı : (3.362)

For the van der Waals gas we have found the respective values 0; 0; 1
2
; 1; 3.

In a log–log plot one can easily extrapolate the critical exponents from the slope
of the experimental data (see Fig. 3.10). More or less independent of the substance
under consideration one finds:

˛; ˛0 < 0:4 ˇ � 0:35 � � 1:2 � 1:3 ı � 4:2 � 4:4 : (3.363)
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These values agree surprisingly well with the predictions from the van der Waals
gas. Taking into account the simple structure of the van der Waals ansatz, one does
not expect a better agreement.

Thus, one essential property of the critical exponents is that they can be measured
easily. Furthermore, it turns out that certain relations among these quantities can be
derived (Sect. 2.6). These are the so-called scaling relations, for example,

˛ C ˇ.1C ı/ D 2 ; ˛ C 2ˇ C � D 2 : (3.364)

In general, these are very well obeyed, because the critical exponents are even more
universal than the equations of state for the reduced variables Qp; QT ; QV . This implies
that at the critical point the microscopic properties of a substance are no longer
relevant. Long-range correlations become dominant and render the short-range local
microstructure unimportant.

We will return to the subject of phase transitions in the framework of spin models
in Sect. 4.4.

3.9 Some General Remarks about Phase Transitions
and Phase Diagrams

A phase is homogeneous down to the molecular realm. A homogeneous mixture of
two different chemical substances also represents a phase. For example, in a system
composed of a variety of substances, there is only one gaseous phase, since gases
are perfectly miscible. A sugar solution (sugar and water) also represents a phase. If
this solution is cooled to a low enough temperature, the sugar begins to precipitate.
Thus, two phases are obtained, a solid, pure sugar phase, and a sugar solution with
a lower concentration of sugar.

An inhomogeneous system with several phases is called a multiple-phase system.
Let us consider first a two-phase system composed of a single material, e.g., the
system (water, water vapor). “Vapor” means the gaseous phase of a substance
when this phase exchanges energy or mass with the liquid or solid phase, or when
it can be transformed into another phase without too great a change in volume
or temperature. Vapor is a real gas, so that relationships between state variables,
i.e., state equations, will differ strongly from the equations of an ideal gas. However,
if the vapor is separated from the other phases and progressively heated, the resulting
superheated vapor will behave more like an ideal gas. In the two-phase system we
are considering, vapor and another phase are in contact, which means that matter is
continuously exchanged between the two phases. Molecules emerge out of their
bound states in the solid or liquid phase into vapor, and in the other direction,
molecules of vapor will be absorbed into the solid or liquid phase.

Thermodynamic equilibrium is established in a closed two-phase system if both
phases are at the same temperature and pressure and if the number of particles
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Fig. 3.11 Phase diagram of
water at lower pressures

of vapor and of the other phase have a constant statistical average, i.e. when the
chemical potentials of both phases are the same. The vapor is then called saturated.
Let p and T be the common pressure and temperature, 	.p; T / the chemical
potential of water, and 	0.p; T / the chemical potential of water vapor. Then, in
thermodynamic equilibrium,

	.p; T / D 	0.p; T / : (3.365)

Let us assume that these functions are given or have been calculated. In the p–T
plane, (3.365) defines a curve which contains all the points .p; T / at which water
and water vapor can exist in equilibrium (if this equation is satisfied identically for
all p and T , it is then no longer meaningful to talk of two distinguishable phases).

If there are three phases of a substance (e.g., if there is ice in addition to the water
and water vapor), they can be in equilibrium if

	.p; T / D 	0.p; T / D 	00.p; T / ; (3.366)

where 	00.p; T / represents the chemical potential of the third phase. Since we have
two equations for two variables, they will normally determine a single point in the
p–T diagram, the so-called triple point.

In (Fig. 3.11), we show a typical phase diagram, namely, that of water. We see
that, at T D 100ıC and p D 1 atm D 1:013 bar, water and water vapor are in
thermodynamic equilibrium, while at lower pressures the equilibrium temperature
has lower values, as we know from experience. (On a mountain, due to the lower
pressure, water boils at temperatures under 100ıC.) We also see that the solid
phase, ice, is in equilibrium with the liquid phase at 0ıC and the normal pressure
1:013 bar. If the pressure is raised, the temperature at which the two phases can be
at equilibrium drops. Ice melts under the blade of an ice skate; glaciers can move
slowly into valleys.

This behavior, where the melting point decreases with an increase in pressure, is
rare. It occurs also in bismuth, but other materials always demonstrate the reverse
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behavior; the melting temperature increases with growing pressure. The triple point
of water is at 0:0098ıC and 4:58TorrD 6:11mbar. Since the triple point of water is
uniquely defined and can be easily reproduced, it is used as a reference point for the
temperature scale. Below 6:11mbar there is no longer a liquid phase. Ice transforms
directly to vapor when the temperature is raised. This process is called sublimation.
This process is much better known in the case of dry ice (solid CO2). If dry ice
is heated at a pressure of 1:013 bar D 1 atm (Fig. 3.12), then at the temperature
�78:5ıC it changes directly into a gaseous state.

The last characteristic point in our phase diagram (Fig. 3.11) is the critical point
C at Tcrit D 374ıC. Above this temperature, the chemical potentials of water and
water vapor become identical as functions, that is, there is no longer any difference
between the phases, and it no longer makes any sense to distinguish between them.
This means the following: for T < 374ıC, 	.p; T / is defined only above the curve
TC and to the right of TB, and 	0.p; T /, the chemical potential of water vapor, is
defined only under the curve TC to the right of TA. For T > 374ıC, 	.p; T / D
	0.p; T /, and they are both defined for all p. (This fact can also be formulated in
another way. It is possible to define a chemical potential 	.p; T ) for the substance
H2O for all physical p and T . This function of two variables is then continuous on
the lines TA, and TC, but its derivatives can be discontinuous there.

The curve TC in Fig. 3.11 is called the vapor pressure curve. The pressure p.T /
on this curve is called the vapor pressure, because it is the pressure that vapor has at
temperature T when it is in equilibrium with the liquid phase. Figure 3.13 shows a
phase diagram for H2O at higher pressures. We see that there can be several triple
points; the different phases here are distinguished by their crystalline structures.

We ascertain from these diagrams that in one-phase regions, there are two
variables which can be varied independently, while in a two-phase region, there is
only one free variable. In a three-phase region, no variables are free. In an m-phase
region there are thus .3 �m/ free variables.
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Fig. 3.13 Phase diagram of
water at higher pressures

We can generalize this statement for mixtures of n substances. It can be shown
that if m phases are in equilibrium, there are

f D nC 2 �m (3.367)

free variables. This is the Gibbs phase rule.

Example. Consider the two materials H2O and NaCl and their phases: ice, solid
NaCl, saturated NaCl solution, and vapor. If all four phases are in equilibrium, there
are no longer any free variables.



Chapter 4
Random Fields: Textures and Classical
Statistical Mechanics of Spin Systems

If one associates a random variable with each point of a lattice in a one-, two-, or,
in general, n-dimensional space the collection of these random variables is called
a random field. The interdependence among the random variables of such a field
will be significant in determining the properties of macroscopic quantities of such
random fields. The interdependence will be restricted in Sect. 4.1 in such a way
that we can formulate relatively simple models known as Markov fields. A second
approach to simple models for random fields, consisting in the introduction of Gibbs
fields, will prove to be equivalent. In Sect. 4.2, examples of Markov random fields
will be presented. It will turn out that all classical spin models relevant in statistical
mechanics are Markov random fields. Moreover, many two- or three-dimensional
images, so-called textures, may also be interpreted as realizations of such fields.

Section 4.3 will provide many of the formulas which will be needed subse-
quently. The free energy as the generating function of the cumulants is introduced, as
are the moments, covariances, susceptibilities, and the entropy. The relation between
susceptibilites and covariances will emerge once more.

In Sect. 4.4, we will first treat two simple models for random fields. For the
white noise field, where all random variables are considered as independent and
which corresponds to the ideal paramagnetic system, all quantities can be calculated
analytically. The same is true for the Ising model in one dimension.

In Sect. 4.5 we discuss solvable models with a phase transition: the Curie–Weiss
model, the general model with summable coupling constants in the mean-field
approximation, and the two-dimensional Ising model. It will easily be seen that
the magnetization in the Curie–Weiss model possesses the large deviation property;
the phenomenon of phase transitions can then be demonstrated most clearly and
critical exponents can be determined. The connection between phase transitions and
symmetry breaking will be discussed,as will the appearance of long-range order in
the case of two equilibrium states. In connection with the Ising model, we will cast
a glance at more general solvable models such as vertex models.

The models treated in Sect. 4.5 also serve to illustrate some approximations and
phenomenological theories which will then be discussed in Sect. 4.6: the Landau
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free energy and Landau’s phenomenological model for a phase transition of second
order.

The topic of Sect. 4.7 is the renormalization group method, which was already
introduced in Sect. 2.6 and which is known to be an important tool for investigating
the properties of systems at a phase transition. Scaling properties are derived and
their consequences for critical exponents will be discussed.

4.1 Discrete Stochastic Fields

We will begin by considering the discrete, Euclidean, finite or infinite space in one
to three dimensions. Such a space will be denoted by S . The discrete points in this
space are denoted by r , or sometimes r i ; i D 1; : : : ; N , if we think of these points
as being listed in a sequence. Each point may also be characterized by its number i
in this list when the coordinates, given by r i , are unimportant. Thus we will denote
a field by fX.r/g or fX.ri /; i D 1; : : : ; N g or fXi; i D 1; : : : ; N g.

Possible realizations of X at the positions r or r i are, for instance, gray-level
intensities or the color code of a picture, the velocity of a fluid at position r, or the
orientation of a spin. Although X may be vector-valued, this need not affect the
notation for the moment.

The space of possible realizations at a single point will be denoted by L.
A realization of the total field is then an element in

F D L˝ L˝ : : :˝ L„ ƒ‚ …
N times

: (4.1)

When L has the dimensionM , F isMN dimensional. We will call such a realization
a pattern.

Two examples of random fields are the following.

(a) A solid may be considered as a system of atoms, vibrating around the points
of a periodic three-dimensional lattice. The influence of the vibrations on the
properties of the solid will be studied in Sect. 6.6. Here we want to investigate
the magnetic properties of such a system of atoms each with a spin s. So we
consider a lattice, i.e., a periodic arrangement of N points in space, and at each
point of this lattice there is an atom with spin s. (This, however, is not exactly
the physical picture which emerges in deriving such models, see Sect. 6.9.) With
respect to an external axis this spin can assume the values f�s;�sC1; : : : ;Csg.
Hence we may consider the field of spins at the lattice points as a random field.
The pattern is a spin configuration.

(b) Certain images, which are referred to as textures, may also be considered as
realizations of random fields. Take, for example, a two-dimensional regular
square lattice of 640 � 480 points. To each point is assigned a value 0 or 1,
according to which it will be represented as black or white, respectively. The full
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Fig. 4.1 Typical images, which are called textures: (Left ) a realization of a random field; (Right )
image of a sectional view through a polymer mixture with two components

pattern corresponds to a black and white picture. For a color picture one assigns
to each point a three-component color-vector, where the respective values of
the components are in the interval .0; 1; : : : ;M /;M D 2n � 1; n D 2; : : : ,
and each component represents the intensity of one of the three basic colors.
In a gray-level picture all three components are equal, i.e., one has M different
gray-levels.

The content of images is expressed in the correlations among the random
variables for the single points or pixels. For pictures showing well-defined objects,
these correlations vary strongly with the lattice site. If, however, the correlations are
independent of the position, these images are called textures. In Fig. 4.1 two such
textures are shown: on the left-hand side a realization of a random field, known as
the Gibbs field, which we will introduce below, and on the right-hand side the image
of a section through a mixture of two polymers.

4.1.1 Markov Fields

The properties of the random field are determined largely by the dependencies
among the random variables of the field fX.r/g. These are described by the common
densities

%n.x.r1/; : : : ; x.rn// � %n.x1; x2; : : : ; xn/ (4.2)

for all possible 1 � n � N . Of course, from %N .x1; x2; : : : ; xN / all densities %n for
n < N can be derived.

To obtain simpler models for the common density one has to restrict the set of
dependencies by further conditions. In order to formulate such conditions one first
has to define for each point r i in S a neighborhood Ni , i.e., the set of all points
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¤ r i which are considered neighbors of r i :

Ni D
˚
r j r ¤ r i is neighbor of r i

�
: (4.3)

The definition of neighborhood should be such that for r i 0 2 Ni also r i 2 Ni 0 .

Examples.

• On a one-dimensional lattice S of points fri ; i D 1; : : : ; N g one may take, for
example,

Ni D fri�1; riC1g for 2 � i � N � 1; (4.4)

i.e., both nearest neighbors to the right and left of ri belong to the neighborhood.
Of course, one might also define the two next-to-nearest neighbors as part of the
neighborhood. The boundary points r1 and rN have fewer neighbors, only r2 and
rN�1, respectively. But one can also define r1 and rN as neighbors such that e.g.
N1 D frN ; r2g.

• On a two-dimensional lattice S of points fr i ; i D 1; : : : ; N g one may define as
the neighborhood of r i :

Ni D fr i 0
ˇ̌ jr i 0 � r i j � r ; i ¤ i 0g : (4.5)

All points within a distance r from r i belong to the neighborhood of r i . The
point r i itself is by definition not part of its neighborhood.

Apart from the notion of neighborhood we also need the concept of a clique.
When a neighborhood Ni is defined for each point i of a lattice, a clique consists
of a set of points fi; i 0; : : :g which are mutual neighbors of each other. The simplest
cliques are those consisting of a single lattice point fig; the set of all these will
be denoted by C1. C2 shall then be the set of all cliques which each contain two
neighboring lattice points, and

C3 D ffi; i 0; i 00g j i; i 0; i 00 are mutual neighborsg (4.6)

is the set of all cliques containing three neighboring lattice points. Similarly one may
define cliques of higher order. For limited neighborhoods there exist only cliques
up to a certain degree. For a system of neighborhoods where each lattice point
has four neighbors as in Fig. 4.2a, there are only the cliques shown in Fig. 4.2c–e.
For a configuration where each lattice point has eight neighbors as in Fig. 4.2b, all
possible cliques are shown in Fig. 4.2c–l.

Now let XS be the set of random variables defined on the space S , then XNi

is the set of random variables defined on the points in the neighborhood of r i ,
XSnfri g is the set of all random variables on S D fr1; : : : ; rN g with the exception
of X.r i /� Xi . Similarly we denote by xS ; xSnfr i g the respective set of realizations.

Now we introduce the following definition: A stochastic field is a Markov field
on the discrete space S if
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••
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b

Fig. 4.2 Left : System where the lattice point (�) has four neighbors (�) in (a) and possible cliques
in (c)–(e). Right : System with eight neighbors in (b) and possible cliques in (c)–(l)

%.xi j xSnfr i g/ D %.xi j xNi / ; (4.7)

i.e., if the conditional probabilities for Xi only depend on the realizations of the
random variables in the neighborhood of r i .

4.1.2 Gibbs Fields

Gibbs fields are stochastic fields whose common density has the following special
structure

%.xS/ D 1

Z
e�ˇH.xS / : (4.8)

Here ˇ is a factor which we might set equal to 1=kBT , and in analogy to statistical
mechanics kBT is referred to as Boltzmann’s constant times temperature. Z is a
normalization factor which, like in statistical mechanics, is generally called the
partition function and which is determined from the normalization condition

Z D
X

xS2F
e�ˇH.xS / : (4.9)

H.xS/ is the Hamiltonian function or energy function, which for Gibbs fields should
be of the form

H.xS/ D
X

i2C1
Vi .xi /C

X

fi;j g2C2
Vij .xi ; xj /C : : : : (4.10)

The energy function is thus a sum of one-point potentials, two-point potentials or
pair-potentials, and higher-order potentials, i.e., of expressions which depend on
cliques of definite order.

A Gibbs field is called homogeneous, if Vi � V1 is independent of i and Vij � V2
is independent of the position of the clique .i; j / 2 C2. When only cliques with two
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or fewer lattice points are taken into account, the energy function H can also be
written as

H.xS/ D
NX

iD1
V1.xi /C

NX

iD1

X

j2Ni

V2.xi ; xj / : (4.11)

This form of the density for a random field corresponds, of course, exactly to the
canonical density for a classical fluid (cf. (3.5) and (3.6)), the only difference being
that here the random variables are not positions and momenta but orientations of
spins or certain intensities at some lattice point. We will show in Sect. 4.2 that such
models can also be formulated in the context of the statistical mechanics of solids.

4.1.3 Equivalence of Gibbs and Markov Fields

We have introduced Markov fields using the (local) Markov condition, and
Gibbs fields by specifying the complete common density. Now, according to the
Hammersley–Clifford theorem (Hammersley and Clifford 1971) each Markov field
with a system of neighbors and the associated system of cliques is also a Gibbs
field with the same system of cliques, and, vice versa, each Gibbs field is also a
Markov field with the corresponding system of neighbors. Thus for any common
density of the form (4.8) one finds that all conditional probabilities satisfy the
Markov condition, and from the Markov condition for a random field follows that
the common density has the form (4.8). A proof of this theorem can be found in
many articles (Besag 1974). Here we will be content to show that a special Gibbs
field is also a Markov field.

Example. We consider a Gibbs field with

V1.xi / D .xi � �i/2
2�2

i D 1; : : : ; N (4.12)

and

V2.xi ; xj / D Jij .xi � �i/.xj � �j /
2�2

; for i ¤ j ; (4.13)

where Jij ¤ 0, if j 2 Ni . Without loss of generality, we set ˇ D 1 and therefore
obtain

%.xS/ D
p

det Bp
.2�2/N

exp

0

@� 1

2�2

NX

i;jD1
.xi � �i/Bij .xj � �j /

1

A : (4.14)

The matrix B has the matrix elements Bij with

Bij D 1; i D j D 1; : : : ; N (4.15)

Bij D Jij ; i ¤ j; i; j D 1; : : : ; N: (4.16)
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We now consider the conditional probability

%.xi j xSnfig/ D %.xS /

%.xSnfig/
: (4.17)

Writing out explicitly those terms in the numerator and denominator which contain
xi , we obtain

%.xi j xSnfig/ D
exp

�� 1
2�2

�
.xi � �i /2 C 2.xi � �i /Ai

��
e�˙ 0

�R
dxi exp

�� 1
2�2

�
.xi � �i/2 C 2.xi � �i/Ai

���
e�˙ 0

with
Ai D

X

j2Ni

Jij .xj � �j / :

The terms e�˙ 0

in the numerator and denominator do not contain any xi and
mutually cancel.

Therefore, %.xi jxSnfig/ depends only on Ni , and one also obtains the explicit form
of %.xi jNi /. To within a numerical factor, the integral in the denominator yields
exp.A2i =2�

2/, and so one finally obtains in this model

%.xi jNi / D 1

2��2
exp

0

B@� 1

2�2

0

@xi � �i C
X

j2Ni

Jij .xj � �j /
1

A
2
1

CA ; (4.18)

where we have determined the prefactor from the normalization condition.
This calculation also conveys an idea of the general proof of the statement that

each Gibbs field is also a Markov field.

4.2 Examples of Markov Random Fields

In this section we will introduce some of the main models of random fields.

4.2.1 Model with Independent Random Variables

In the simplest model all random variables at different positions are mutually
independent. Then V2 � 0 and

%.xS/ D
NY

iD1

1

Z1
e�ˇV1.xi / �

NY

iD1
%1.xi / (4.19)
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with

%1.xi / D 1

Z1
e�ˇV1.xi / : (4.20)

In a stochastic process this corresponds to white noise.
We may further assume that V1.xi / is quadratic in xi such that %.xi / is a Gaussian

density; in this case one speaks also of (Gaussian) white noise. Only if V2 ¤ 0, i.e.,
in the presence of an interaction, is there a dependence among the random variables.

As an example of such a model with independent random variables we consider
a solid consisting of atoms with spin s due to its electrons. Each spin has a magnetic
moment � D g�BS , where g is the Landé factor, �B Bohr’s magneton, and S the
spin operator. The solid may be in a constant external field B. Let us assume that
the energy function is simply

H D �
NX

iD1
�i �B D �g�B

NX

iD1
B � S i D �g�BB

NX

iD1
.Si /z ; (4.21)

where S i is the spin of the atom at lattice point i and the index i runs over all
N lattice sites. We have chosen the z-axis parallel to the B field. The eigenvalues
of .Si /z are mi D �s; : : : ;Cs for each i and thus there are .2s C 1/N possible
configurations for the spin field .S1; : : : ; SN /.

This is a model for the ideal paramagnetic crystal, where here “ideal” means
“free of interactions”. The energy function for this random field may also be written
as

H D �
NX

iD1
�xi ; (4.22)

where we have set � D g�BB and xi D .Si /z.

4.2.2 Auto Model

For

Vi .xi / D xiGi .xi / (4.23)

Vij .xi ; xj / D �Jij xixj ; (4.24)

i.e.,

H.xS/ D
NX

iD1
xiGi .xi / �

NX

iD1

X

j2Ni

Jij xixj ; (4.25)

one speaks of an auto model. Jij are called the interaction coefficients.
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If xi only assumes the values f0; 1g and Gi.xi / D ˛i , this model is also known
as the autologistic model. If the space L of the possible values of xi is equal to
f�1; 1g, one obtains an Ising model, which we will study in more detail in Sect. 4.5.
The generalization to the case in which xi assumes the values f0; : : : ;M �1g is also
called the autobinomial model.

One finds for the conditional probability in this model

%.xi jNi / D
 
M � 1
xi

!
qxi .1 � q/M�1�xi (4.26)

with

q D e˛iC
P
j2Ni

Jij xj

1C e˛iC
P
j2Ni

Jij xj
: (4.27)

For M D 2 we get
%.xi jNi / D qxi .1 � q/1�xi (4.28)

and therefore

%.0jNi / D 1 � q D 1

1C exp
�
˛i CPj2Ni

Jij xj

� (4.29)

%.1jNi / D q: (4.30)

Setting ˛i � ˛ and, for example, Jij � J , these models are homogeneous.

4.2.3 Multilevel Logistic Model

In the multilevel logistic model, the random variable Xi may assume M possible
values, e.g., L D f1; : : : ;M g. For the potentials one further specifies

V1.xi / D
(
˛I if xi 2 I � .1; : : : ;M /

�˛I otherwise
(4.31)

and

V2.xi ; xj / D
(
Jc if j 2 Ni and xi D xj
�Jc otherwise ;

(4.32)

where Jc may depend on the relative positions of i and j . In a two-dimensional
lattice where each point has eight nearest neighbors there are four types of pairs for
which one can choose different constants Jc. This is illustrated in Fig. 4.3.

ForM D 2 one again obtains the Ising model, which is anisotropic if one chooses
Jc D J1 for the configuration of pairs (a) in Fig. 4.3 and Jc D J2 ¤ J1 for
configuration (b) in Fig. 4.3. The cliques (c) and (d) are not present in the Ising
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a b c dFig. 4.3 The eight neighbors
of a point and the various
orientations of pairs of
neighbors

model, as there one usually only considers a system of neighborhoods with four
neighbors (Fig. 4.2).

For generalM one speaks of a Potts model.
If Jc < 0, those patterns where the realizations of neighboring random variables

assume predominantly the same value are more probable than other configurations.

4.2.4 Gauss Model

Finally, we include the Gauss model mentioned in the previous section. The
realizations of Xi are on the real axis and the common density reads

%.xS / D
p

det Bp
.2�2/N

exp

0

@� 1

2�2

NX

i;jD1
.xi � �i /Bij .xj � �j /

1

A : (4.33)

Here, f�ig are given numbers and B should be a nonsingular matrix.

Remarks. Markov fields are suitable for the modeling of images, in particular, as we
already have mentioned in Sect. 4.1 and shown in Fig. 4.1, those images which are
called textures. Methods of generating realizations of Gibbs fields will be discussed
in Sect. 5.5 in connection with the generation of realizations of stochastic processes.

On the other hand, the identification of a Gibbs model for a given image
interpreting the image as a realization of a certain Gibbs field means the estimation
of the parameters of this model. The parameters, whose number should of course
be smaller than the number of data, represent a set of quantities characterizing the
image. Image characterization is one of the tasks dealt with in image analysis. The
problem of parameter estimation on the basis of a given set of data (for admittedly
simpler situations) will be dealt with in part II of this book.

Gibbs fields as models for spin systems only cover the classical spin models. In
Sect. 6.9 we will see how such classical spin systems appear as special cases of more
general quantum spin systems.

4.3 Characteristic Quantities of Densities for Random Fields

In this section we will present the notation and equations which will be important
for the later studies of explicit models and approximation methods. We start from
the density for a random field fXig,
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%.x/ D 1

Z
e�ˇH.x/ with H.x/ D �1

2

NX

i;jD1
Jij xixj C

NX

iD1
Bixi ; (4.34)

where the partition functionZ is given by

Z D
X

fxi g
e�ˇH.x/ or Z D

Z
dNx e�ˇH.x/ ; (4.35)

depending on whether the fxi g assume discrete or continuous values, respectively.
We will write the partition function as Z.ˇ; fBi g; N /.

In the framework of probability theory, the generating function of the cumulants
would be defined as

f .�/ D ln
˝
e�X

˛
(4.36)

D ln

2

4 1
Z

X

fxi g
e�ˇ.�

1
2

PN
i;jD1 Jij xi xjC

PN
iD1.Bi��i =ˇ/xi /

3

5 (4.37)

D lnZ.ˇ; fBi ��i=ˇ/g; N /� lnZ.ˇ; fBi g; N / : (4.38)

In the framework of statistical mechanics, however, the generating function of the
cumulants is the free energy

F.ˇ; fBi g; N / D �kBT lnZ.ˇ; fBi g; N / (4.39)

with kBT D 1=ˇ. Since

@

@�i
f .�/

ˇ̌
ˇ̌
�D0
D @

@Bi
F.ˇ; fBkg; N / ; (4.40)

the functions F.ˇ; fBi g; N / and f .�/ will, however, do the same job.
The most important quantities that we can derive from F.ˇ; fBi g; N / or f .�/

are:

• The first moment

Mi D hXii D
Z

dNx xi
1

Z
e�ˇH.x/ D @

@Bi
F.ˇ; fBkg; N / (4.41)

or

m D 1

N

NX

iD1
Mi D 1

N

NX

iD1
hXii D 1

N

@

@B
F.ˇ;B;N / ; (4.42)

where we have set all Bi in F.ˇ;B;N / equal to B . In anticipation of later appli-
cations we will call Mi the magnetic moment at site i and m the magnetization.
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The magnetizationm is the expectation value of the random variable

YN D 1

N

NX

iD1
Xi ; (4.43)

i.e., YN is a sum of random variables whose densities and mutual dependencies
are determined by the common density %.x/.

Statements about the properties of the random variable YN may thus be
considered as generalizations of the statements made in Sect. 2.5 concerning the
central limit theorem. For the simplest case we required there that the random
variables Xi be independent and have identical distributions. In general, the
properties of YN are determined by the density %.x/.

• The covariance matrix with elements

Cij D Cov.Xi ; Xj / D
Z

dNx .xixj �MiMj /
1

Z
e�ˇH.x/ (4.44)

D 1

ˇ

@2

@Bi@Bj
F.ˇ; fBkg; N /: (4.45)

• The susceptibility, defined by

� D @m

@B
: (4.46)

This quantity measures the sensitivity of the magnetization to a change of B .
Obviously, we obtain from (4.42)

� D 1

N

@2

@B2
F.ˇ;B;N / D ˇ

N

NX

i;jD1
Cov.Xi ; Xj /; (4.47)

i.e., the susceptibility is again related to the covariance. It diverges forN !1 if,
for instance, the correlation between Xi and XiC� does not decrease fast enough
for large values of r D j� j, so that the sum

P
� Cov.Xi ; XiC� / does not exist.

• The Legendre transform of the free energy function f .�/,

g.M / D sup
�

.M T� � f .�// ; (4.48)

is identical to the Legendre transform of F.ˇ;B;N /, given by

G.ˇ;M;N / D MB.M/ � F.ˇ;B.M/;N /; (4.49)

where B.M/ follows from solving the equationM D @F=@B for B (M D Nm,
comp. (4.42) ).
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• For the entropy we obtain

S.ˇ;B;N / D kB.ˇhH.X/i C lnZ/ D �@F.ˇ;B;N /
@T

: (4.50)

4.4 Simple Random Fields

4.4.1 The White Random Field or the Ideal Paramagnetic
System

We now will study the model of a white random field, i.e., of an ideal paramagnetic
crystal whose atoms have a spin sD 1=2. The common density of the random
variables or spins reads

%.x/ D 1

2NZ
exp

 
ˇ�

NX

iD1
xi

!
; (4.51)

where, for the paramagnetic crystal, � D g�BB=2. For the partition function one
obtains

Z.T;B;N / D 2�N
X

x1D˙1
: : :

X

xND˙1
exp

 
ˇ�

NX

iD1
xi

!
(4.52)

D
 
X

xD˙1

1

2
eˇ�x

!N
(4.53)

D .coshˇ�/N : (4.54)

Following the methods of statistical mechanics one can derive from this partition
function the free energy, the entropy, the magnetization, and the susceptibility.

For our present purposes, however, we will use the methods of Sect. 2.7.
Taking into account also the prefactors, which appear for physical systems, the
magnetizationm is now given by

m D 1

2
g�B hYN i; (4.55)

where YN is again the mean value of the random variables Xi (cp. 4.42):

YN D 1

N

NX

iD1
Xi : (4.56)
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We will compute the density of this quantity for large N . The random variables
fXig of the field are independent and identically distributed with the density %.x/ D
eˇ�x=.2 coshˇ�/; x D ˙1. Hence, the free energy function of each of this random
variables is

f .t/ D ln hetX i D ln cosh .t C ˇ�/ � ln cosh .ˇ�/: (4.57)

Following Sect. 2.7 we have to calculate the Legendre transform g.y/ of f .t/. The
density of YN then assumes the form

%YN .y/ / e�Ng.y/; (4.58)

and it has a maximum at the value y D y0 for which g.y/ is minimal. We do
not have to determine g.y/ explicitly, since we only need this value y0 for the
calculation of the magnetization from (4.55). Now, according to (2.214), we have
g0.y/ D t.y/, where t.y/ follows from solving

y D f 0.t/ D tanh .t C ˇ�/ (4.59)

for t . Therefore, y0, being a zero of g0.y/, is also given by y0 D f 0.0/, and in the
limit N !1, where the minimum of g.y/ and hYN i become identical, we get

m D 1

2
g�B tanhˇ� � 1

2
g�B tanh .ˇg�BB=2/ : (4.60)

Remarks.

• For small ˇ, i.e., for high temperatures, we find ˇ� � ˇg�BB=2	 1. As
tanhˇ� D ˇ� C : : : we obtain

m D �2Bg
2

4kT
B CO.B2/: (4.61)

For the magnetic susceptibility � D @m

@B
we therefore get, to a good approxima-

tion,

� D C

T
where C D �2Bg

2

4k
: (4.62)

C is called the Curie constant and the behavior of � as a function of T is known
as Curie’s law for paramagnetic substances.

• For B ! 0 we also have � ! 0 and thus m ! 0. There is no spontaneous
magnetization, i.e., no magnetization for B D 0, in contrast to the well known
case of a ferromagnet.
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4.4.2 The One-Dimensional Ising Model

The Ising model in one dimension describes a Markov random field where the
individual random variables are no longer independent. But the free energy and all
other system variables can still be calculated analytically. In order to demonstrate
this we will introduce the transfer matrix method, which has also been applied
successfully to more general spin models.

The Hamiltonian function for the one-dimensional Ising model in an external
field B reads (cf. (4.25))

H D �J
NX

iD1
xixiC1 � �B

NX

iD1
xi ; xi D ˙1: (4.63)

In general, one uses periodic boundary conditions, i.e., one defines xNC1 D x1. The
last term in the sum of interactions therefore reads xNx1. Thus we think of the lattice
as being bent into a large circle such that xN and x1 are also nearest neighbors.

The partition function can be written in the form

Z.T;B;N / D
X

x1D˙1
: : :

X

xND˙1
exp

 
ˇ

NX

iD1
.J xixiC1 C �Bxi /

!
(4.64)

D
X

x1D˙1
: : :

X

xND˙1
hx1jT jx2i : : : hxN jT jx1i; (4.65)

with
hxi jT jxiC1i D exp .ˇ .JxixiC1 C �B.xi C xiC1/=2// ; (4.66)

i.e.,
hCjT jCi D eˇ.JC�B/; hCjT j�i D e�ˇJ ;

h�jT jCi D e�ˇJ ; h�jT j�i D eˇ.J��B/:
(4.67)

So we may write
Z.T;B;N / D tr

�
T N

�
; (4.68)

and T is a 2�2matrix with the elements given in (4.67). T is also called the transfer
matrix.

All we have to know are the eigenvalues of T , because if T is known in the
representation

T D U
 
�1 0

0 �2

!
U�1 (4.69)

then

T N D U
 
�N1 0

0 �N2

!
U�1 (4.70)
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and therefore

Z.T;B;N / D tr
�
T N

� D �N1 C �N2 D �N1
 
1C

�
�2

�1

�N!
: (4.71)

The eigenvalues of a 2� 2 matrix are easily determined as the roots of the quadratic
equation ˇ̌

ˇ̌
ˇ
T11 � � T12

T21 T22 � �

ˇ̌
ˇ̌
ˇ D 0; (4.72)

i.e.,
T11T22 � �.T11 C T22/C �2 � T12T21 D 0: (4.73)

The solutions are

�1;2 D T11 C T22
2

˙ 1

2

p
.T11 � T22/2 C 4T12T21; (4.74)

and

�1 D eˇJ cosh.ˇ�B/C
q

e2ˇJ sinh2.ˇ�B/C e�2ˇJ (4.75)

is obviously the larger eigenvalue, at least for finite values of ˇ. However, forB � 0
and T ! 0, i.e., ˇ ! 1, the contribution from the square root vanishes and
therefore

�1;2 D eˇJ : (4.76)

We find

Fm D �kBT lnZ.T;B;N / (4.77)

D �NkBT ln�1 � kBT ln

 
1C

�
�2

�1

�N!
: (4.78)

For large N and for �2 < �1 the second term may be neglected and we obtain

Fm D �NkBT ln�1 (4.79)

D �NkBT ln

�
eˇJ cosh.ˇ�B/C

q
e2ˇJ sinh2.ˇ�B/C e�2ˇJ

�

D �NJ �NkBT ln

�
cosh.ˇ�B/C

q
sinh2.ˇ�B/C e�4ˇJ

�
:

Thus we have determined the free energy, and everything else is easy to calculate.
The above method, in which the partition function is represented as the trace
of a matrix and the problem thereby reduced to the determination of the largest
eigenvalue of this matrix, is called the transfer-matrix method and has also been
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used successfully for more general spin models on the lattice. Here, for the one-
dimensional Ising model, this method is especially simple.

We obtain:

• For the magnetization:

m.T;B/ D � 1
V

@Fm.T;B/

@B

D nkBT ˇ�
sinh.ˇ�B/C 1p

:::
cosh.ˇ�B/ sinh.ˇ�B/

cosh.ˇ�B/Cp: : :
D n� sinh.ˇ�B/

�
sinh2.ˇ�B/C e�4ˇJ

��1=2
; (4.80)

i.e., for B D 0 we also have m D 0, independent of ˇ. There is no spontaneous
magnetization.

• For the susceptibility:

� D @m.T;B/

@B

D n�ˇ� cosh.ˇ�B/
.q

sinh2.ˇ�B/C e�4ˇJ (4.81)

�1
2
n� sinh.ˇ�B/

�
sinh2.ˇ�B/C e�4ˇJ

��3=2

� 2 sinh.ˇ�B/ cosh.ˇ�B/:

For B D 0 one finds
� D n�2ˇ e2ˇJ ; (4.82)

i.e., � is divergent for T ! 0, but exponentially. This does not correspond to a
critical exponent, because the definition of such exponents assumed divergence
according to a power law.

• For the covariance function (see also McCoy and Wu 1973):

hxnxn0i D sinh2.ˇ�B/C .�2=�1/jn�n0je�4ˇJ

sinh2.ˇ�B/C e�4ˇJ
; (4.83)

i.e., in particular,
hxnxni D hx2ni D 1; (4.84)

and for B � 0

hxnxn0i D
�
�2

�1

�jn�n0j
D
�

sinh.ˇJ /

cosh.ˇJ /

�jn�n0j
(4.85)

D �
tanh.ˇJ /

�jn�n0j
: (4.86)
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• For the energy E:

E D 1

Z
tr
�
H e�ˇH

�
D � @

@̌
ln Z.T;B;N /; (4.87)

i.e., for B D 0

E D � @

@̌
ln Z

ˇ̌
ˇ
BD0 D �

@

@̌

�
N ln 2CN ln cosh.ˇJ /

�
(4.88)

D �J N tanh.ˇJ /; (4.89)

and therefore

CB

ˇ̌
ˇ
BD0 D

@E.T;B D 0/
@T

D �JN 1

cosh2.ˇJ /

�
� 1

kBT 2
J

�
(4.90)

D kBN
J 2

.kT /2
1

cosh2.J=kT /
: (4.91)

• And, finally, for the entropy at B D 0:

S.T;B D 0/ D � @

@T

�
�kBT ln Z.T;B D 0;N /

�

D kB

	
N ln 2CN ln cosh

�
J

kBT

�

�N J

kBT
tanh

�
J

kBT

�

: (4.92)

For T !1 one finds
S ! NkB ln 2 : (4.93)

For the limit T ! 0 we have to take into account (4.76), i.e., we get Fm D
�NJ � kB T ln 2CO.T 2/, and thus for T ! 0

S ! k ln 2 : (4.94)

This implies that the number of states of the system at T D 0 is just 2, which is
plausible, since the system is in its ground state at T D 0, i.e.,

E D �N J; (4.95)

and all spins are parallel. There are two possibilities for this configuration: either
all spins have the magnetic quantum number ms D C1=2, or all spins have
ms D �1=2.
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4.5 Random Fields with Phase Transitions

4.5.1 The Curie–Weiss Model

We consider a random field X D .X1; : : : ; XN / with realizations xi 2 f�1;C1g
and energy function

H.x/ D �1
2

J0

N

NX

i;jD1
xixj ��

NX

iD1
xi : (4.96)

This model has the advantage that the energy function is only a function of

yN D 1

N

NX

iD1
xi : (4.97)

To within a numerical factor, yN corresponds to the magnetization, i.e., we can also
write

H.x/ � H 0.yN / D �N
�
J0

2
y2N C�yN

�
(4.98)

and

	.x/ D 1

Z

1

2N
e�ˇH.x/ : (4.99)

Thus we can calculate the density of the random variable YN and we find

%YN .y/ D
X

fxiD˙1g
ı

 
y � 1

N

NX

iD1
xi

!
1

Z

1

2N
expN

�
ˇJ0

2
y2 C ˇ�y

�
:

In Sect. 2.7 we already determined the density for YN under the condition that the
random variables fXig are independent (cf. (2.228)), and we obtained for large
values of N

1

2N

X

fxiD˙1g
ı

 
y � 1

N

NX

iD1
xi

!
/ e�NS.y/ (4.100)

with

S.y/ D 1C y
2

ln .1C y/C 1 � y
2

ln .1 � y/ : (4.101)

Therefore we can write the density of the random variable YN as

%YN .y/ D
1

Z
e�N�.y/ (4.102)
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Fig. 4.4 The density function %YN .y/ as a function of y for � D 0 and for ˇJ0 < 1 (left ),
ˇJ0 D 1 (middle ), and ˇJ0 > 1 (right ). For sufficiently large ˇ (low temperature) the density
function exhibits two maxima, i.e., for N !1 there are two equilibrium states

with

Z D
Z

dy e�N�.y/ (4.103)

and

�.y/ D S.y/�
�
ˇJ0

2
y2 C ˇ�y

�
: (4.104)

For future use we note the expansion of S.y/ about y D 0:

S.y/ D 1

2
y2 C 1

12
y4 C : : : ; (4.105)

so that

�.y/ D �ˇ�y C 1

2
.1 � ˇJ0/y2 C 1

12
y4 C : : : : (4.106)

Figure 4.4 shows %YN .y/ for � D 0 as a function of y for the cases ˇJ0 < 1,
ˇJ0 D 1, and ˇJ0 > 1. The general behavior of this density function obviously
changes at ˇJ0 D 1. For ˇJ0 < 1 there is only one maximum ym and thus there
is only one state in the limit N ! 1, for which ym D 0. On the other hand, for
ˇJ0 > 1 there are two maxima at, say, y D ˙ym. From the symmetry H.�x/ D
H.x/ one can immediately deduce that there has to be a second maximum of the
density if there is one at y ¤ 0.

For ˇJ0 > 1 the system can therefore be in one of the two states, or even in
a mixture of both. This will depend on the initial conditions. Hence, we find a
magnetizationm / ˙ym ¤ 0 even for � D 0. This is the ferromagnetic phase.

At ˇJ0D 1 there is a critical point, and exactly the phenomenon already
discussed in Sect. 2.7 occurs. It is easy to show that close to y D 0 the density
is of the form p.y/ / exp .�const � y4=12/, i.e., there are large non-Gaussian
fluctuations around yD 0. Such fluctuations can indeed be observed at critical points
of real systems (cf. (3.8)).
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The minimum (or minima) of �.y/ are obtained from the equation

�0.ym/ D 0; i.e.,
1

2
ln
�1C ym
1� ym

�
� ˇJ0ym � ˇ� D 0 (4.107)

or
ym D tanh .ˇJ0ym C ˇ�/ : (4.108)

We thus find an implicit equation for ym. In the next subsection we will obtain
exactly the same equation for the magnetization in the framework of the mean field
approximation, and there we will study the solutions of this equation.

The behavior of the covariance function Cij for large values of r D ji � j j is
also an indicator for critical points. In the ordered phase, one expectsCij to decrease
comparatively slowly for large values of r , i.e., there is a long-range dependence
between the random variables fXig. A measure for the long-range dependence is
the quantity

1

N

X

i;j

Cov.XiXj / D
X

�

1

N

X

i

Cov.XiXiC� / : (4.109)

The summation over � will not converge for a long-range dependence and hence
this quantity will be divergent in the limit N !1. For the Curie–Weiss model one
obtains for this quantity, excluding additive constants

1

N

X

i;j

hXiXj i D N
R

dy y2 exp�N�.y/R
dy exp�N�.y/ : (4.110)

If �.y/ / y2, the right-hand side is of the order N0 � 1, i.e., in the limit N !1
the sum on the left-hand side converges. For �.y/ / y4, at the critical point, the
right-hand side is of the order N1=2 and therefore the sum on the left-hand side
diverges in the limit N !1.

4.5.2 The Mean Field Approximation

We will now consider a model with the energy function

H D �
NX

i;jD1
J.i � j /xi xj ��

NX

iD1
xi ; (4.111)

where the parameters fJ.k/g are assumed to be summable, i.e., even for an infinite
lattice

J0 D
X

k

J.k/ <1 : (4.112)
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For J.i�j / � 0 and� D g�BB=2we recover the model for the ideal paramagnetic
crystal discussed in the previous section. In the mean field approximation the energy
functionH is replaced by

H 0 D �J0m0
NX

iD1
xi ��

NX

iD1
xi D �.J0m0 C�/

NX

iD1
xi : (4.113)

The parameter m0 represents a mean field produced by all spins. To justify this
approximation we consider the effective field felt by a spin at site i ,

�eff
i D � C

X

j

J.i � j /xj : (4.114)

The energy functionH may then be written as

H D �
NX

iD1
�eff
i xi : (4.115)

The approximation now consists in the replacement of �eff
i by its expectation value

and the requirement of homogeneity, i.e., �eff
i is replaced by h�eff

i i D 
 eff. Then


 eff D ˝�eff
i

˛ D � C
X

j

J.i � j /hxj i D � C J0m0 (4.116)

so that (4.113) follows from (4.115). In particular, we obtain

m0 D hxj i � 1

N

NX

iD1
hxi i : (4.117)

According to (4.55),m D g�Bm
0=2 is now the magnetization of the system.

The model has therefore been reduced to an interaction-free model with indepen-
dent random variables. In such a model one obtains from (4.60)

m0 D tanh .ˇ
 eff/ or m0 D tanh
�
ˇ.� C J0m0/

�
; (4.118)

and finally for the magnetization

m D 1

2
g�B tanh

�1
2
ˇg�B.B C J 00m/

�
; (4.119)

with J 00 D J0=.
1
2
g�B/

2. Hence, the magnetization for B D 0 has to be determined
self-consistently from this implicit equation. This is most easily done graphically
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y

m

y1 = m

y2 = tanh (βJ0m )

Fig. 4.5 The intersection points of the curves for y1.m0/ and y2.m0/ correspond to the solutions
of (4.118)

Fig. 4.6 A triangular lattice (left) in two space dimensions and a cubic lattice (right) in three
dimensions have the same number, q D 6, of nearest neighbors

by drawing the curve for y1 D m0 and for y2 D tanh .ˇJ0m0/ and looking for the
intersection point of the two curves (see Fig. 4.5).

This equation has a solution, other than m0D 0, if the slope of y2.m0/D tanh
.ˇJ0m

0/ at m0 D 0 is larger than 1. This is the case for

ˇJ0 > 1: (4.120)

Thus in this approximation we obtain a critical temperature Tc D J0=kB which only
depends on J0. If

J.i � j / � J ¤ 0 for i; j nearest neighbors; (4.121)

one therefore finds
J0 D

X

k

J.k/ D qJ; (4.122)

where q denotes the number of the nearest neighbors. Hence

Tc / J0 / q; (4.123)

and the critical temperature depends only on the number of nearest neighbors, but
not on the dimension of the model under consideration. For instance, for a triangular
lattice in two dimensions one obtains for q the same value 6 as for a cubic lattice in
three dimensions (cf. Fig. 4.6).
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In this approximation, the critical temperature Tc therefore has the same value
for these two cases. This, however, contradicts experience, which tells us that the
dimensionality of the lattice plays a significant role. For instance, the Ising model
exhibits a phase transition in two dimensions but not in one.

Within the framework of the mean field approximation we may now determine
explicitly many quantities of interest. We give some examples:

The magnetic susceptibility. This is given by

� D @m

@B
D @m

@
 eff

@
 eff

@B
: (4.124)

Since now 
 eff D 1
2
g�B.B C J 00m/, we have

@
 eff

@B
D 1

2
g�B.1C J 00�/ (4.125)

and
@m

@
 eff
D �0

�
1

2
g�B ; (4.126)

where �0 is the susceptibility of an ideal paramagnetic crystal. We thus obtain

� D �0.1C J 00�/; (4.127)

which finally leads to
� D �0

1 � J 00�0
: (4.128)

In the regime T > Tc and in the limit B ! 0 we find for the magnetization
m ! 0 and thus also 
 eff ! 0, and �0 is equal to the susceptibility according to
Curie’s law: �0 D C=T with C D . 1

2
g�B/

2=kB. From J 00 C D J0=kB D Tc one
obtains in this case

� D �0

1 � J 00�0
D C=T

1 � J 00C=T
D C

T � Tc
: (4.129)

This is the Curie–Weiss law. It is of the same form as Curie’s law with T replaced
by T � Tc.

For T < Tc some calculation (see Diu et al. 1994) leads to

� D 1

2

C

Tc � T : (4.130)

Critical exponents. The implicit equation to determine the magnetization now
reads (cf. (4.119))

m D m0 tanh

�
1

2
ˇg�B.B C J 00m/

�
(4.131)
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T > Tc

T = Tc

T < Tc
T = 0

T = 0

B

m

m(T, B = 0+)

m(T, B = 0−)

Fig. 4.7 Isotherms for a spin
system (which should be
compared with the isotherms
of a fluid in a p–V diagram).
In the B–m diagram the
magnetization m is
represented as a function of
the external field B

withm0 D 1
2
g�B. For T <TcDJ 00C and C D .g�B/

2=4kB we find a magnetization
m ¤ 0 even if B D 0. which corresponds to the p–V diagram in the case of fluids.
Like p, the magnetic fieldB is an intensive variable, and the magnetizationm like V
is an extensive variable (Fig. 4.7).

For T D Tc we obtain a curve of third order in the vicinity of B D 0 andm D 0,
as we did for the isotherms in the van der Waals gas. For T < Tc one again finds
a horizontal branch on the trajectory for which, however, only the two end points
m.T;B D 0C/, m.T;B D 0�/ are realized, depending on whether B tends to zero
from positive or negative values, respectively. For T D 0 this curve degenerates into
two vertical lines at M D ˙m0.

Let us consider the behavior of B as a function of m for T D Tc. In analogy to
the discussion of the critical exponents for fluids, we parametrize this behavior as

�BgB

kBTc
D D

�
m

m0

�ı
; T D Tc: (4.132)

We obtain ı D 3; D D 2
3
.

We now investigate how m.T;B D 0/ tends to zero for T ! Tc in the regime
T < Tc. This exactly corresponds to the problem of how nliq�ngas or nliq�nc tends
to zero as T ! Tc for T < Tc. Setting " D .T � Tc/=Tc, we therefore parametrize
this behavior as

m.T;B D 0/
m0

D B .�"/ˇ; (4.133)

and after some calculation we obtain B D p3 and ˇ D 1=2.
The analogon to the isothermal compressibility �T / @V

@p
is the susceptibility

�T D
�
@m

@B

�

T

: (4.134)

For T > Tc one can easily read off the behavior for T ! Tc from (4.129):

�T

�0T
D C

�
T � Tc

Tc

���
; (4.135)



146 4 Random Fields: Textures and Classical Statistical Mechanics of Spin Systems

•

(i + 1, ji, j)

(

(

i, j + 1)

1

j

i

M

N

Fig. 4.8 The
two-dimensional square
lattice on which we consider
the Ising model

with C D 1 and � D 1. In the parametrization of the behavior as T ! Tc we have
introduced here the susceptibility �0T D C=Tc of an interaction-free spin system at
T D Tc.

For T < Tc one obtains
�T

�0T
D C 0.�"/�� 0

(4.136)

with � 0 D 1 and C 0 D 1=2.

4.5.3 The Two-Dimensional Ising Model

We now consider a two-dimensional square lattice. The spin variables will be
denoted by xi;j , where i refers to the number of the column and j to the number of
the row. The energy function then reads

H D �E1
X

i;j

xi;j xi;jC1 � E2
X

i;j

xi;j xiC1;j � g�BB
X

i;j

xi;j ; (4.137)

where i runs from 1 to N and j form 1 to M (see Fig. 4.8).
If we combine the spin configurations fx1;˛; : : : ; xN;˛g of a row ˛ to �˛ , the

configuration of spins on the lattice may also be represented as f�1; : : : ; �M g.
We choose periodic boundary conditions, i.e., we set

�MC1 D �1I xNC1;˛ D x1;˛ : (4.138)

The energy function can now be written

H D
MX

jD1

�
E.�j ; �jC1/C E.�j /

�
; (4.139)

where

E.�j / D �E2
NX

i

xi;j xiC1;j � g�BB

NX

i

xi;j ; (4.140a)
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E.�j ; �jC1/ D �E1
NX

i

xi;j xi;jC1; (4.140b)

i.e., E.�j / describes the interaction within each row, and E.�j ; �jC1/ the interac-
tion between the rows.

For the partition function one obtains

ZM;N D
X

�1

: : :
X

�M

exp�ˇ
MX

jD1

�
E.�j ; �jC1/C

�
E.�j /C E.�jC1/

�ı
2
�

D
X

�1

: : :
X

�M

h�1jP j�2ih�2jP j�3i : : : h�M jP j�1i

D tr
�
PM

�
;

with

h�jP j�0i D exp�ˇ
�
E.�;�0/C E.�/C E.�0/

2

�
: (4.141)

Here P is again the transfer matrix. In contrast to the one-dimensional Ising model,
where P was a 2 � 2 matrix, the transfer matrix has now the size 2N � 2N , because
� represents 2N different configurations, namely all the configurations within one
row.

The problem of calculating the partition function has thus again been reduced to
the determination of the largest eigenvalue �max of a matrix, in this case the 2N �2N
matrix P . Denoting by U the matrix which brings P into diagonal form we obtain
again

ZM;N D tr
�
U P U�1

�M D tr

0

B@
�M1

: : :

�M
2N

1

CA D
2NX

iD1
�Mi ; (4.142)

where �i are the eigenvalues of P . (It turns out that all �i 
 0.) So we get

ln ZM;N D ln
�
�M1 C : : : �M2N

� D ln �Mmax .1C : : :/; (4.143)

and thus forM !1

lim
M!1

1

M
ln ZM;N D ln �max C : : : : (4.144)

The determination of this eigenvalue is a lengthy procedure (see, e.g., Huang
1987). ForM D N !1 and E1 D E2 D J one finally obtains for the free energy
per lattice site:
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F.T;B D 0/ D �kBT

"
ln
�
2 cosh .2ˇJ /

�

C 1

2�

Z �

0

d
 ln

�
1

2
. 1C

q
1 � �2 sin2 
 /

�#
; (4.145)

where

� D 2 sinh.2ˇJ /

cosh2.2ˇJ /
: (4.146)

Taking derivatives one obtains the internal energy and finally the specific heat, i.e.,
the heat capacity per lattice site

C.T;B D 0/ D kB
2

�

�
ˇJ coth.2ˇJ /

�2

�
�
2
�
K.�/ �E.�/� � .1 � �0/��

2
CK.�/� 0�

�
; (4.147)

where

K.�/ D
Z �=2

0

d

�
1 � �2 sin2 


��1=2

is the complete elliptic integral of first kind,

E.�/ D
Z �=2

0

d

�
1 � �2 sin2 


�1=2

the complete elliptic integral of second kind, and

�0 D 2 tanh2.2ˇJ /� 1; �2 C � 02 D 1 :

The functionK.�/ becomes singular at � D 1; � 0 D 0, and in the vicinity of � D 1
one finds

E.�/ � 1; K.�/ � ln

�
4

�0

�
; (4.148)

i.e., the specific heat has a singularity at � D 1. This signalizes a phase transition,
and thus the critical temperature Tc or rather ˇc is determined from

2 sinh.2ˇcJ /

cosh2.2ˇcJ /
D 1; (4.149)

i.e.,
2 sinh.2ˇcJ / D cosh2.2ˇcJ / D sinh2.2ˇcJ /C 1; (4.150)

or
sinh.2ˇcJ / D 1 : (4.151)
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Thus it is given by
J

kBTc
D 0:4407: (4.152)

For T ! Tc at T < Tc one finds

C.T /

kB
D �0:4945 ln

ˇ̌
ˇ̌Tc � T

Tc

ˇ̌
ˇ̌ : (4.153)

One does not obtain a power law behavior and hence, strictly speaking, there are no
critical exponents ˛ or ˛0. In the literature, however, one often finds ˛ D ˛0 D 0

or D O.ln/, which denotes a logarithmic dependence on the distance to the critical
point.

For the magnetization one obtains

m.T / D
8
<

:
g
�B
2

�
1 � Œsinh.2ˇJ /��4

�1=8
for T < Tc

0 for T > Tc ;
(4.154)

i.e., in the limit T ! Tc for T < Tc

m.T / D 1:224
�
Tc � T
Tc

�1=8
; (4.155)

so the critical exponent ˇ is given by ˇ D 1=8 D 0:125.
For the critical exponent � , defined by the behavior of � as T ! Tc, � /�
T � Tc

Tc

���
, one obtains � D 1:75.

Note that no analytic solutions are known for the Ising model in three or more
dimensions, but there are high temperature expansions which determine the critical
point very accurately. The table of the critical exponents (Table 4.1) for the two-
dimensional and the three-dimensional Ising model is taken from the review article
(Wilson and Kogut 1974).

Ferroelectrics The two-dimensional Ising model represents a special case within
a class of exactly solvable two-dimensional models in statistical mechanics. In
this class one also finds models which describe ferroelectrics. Ferroelectrics are
substances which below a critical temperature exhibit a macroscopic electric dipole
moment, i.e., a polarization instead of a magnetization. This can happen for
various ordered structures and, correspondingly, the ferroelectrics are subdivided
into different groups.

One possible ordered structure is realized in barium titanate BaTiO3, where
below a critical temperature the lattices of the Ba2C ions and the Ti4C ions are
displaced relative to the O2� lattice in such a way that a net electric dipole moment
results.
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Table 4.1 Critical exponents from experiment and theory (From Wilson and Kogut (1974))

Critical Mean field 2-dim. Ising 3-dim. Ising Experiment
exponent

˛ 0 0 0.12 0–0.1
ˇ 1/2 1/8 0.31 0.3–0.38
� 1 1.75 1.25 1.2–1.4

Fig. 4.9 The sixteen possible configurations for the arrangements of H atoms on the bonds of a
two-dimensional square lattice. An arrow points to the lattice point which is closer to the H atom

A different ordered structure is to be seen in KH2PO4 (potassium dihydrogen
phosphate). In this case the H atoms are between the PO4 complexes, but not in
the center. This may be indicated by an arrow, pointing to the lattice site (PO4

complex) which is closer to the H atom. In two dimensions this leads to the sixteen
configurations (also called vertices) shown in Fig. 4.9.

The first eight vertices are special in that there are always an even number of
arrows pointing inwards or outwards, i.e., close to a vertex are 0, 2, or 4 protons,
while the other vertex configurations represent 1 or 3 protons close to the lattice site.

If all vertex configurations can occur, one speaks of a Sixteen-vertex model;
if only the first eight vertex configurations are permitted, one has the eight-
vertex model or Baxter model. In 1972, Baxter determined the free energy of
this model analytically (Baxter 1984). The situation in which only the first six
vertex configurations are allowed is called the six-vertex model or, in analogy to
ice crystals, the ice model. In this case 2 protons belong to each vertex, i.e., it is
electrically neutral.

One can define a certain statistical weight for each vertex configuration and write
the partition function using a transfer matrix, as we did in the case of the Ising
models. As Baxter has shown, the largest eigenvalue of the transfer matrix for the
8-vertex model can be determined analytically when special weights, depending on
three free parameters, are assumed for the vertices.

n-vector models. A further class of models which have been investigated in detail
are the n-vector models:

H D �J
X

R

X

R02NR

S .R/ � S .R0/ ; (4.156)
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where S .R/ are now unit vectors in an n-dimensional space with components
Sa.R/ such that

nX

aD1
S2a .R/ D 1 for all R : (4.157)

The lattice with lattice sites R may be in a d -dimensional space. For nD 1 one
again obtains the Ising model; the case nD 3 corresponds to the classical Heisenberg
model. Such a classical model for nD 3 results formally from a quantum mechanical
model (Sect. 6.9) if one introduces the operator

s.R/ D 1
p
S.S C 1/ S .R/ (4.158)

and therefore obtains for the Hamiltonian

H D �J S.S C 1/
X

nn

s.R/ � s.R0/ : (4.159)

Since

3X

aD1
S2a .R/ D S.S C 1/; (4.160a)

�
Sa.R/; Sb.R

0/

 D i "abc Sc.R/ıR;R0 (4.160b)

one now finds for s.R/

3X

aD1
s2a.R/ D 1; (4.161)

�
sa.R/; sb.R

0/

 D i

1p
S.S C 1/ "abc sc.R/ıR;R0 : (4.162)

In the limit S ! 1; J ! 0, such that J S.S C 1/ remains finite, the operators
sa.R/ and sb.R/ commute and s.R/ may be represented by a unit vector.

The partition function now reads

Z D
Y

R

Z
d˝.R/ e�ˇH : (4.163)

Here, d˝.R/ is the integration measure for an n�1-dimensional unit sphere at each
lattice site, i.e., for n D 3 we have d˝ D sin 
 d
 d'.
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For n > 3 there exists no magnetic system which can be described by such a
model. In 1968, however, it was found that in the limit n ! 1 the model can be
solved exactly, also in three and more dimensions.

For the n-vector models extensive high-temperature expansions are known as
well as all critical exponents. For the theoretical physicist these models serve as a
laboratory where he can test approximation methods or study dependences on the
lattice dimension or on the symmetry (see also Domb and Green 1974).

4.6 The Landau Free Energy

In the previous section we studied models where the density for the magnetization
is known for large N , or where one can at least determine the characteristic
variables like magnetization and entropy analytically. The change in the shape of the
density at a critical point is a scenario which certainly may occur in more general
models.

In order to study the conditions giving rise to this scenario, we consider a model
with partition function

Z.ˇ; f�g; N / D 1

2N

X

fxiD˙1g
e�ˇH.x/; (4.164)

where

H.x/ D �
NX

i;jD1
Jij xixj �

NX

iD1
�ixi : (4.165)

Using the identity

Z
dNy exp

�
�1
2

yT J�1y C yT x

�
D .2�/N=2.det J/1=2 exp

�
1

2
xT Jx

�

(4.166)

for a nonsingular matrix J, the partition function may be put into the form

Z.ˇ; f�g; N / D 1

2N

X

fxiD˙1g

Z
dNy exp

�
�ˇ
2

yT J�1y C ˇ.y C�/T x

�

D
Z

dNy e��.y;f�i g;ˇ/; (4.167)

where the matrix J has to be chosen appropriately and

�.y; f�i g; ˇ/ D ˇ

2
yT J�1y CA.y ; f�i g; ˇ/ (4.168)
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with

e�A.y ;f�i g;ˇ/ D 1

2N

X

fxiD˙1g
eˇ.yC�/T x (4.169)

D
NY

iD1
cosh .ˇ.yi C�i //: (4.170)

The quantity�.y; f�i g; ˇ/ is called the Landau free energy.
The form of this partition function resembles the form of the densities for the

magnetization in the last section. Indeed, the partition function for the Curie–Weiss
model or in the mean-field approximation also has the form

Z.ˇ;�;N / D
Z

dy e�N�.y;�/ : (4.171)

Hence, the Landau free energy �.y; f�i g; ˇ/ is the generalization of the quantity
N�.y;�/.

Of course, � will also be of the order N and the approximation of the integral
over y using the saddle point method,

Z.ˇ; f�g; N / / e��.ym;f�i g;ˇ/; (4.172)

will be exact in the limit N !1. Here ym is a minimum of�.y; f�i g; ˇ/. For the
free energy one obtains

F.ˇ; f�g; N / D kBT inf
y

�
�.y; f�i g; ˇ/

�
D kBT �.ym; f�i g; ˇ/ : (4.173)

The minimum ym is given by the solution of the equation

@�.y ; f�i g; ˇ/
@y

jyDym D 0 ; (4.174)

under the condition
@2�.y; fBi g; ˇ/

@yi@yj
jyDym 
 0: (4.175)

Let us apply this procedure to the Curie–Weiss model with the partition function
(cp. 4.98)

Z.ˇ;�;N / D 1

2N

X

fxiD˙1g
expˇN

�
J0

2
y2N C�yN

�
; (4.176)

where yN denotes the mean value of the fxig. We obtain
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�.y;�;N / D N
	
ˇ

2J0
y2 � ln cosh .ˇ.y C�//



: (4.177)

The determination of the minimum of � leads to the equation

ˇy

J0
D ˇ tanh .ˇ.y C�//: (4.178)

Setting yD J0ym, this equation is identical to the implicit equation for the magne-
tization in the Curie–Weiss model (4.108). The second derivative of� is

@2�

@y2
D ˇ2

	
1

ˇJ0
� 1

cosh2 .ˇ.y C�//


: (4.179)

Obviously, the second derivative at y D 0 and � D 0 is positive for ˇJ0 < 1, i.e.,
above the critical point.

We also give the expansion of �.y;�;N / for small y:

�.y;�;N /

N
D ˇ2

	�
1

ˇJ0
� 1

�
y

2
� y
 C u0y

4 C : : :


; (4.180)

from which one again easily finds that the coefficient of the y2 term changes its sign
at the critical point determined by .ˇJ0/�1 D 1.

An appropriate ansatz for the form of the Landau free energy serves in general
as a starting point for many phenomenological considerations.

We now present two important cases:

• If, instead of the lattice points i , one uses continuous space coordinates r to
describe the positions of the random variables, the Landau free energy has to be
considered as a functional�Œy.r/;�.r/; ˇ�.

In general, one assumes that close to a phase transition �Œy.r/;�.r/; ˇ� can
be expanded in powers of y.r/ and ry.r/:

�Œy.r/;�.r/; ˇ� D 1

2
.ry.r//2 � y.r/�.r/C 1

2
r0.ˇ/y.r/

2

Cs0y.r/3 C u0y.r/
4 C : : : : (4.181)

This continuous version of the Landau free energy permits a particu-
larly elegant formulation of an approximation for the covariance function
Cov.X.r/; X.r 0//. If one restricts � to the quadratic terms in y, the integral
becomes a Gaussian integral, which can be evaluated explicitly, at least formally.
One finds for the covariance function
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Cov.X.r/; X.r 0// D ejr�r0j=�

jr � r 0j ; (4.182)

where � / p
1=r0.ˇ/ is the correlation length, which is a measure for the

exponential decay of the correlation. If r0.ˇ/ D 0, which may happen e.g. in the
model we consider next, the correlation length becomes infinite. The covariance
function now decreases only algebraically and there are long-ranged correlations
among the random variables of the field.

• Phenomenological Landau theory for a phase transition. If one is only interested
in global quantities like the magnetization m, one may set B.r/DB and
similarly y.r/ D y, and one obtains

�.y;B; ˇ/ D �ˇyB C r0.ˇ/y
2

2
C s0y3 C u0y

4 C : : : : (4.183)

This ansatz represents a model where the behavior of the system at a phase
transition is easily demonstrated. Choose u0 < 0; s0 D 0; r0 D a�.ˇ/, such
that � and therefore also r can assume positive and negative values. The Landau
free energy of the Curie–Weiss model (cf. (4.180)) has this structure. This ansatz
leads to the same critical exponents in the vicinity of the critical point at r0 D 0

as the Curie–Weiss model and the mean field approximation.

4.7 The Renormalization Group Method for Random Fields
and Scaling Laws

In Sect. 2.6 we introduced the renormalization transformation and saw that random
variables with stable densities are fixed points of these transformations. It seems
obvious to define such transformations for random fields too. It will turn out that
stable random fields are models for random fields at a phase transition.

4.7.1 The Renormalization Transformation

We define the renormalization transformation as follows:
Consider a random field on a lattice in d dimensions. We subdivide the total

lattice into blocks of bd lattice points (b D 2; 3; : : :), sum up the random variables
within each block, and renormalize the resultingXi ’s in such a way that they assume
the same possible values as the original random variables.

If the possible values of the random variables are f�1; 1g, as is the case for a
spin, we may express such a transformation on the level of realizations as follows:
Let s be the sum of the realizations (spin) within one block, then define
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s0 D
8
<

:

C1; if s > 0

�1; if s < 0

s1; if s D 0;
(4.184)

where s1 is the realization of the random variable, say, in the upper left corner of the
block.

We characterize the densities by the coupling constants K D .K1;K2; : : :/ in
front of the individual potential terms in the energy function. A renormalization
transformation Tb transforms a density with coupling constants K into a density
with K 0 D TbK . The fixed point density K� then satisfies

K� D TbK�: (4.185)

As we did in Sect. 2.6, we can make a stability analysis and look for the eigenvectors
and eigenvalues of DTb , which is now a matrix with elements

.DTb/˛ˇ D @.TbK /˛

@Kˇ

ˇ̌
ˇ̌
KDK�

: (4.186)

Again we can expand every vector K ¤ K� in terms of these eigenvectors and
characterize the density by the coefficients fvng of this expansion.

We expect that the density at the critical point corresponds to a fixed point of the
renormalization transformation. The relevant scale parameters will be the magnetic
field B and the distance from the critical temperature " D .T � Tc/=Tc. If we
consider the free energy F."; B/ as a functional of the density, we will find, in
complete analogy to Sect. 2.6, a scaling relation of the form

F.�a1"; �a2B/ D �F."; B/: (4.187)

We will not try to determine the critical exponents for given densities explicitly;
see, however, Kadanoff (1966); Wilson (1971); Wegner (1972). It will be seen that
even for undetermined parameters a1 and a2 we can say something about the critical
behavior.

4.7.2 Scaling Laws

Before we study the consequences of the scaling relation, the generality of this
relation will be illuminated by two statements about homogeneous functions.

• A function f .r/ is called homogeneous if the following relation holds

f .�r/ D g.�/f .r/: (4.188)
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In this case the function g.�/ can only be of the form g.�/ D �p, with p
arbitrary, because from

f .��r/ D f .�.�r// D g.�/g.�/f .r/ D g.��/f .r/ (4.189)

one obtains immediately
g.��/ D g.�/g.�/; (4.190)

which is only possible if g.�/ D �p, where p is arbitrary.
• A function f .x; y/ is called a generalized homogeneous function if

f .�a1x; �a2y/ D �f .x; y/ : (4.191)

Seemingly more general, one also might require

f .�a1x; �a2y/ D �pf .x; y/: (4.192)

However, setting � D �1=p one obtains again

f .�a1=px; �a2=py/ D �f .x; y/; (4.193)

i.e., the same relation as above. Further equivalent relations are

f .�x; �ay/ D �pf .x; y/; (4.194)

and
f .�ax; �y/ D �pf .x; y/: (4.195)

Important is the appearance of two constants a; p or a1; a2.
Let us now draw some consequences from the assumption

F.�a1"; �a2B/ D �F."; B/: (4.196)

• We take the derivative with respect to B and obtain

�a2
@F.�a1"; �a2B/

@�a2B
D �@F."; B/

@B
; (4.197)

i.e., the magnetization satisfies

�a2m.�a1"; �a2B/ D �m."; B/ : (4.198)

For B D 0 this leads to

m.�a1"; 0/ D �1�a2m."; 0/: (4.199)
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Setting �a1 D �1=", we find

m."; 0/ D .�1="/.1�a2/=a1m.�1; 0/: (4.200)

So for the critical exponent ˇ we obtain

ˇ D 1 � a2
a1

: (4.201)

The behavior in the limit B ! 0 at " D 0 follows if we take �a2 D 1=B . We get

ı D a2

1 � a2 : (4.202)

Thus we have expressed the critical exponents ˇ and ı in terms of a1 and a2. All
further exponents are also expressible in terms of a1 and a2, which will give rise
to relations among the critical exponents.

• The derivative of (4.198) with respect to B leads to the relation

�2a2�.�a1"; �a2B/ D ��."; B/ : (4.203)

After some calculation one obtains

� D � 0 D 2a2 � 1
a1

(4.204)

and therefore
� D � 0 D ˇ.ı � 1/: (4.205)

This is called the Widom relation between the critical exponents ˇ, � , and ı.
Taking the second derivative of (4.196) with respect to ", one obtains

�2a1CB.�
a1"; �a2B/ D �CB."; B/; (4.206)

from which one can derive for the critical exponent ˛ in a similar way as above:

˛ D 2a1 � 1
a1

: (4.207)

So we find the relations

˛ C ˇ.1C ı/ D 2 ˛ C 2ˇ C � D 2 : (4.208)

• Setting � D j"j�1=a1 in (4.198) one obtains

m.";B/ D j"j.1�a2/=a1m
�
"

j"j ;
B

j"ja2=a1
�

(4.209)
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or, if we express the coefficients a1; a2 in terms of the critical exponents,

m.";B/ D j"jˇm
�
"

j"j ;
B

j"jıˇ
�
: (4.210)

If we define

m0 D j"j�ˇm."; B/ and B 0 D j"j�ˇıB; (4.211)

then (4.210) implies that m0 is a function only of B 0, which depends on the sign
of ":

m0 D f˙.B 0/ (4.212)

or, conversely
B 0 D F˙.m0/; (4.213)

i.e., B 0 D B=j"jıˇ, plotted as a function of m0 D j"j�ˇm."; B/, follows a master
curve F˙, independent of the temperature T . If the scaling relation did not hold,
we would get different curves for different temperatures. The experimental data for
CrBr3 and for nickel confirm this consequence of the scaling law (Ho and Litster
1969; Kouvel and Comly 1968).

Remark. Corrections to the scaling behavior are also found when an irrelevant
scaling parameter is taken into account in the scaling relation. In this case the scaling
relation may be written as

F.v1; v2; v3/ D ��1F.�a1v1; �a2v2; �a3v3/; (4.214)

where v1; v2 again denote the relevant parameters and v3 now denotes the irrelevant
parameter. Setting, e.g., �a1 jv1j D 1, in order to study the behavior for v1 ! 0, we
find

F.v1; v2; v3/ D jv1j1=a1F
�
˙1; v2
jv1ja2=a1 ;

v3
jv1ja3=a1

�
: (4.215)

Since we now have a3 < 0, the ratio v3=jv1ja3=a1 becomes very small in the limit
v1 ! 0. If F can be expanded around v3 D 0, at v2 D 0 one obtains

F.v1; 0; v3/ D jv1j1=a1F .˙1; 0; 0/C jv1j.1�a3/=a1v3F 0.˙1; 0; 0/: (4.216)

Sufficiently far away from the critical point this correction to the leading behavior
/ jv1j1=a1 can be observed. This is indeed the case for the superfluid phase transition
in He4 (Ahlers 1973).



Chapter 5
Time-Dependent Random Variables:
Classical Stochastic Processes

If one considers a random variable which depends on time, one is led to the
concept of a stochastic process. After the definition of a general stochastic process
in Sect. 5.1, we introduce the class of Markov processes. In Sect. 5.2 the master
equation is formulated, an equation describing the time evolution of the probability
density of a Markov process. In this context, the relevance of the master equation
for the description of the dynamics of general open systems will be emphasized.

In Sect. 5.3, the reader will get to know important Markov processes and the
corresponding master equations: the random walk, the Poisson process, the radioac-
tive decay process, chemical reactions, reaction–diffusion systems, and, finally,
scattering processes, in which connection the Boltzmann equation is introduced.

Analytic solutions for simple master equations will be derived in Sect. 5.4. It will
become obvious that analytic solvability can only be an exceptional case, so that
for most applications one has to rely on numerical methods for the simulation of
stochastic processes. These will be explained in Sect. 5.5, as will the Monte Carlo
method, with which realizations of random fields, such as spin systems or texture
images, can be generated.

Actual diffusion processes will be defined in Sect. 5.6 and the corresponding
equation for the time evolution of the probability density, the Fokker–Planck
equation, will be discussed. For such processes the time evolution of the random
variables themselves can be described by a stochastic differential equation; this is
the Langevin equation. Stochastic differential equations with multiplicative noise
and numerical methods for the simulation of stochastic differential equations are
mentioned, but a thorough discussion of these topics is beyond the scope of this
book.

In Sect. 5.7, the response function for a diffusion process will be introduced
and the fluctuation–dissipation theorem connecting the response function and the
covariance function will be discussed.

Section 5.8 will address more advanced topics. The important ˝-expansion for
master equations will lead either to the Fokker–Planck equation or to a deterministic
process. This will make the differential equations in the theory of chemical reaction
kinetics more intelligible. Furthermore we will illustrate how a factorization ansatz
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can approximately reduce a many particle problem to a single-particle problem.
This corresponds to the mean field approximation, which has been met already in
Chap. 4.

Finally, in Sect. 5.9, more general stochastic processes are considered. Self-
similar processes, fractal Brownian motion, stable Levy processes, and autoregres-
sive processes are defined and their relevance for modeling stochastic dynamical
systems is indicated.

5.1 Markov Processes

Roughly speaking, a stochastic process is defined by a time-dependent random
variableZ.t/. Let us suppose for the moment that we are dealing only with a discrete
sequence of instants ti ; i D 1; : : :. The stochastic process fZ.ti /; i D 1; : : : g
is then a sequence of random variables. The probability density may be different
for each instant and the random variables at different instants are in general not
independent, i.e., not only the probabilities for each instant ti but in addition all
common probability densities will characterize the sequence of random variables
fZ.ti /; i D 1; : : :g.

In order to elucidate these remarks and also to take into account the case
of continuous time, we denote the possible states by z, or rather z1; z2; : : :, and
consider

• The probability density %1
�
z; t
�

that the state z is present at time t ;
• The conditional probability %2

�
z2; t2 j z1; t1

�
that at time t2 the state z2 can be

found, if at time t1 < t2 the state z1 is present;
• The conditional probabilities

%n
�
zn; tn j zn�1; tn�1; zn�2; tn�2; : : : ; z1; t1

�
; n D 3; : : : (5.1)

that at time tn > tn�1 the state zn can be found, if at times tn�1 > : : : > t1 the
respective states zn�1; : : : ; z1 are present.

The specification of all these probabilities defines a stochastic process. In general
it therefore consists of infinitely many defining quantities. Of course, it is possible to
define special processes which require fewer of these quantities by making certain
assumptions about the probabilities. A very important assumption of this kind is the
following:

All conditional probabilities satisfy the relation

%n
�
zn; tn j zn�1; tn�1; : : : ; z1; t1

� D %2
�
zn; tn j zn�1; tn�1

�
; (5.2)

that means that the random variable Zn at time tn is independent of the random
variables Zn�2; : : : ; Z1 at times tn�2; : : : ; t1, respectively, given a realization zn�1
of the random variable at time tn�1. Or, in other words, if at some time tn�1 the
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state zn�1 is given, then the probability that the system is in state zn at time tn,
is independent of the earlier history, i.e., of the states of the system before the
instant tn�1. One also speaks of a process without memory. A process with this
property is called a Markov process and the assumption (5.2) is called a Markov
assumption. This assumption has the consequence that all common distributions,

%n
�
zn; tnI zn�1; tn�1I : : : ; z1; t1

�
; (5.3)

i.e., the probability that at time t1 the value z1, at t2 the value z2 etc. can be found,
can be expressed by %1.z; t/ and %2.z; t j z0; t 0/ alone. For instance, for t3 > t2 > t1
we have

%3
�
z3; t3I z2; t2I z1; t1

� D %3
�
z3; t3 j z2; t2; z1; t1

�
%2
�
z2; t2I z1; t1

�

D %2
�
z3; t3 j z2; t2

�
%2
�
z2; t2 j z1; t1

�
%1
�
z1; t1

�
:

(5.4)

The Markov property is an idealization that makes it possible to specify a stochastic
process by only a few defining quantities, namely, by the conditional probability
%.z; t j z0; t 0/, which is also called transition probability. If the transition probability
depends only on the time difference t � t 0, one speaks of a temporally homogeneous
Markov process.

The Markov assumption leads to a certain consistency equation for the transition
probability. Namely, from (5.4) one obtains by integrating over z2:

%2
�
z3; t3I z1; t1

� D
Z

dz2 %3
�
z3; t3I z2; t2I z1; t1

�
(5.5)

D
Z

dz2 %2
�
z3; t3 j z2; t2

�
%2
�
z2; t2 j z1; t1

�
%1
�
z1; t1

�
;

and therefore the following identity has to hold:

%2
�
z3; t3 j z1; t1

� D
Z

dz2 %2
�
z3; t3 j z2; t2

�
%2
�
z2; t2 j z1; t1

�
: (5.6)

This equation is also called Chapman–Kolmogorov equation. A similar identity
has to be satisfied by %1.z; t/, because, if we multiply the Chapman–Kolmogorov
equation by %1

�
z1; t1

�
and integrate over z1, we obtain

%1
�
z3; t3

� D
Z

dz2 %2
�
z3; t3 j z2; t2

�
%1
�
z2; t2

�
: (5.7)

Thus the transition probatility %2
�
z3; t3 j z2; t2

�
also mediates between probability

densities %1.z; t/ at different times. Therefore, it completely determines the evo-
lution of the stochastic process, so that only the probability density %1

�
z; t
�

at an
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initial instant t0 has to be specified. If, for instance, %1
�
z; t0

� D ı.z � z0/, then
%1
�
z; t
� D %2

�
z; t j z0; t0

�
.

The density
%stat.z/ D lim

t!1 %1
�
z; t
�
; (5.8)

if it exists, is called the stationary distribution. For large times the system approaches
this stationary distribution. Of course, we also have

%stat.z/ D
Z

dz0 %2
�
z; t j z0; t 0�%stat.z

0/ ; (5.9)

independent of t and t 0.
A particularly simple Markov process results if we require

%2
�
z; t j z0; t 0� D %1

�
z; t
�
: (5.10)

In this case the probability density %2
�
z; t j z0; t 0

�
at a instant t is even independent

of the state which was present at an earlier instant t 0. Hence, the random variables
at different times are independent, and from %2

�
z1; t1I z2; t2

� D %2
�
z1; t1 j z2; t2

�

%1
�
z2; t2

�
one obtains

%2
�
z1; t1I z2; t2

� D %1
�
z1; t1

�
%1
�
z2; t2

�
: (5.11)

If the density also satisfies %
�
z; t
� � %.z/, i.e., if it is independent of time,

one speaks of independent and identically distributed random variables and writes
Z.t/ � IID.�; �2/, where � denotes the mean value and �2 the variance of the
distribution %.z/. (IID stands for ‘independent and identically distributed’.)

If, furthermore, %.z/ is the density of a normal distribution %G.0; �2I z/, the
stochastic process is also called a Gaussian white noise (sometimes simply ‘white
noise’). For each instant t , Z.t/ is a normally distributed random variable and the
realized value at one instant is independent of those at other instants. One also writes

Z.t/ /WN.0; �2/ ; (5.12)

where W stands for ‘white’ and N for ‘normal’.
The central limit theorem tells us (cf. Sect. 2.5) that, to a good approximation,

a sum of random variables may be represented by a normally distributed random
variable. Hence, if the sum of many fluctuating influences acts on a system, the total
influence at each instant can be thought of as a Gaussian distributed random variable.
The time correlations can be neglected if they only take place on time scales that are
small with respect to the relevant time scales of the system. Therefore, the white
noise is the stochastic standard process describing in a simple way the influence of
fast subsystems whose fluctuations are noticeable only on a very short time scale.
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In the following, we will denote a white noise by �.t/. Thus

h�.t/i D 0 ; (5.13)

and the covariance of �.t/ and �.t 0/, known as two-time covariance, satisfies

h�.t/�.t 0/i D �2ıt t 0 ; (5.14)

or, if we consider time as a continuous variable,

h�.t/�.t 0/i D �2ı.t � t 0/ : (5.15)

In a continuous-time process, the Fourier transform of the stationary two-time
covariance function is

F.!/ D
Z

d�h�.t/�.t C �/iei!� D �2; (5.16)

i.e., it does not depend on !, which is a consequence of the white noise being
uncorrelated in time. This is the source of the expression ‘white’ noise. For a
‘red’ noise X.t/, which we will discuss in Sect. 5.9, one obtains, in the case of a
temporally homogeneous Markov process,

hX.t/X.t C �/i D �2

2m
e�mj� j (5.17)

with a time constant m�1. The Fourier transform now is

F.!/ D �2

!2 Cm2
: (5.18)

This noise is called ‘red’, because F.!/ increases as ! ! 0. Figure 5.1 shows a
typical realization of a white noise and a red noise.

Example. Let X.t/; t D 1; 2; : : : be a stochastic process in discrete time, defined by
the equation

X.t/ D ˛X.t � 1/C ��.t/; 0 < ˛ < 1; � � WN.0; 1/: (5.19)

This is obviously a Markov process: Given x.t � 1/, the distribution of X.t/ is
known. Iterating this equation to

X.t/ D ˛2X.t � 2/C ˛��.t � 1/C ��.t/; (5.20)

again reveals the Markov character of the process: Once one realization in the past
is given, the random variable at present does not depend on other random variables
further in the past.
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Fig. 5.1 Realizations of a white noise (left) and a red noise (right). The time correlations for a red
noise cause the evolution in time to be ‘smoother’ than it is for a white noise

5.2 The Master Equation

A transition probability obviously has to satisfy

%2
�
z; t C � j z0; t�! ı.z� z0/ for � ! 0 : (5.21)

The next term in an expansion of the transition probability with respect to � , the
so-called short-time behavior, is also essential for the properties of the process.
We write the expansion in � in the following form:

%2
�
z; t C � j z0; t� D �

1 � a.z0; t/�� ı.z� z0/C � w.z; z0; t/CO.�2/ :
(5.22)

From the normalization condition for %2
�
z; t C � j z0; t

�
it follows that, with t > t 0,

� > 0

1 D
Z

dz %2
�
z; t C � j z0; t� (5.23)

D 1 � a.z0; t/� C �
Z

dz w.z; z0; t/CO.�2/ ; (5.24)

i.e.,

a.z0; t/ D
Z

dz w.z; z0; t/ : (5.25)

The form (5.22) implies for the realization of a random variable Z.t/ that for
each sufficiently small time step � it keeps the same value with a certain probability
or assumes a different value with a complementary probability. A typical trajectory
therefore consists of lines zt D const., interrupted by jumps.
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From the Chapman–Kolmogorov equation and (5.22) it follows that

%2.z; t C � j z0; t 0/ D
Z

dz00 %2.z; t C � j z00; t/ %2.z00; t j z0; t 0/

D .1 � a.z; t/�/ %2.z; t j z0; t 0/ (5.26)

C�
Z

dz00 w.z; z00; t/ %2.z00; t j z0; t 0/CO.�2/ :

Hence, in the limit � ! 0 one obtains:

@%2.z; t j z0; t 0/
@t

D
Z

dz00 w.z; z00; t/ %2.z00; t j z0; t 0/

�
Z

dz00 w.z00; z; t/ %2.z; t j z0; t 0/ ; (5.27)

where we have used (5.25) to express a.z; t/ in terms of w.z00; z; t/.
Multiplying (5.27) by %1.z0; t 0/ and integrating over z0 yields a similar equation

for %1.z; t/:

@

@t
%1.z; t/ D

Z
dz0w.z; z0; t/%1.z0; t/ �

Z
dz0w.z0; z; t/%1.z; t/ : (5.28)

If the states are discrete, we may denote them with n instead of z and write %n.t/
and wnn0.t/ instead of %1.z; t/ and w.z; z0; t/, respectively. The equation for %n.t/
then reads

P%n.t/ D
X

n0

�
wnn0.t/%n0.t/� wn0n.t/%n.t/

�
: (5.29)

The change in the probability of finding the state n at time t comprises a term
representing the gain (transitions n0 ! n/ and a term representing the loss
(transitions n ! n0/. For a process which is homogeneous in time the transition
rates w.z; z0; t/ or wnn0 are independent of t .

Notice that the physical dimension of the transition rates is s�1. Multiplying all
wnn0 by the same factor ˛ can be compensated by dividing the time t by ˛.

The equations (5.27)–(5.29) are called master equations. They describe the time
dependence of the probability densities. The essential quantities for these equations
are the transition rates w.z; z0; t/ or wnn0.t/.

If the states are discrete, they can be ordered in a row. Introducing the vector
%.t/ D .%1.t/; : : : ; %˛.t/; : : :/, where ˛ enumerates the states, the master equation
may then be written in the form

d

dt
%˛.t/ D

X

˛0

V˛˛0%˛0.t/ : (5.30)

Here, the matrix V with elements V˛˛0 contains the transition rates wn0n.
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The conservation of the normalization implies

d

dt

X

˛

%˛.t/ D 0 ; i.e.,
X

˛

V˛˛0 D 0 : (5.31)

Hence, the sums of the elements in the individual columns of the matrix V have to
vanish.

The general solution of such a master equation for a given initial value %.0/ is

%.t/ D etV%.0/ : (5.32)

One can show easily that the matrix V is diagonalizable if there exists a stationary
solution %�̨ ¤ 0 for all states ˛ such that

V˛˛0%�˛0 D V˛0˛%
�̨ (no summation) : (5.33)

In this case the matrix V with elements

V˛˛0 D .%�̨/�1=2V˛˛0 .%�˛0/
1=2 (5.34)

is a symmetric matrix and can therefore be diagonalized. Therefore V is also
diagonalizable.

The symmetry of V follows from (5.33):

V˛0˛ D .%�˛0/
�1=2V˛0˛.%

�̨/1=2 D .%�˛0/
�1=2V˛0˛%

�̨.%�̨/�1=2 (5.35)

D .%�̨0/
�1=2V˛˛0%�̨0.%

�̨/�1=2 D .%�̨/�1=2V˛˛0 .%�̨0/
1=2 D V˛˛0 :

Condition (5.33) is identical to the condition

wnn0%�n0 D wn0n%
�
n (5.36)

for each pair n; n0. In general, this requirement is stronger than stationarity, which
can be written as X

n0¤n
wnn0%�n0 D

X

n0¤n
wn0n%

�
n : (5.37)

Stationarity (5.37) means that the total current flowing into state n is identical to
the current flowing out of n. On the other hand, the requirement (5.36) implies in
addition that the current from n! n0 is identical to the current from n0 ! n.

Equation 5.36 is called the condition of detailed balance. If it holds, the balance
equation (5.37) is separately valid for each n0. It can be shown that such a property
of the transition rates follows from the invariance of the process under time reversal
(van Kampen 1985).
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It is also possible to define the transition probability of a deterministic process,
e.g., a process given by the differential equation

Px D f .x/ (5.38)

for x 2 R
n. Then

%2
�
z; t j x0; t0

� D ı�z � x.t/
�
; (5.39)

where x.t/ is the solution of the differential equation for the initial condition
x.t0/ D x0. Obviously, in this form %2

�
z; t j x0; t0

�
may also be interpreted as

a probability density. We obtain for the short-time behavior

%2
�
z; t C � j z0; t� D ı

�
z � �z0 C f .z0/�

��
(5.40)

D ı
�
z � z0

� � f .z0/ � @
@z
ı
�
z � z0

�
� CO.�2/ ;

i.e., we now have

w.z; z0/ D �f .z0/ � @
@z
ı
�
z � z0

�
; (5.41)

and therefore also

a.z0/ D
Z

dnz w.z; z0/ D �
Z

dnz f .z0/ � @
@z
ı
�
z � z0

� D 0 : (5.42)

From (5.28) we thus obtain the resulting master equation

@%1.z; t/
@t

D
Z

dnz0
�
�f .z0/ � @

@z
ı
�
z � z0

� �
%1.z0; t/

D � @
@z
� .f .z/%1.z; t// : (5.43)

This differential equation for the time evolution of a probability density based on
a deterministic process is known as Liouville’s equation. If %.p; q/ is a density in
phase space andH.p; q/ a Hamiltonian function, the Liouville equation is just

@

@t
%.p; qI t/ D ˚H;%� D @H

@q

@%

@p
� @H
@p

@%

@q
; (5.44)

where fH;%g denotes the Poisson bracket.

Indeed, for z D .p; q/; Pz D f , i.e., . Pp; Pq/ D
�
� @H
@q
; @H
@p

�
, the Liouville equation

can be written in the form

@%.z; t/
@t

D � @
@z
� .f .z/%.z; t// ; (5.45)
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Fig. 5.2 (a) Realization of a piecewise deterministic Markov process: the deterministic evolution
according to Pz D f .z/ is interrupted by jumps. The probability of a jump is determined by the
transition probability w.z; z0/. For f � 0 one finds a trajectory such as that shown in (b)

since

� @

@z
� f .z/ D � @

@p

�
�@H
@q

�
� @

@q

@H

@p

D @H

@q

@

@p
� @H
@p

@

@q
: (5.46)

An important combination of the two above-mentioned types of processes is the
piecewise deterministic Markov processes. In this case the short-time behavior of
the transition probability may be written in the form

%2
�
z; t C � j z0; t/ D .1 � a.z; t/��ı.z� z0/C � w.z; z0; t/

�f .z0; t/ � @
@z
ı.z� z0/� CO.�2/ (5.47)

and the corresponding master equation reads

@

@t
%1.z; t/ D � @

@z
� .f .z; t/ %1.z; t// (5.48)

C
Z

dnz0 w.z; z0; t/ %1.z0; t/�
Z

dnz0 w.z0; z; t/ %1.z; t/ :

Thus a typical trajectory of such a process consists of pieces where z.t/ evolves
deterministically according to Pz D f .z/. These pieces end with a jump, and a new
deterministic evolution starts from the final point of this jump (Fig. 5.2).

Hence, we have developed a framework which allows the formulation of
deterministic as well as special stochastic processes. The time evolution is dictated
by the transition rates w.z; z0; t/, which take over the role of the Hamiltonian in
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classical deterministic systems, and indeed the transition rates for a deterministic
process also contain the Hamiltonian.

Therefore, the master equation is a generalization of Liouville’s equation to open
systems.

Remarks.

(a) When the master equation is used to describe transitions between quantum
states, it is sometimes referred to as the Pauli equation. The transition proba-
bilities wnn0 are the usual matrix elements calculated in perturbation theory.

(b) Prigogine, Resibois, Montroll, and others (Prigogine and Resibois 1961; Mon-
troll 1962) have also developed generalized master equations. The dwell times
for the individual states, which for the standard master equation are distributed
exponentially, can in these cases be chosen arbitrarily. For an excellent discus-
sion of generalized master equations and more general stochastic processes, see
also Montroll and West (1987).

Let us now look at two applications of the detailed balance equation:

(a) We consider a system with quantum states fjnig at a temperature T and in
contact with a radiation field. Then the probability for a state n is

%en D
1

Z
e�ˇEn ; (5.49)

and in a transition n ! n0 with a transition rate wn0n a photon with energy
„! D En �En0 is emitted. From quantum mechanics it is known that

wn0n

wnn0

D
�
n.!/C 1�

n.!/
; (5.50)

where n.!/ is the average number of photons with frequency ! in a radiation
field. This is a plausible relation, as the transition n! n0 increases the number
of photons in the radiation field by 1. From the equation of detailed balance one
obtains, in addition,

wn0n %
e
n D wnn0 %en0 ; (5.51)

i.e.,
wn0n

wnn0

D %en0

%en
D e�ˇ.En0�En/ D

�
n.!/C 1�

n.!/
; (5.52)

and thus by solving for n.!/ we find

n.!/ D 1

eˇ„! � 1 : (5.53)

This is exactly the average number of particles in a photon gas. We will obtain
the same result in a different way in Sect. 6.5.
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(b) The equation of detailed balance may also be used to define a stochastic process
for which the stationary density is given. If we call this also f%eng, the transition
rates are chosen in such a way that, according to the detailed balance condition,
their ratio is equal to the ratio of the given densities, i.e.,

wnn0

wn0n

D %en
%en0

: (5.54)

We will show in Sect. 7.4 that each solution f%n.t/g of the master equation of
such a process tends towards f%eng.

In Sect. 5.5 we will use this method to numerically estimate the expectation
values of macroscopic system variables in the statistical mechanics of equilibrium
states. Furthermore, realizations of random fields can be generated by this method.

5.3 Examples of Master Equations

Up to now we have considered Markov processes in the framework of statistical
mechanics. However, the concept of modeling a stochastic process as a Markov
process extends much further.

Indeed, the prerequisites for this concept are merely the description of the states
fz1; : : :g of a system and the rates for the transitions between these states, i.e., the
quantities wn0n for the transition zn ! zn0 . These transition rates determine the
transition probability %2.zn0 ; t C � j zn; t/ for sufficiently small time steps � , and
due to the Markov condition this in turn determines the total stochastic process. Yet
there are many different ways in which the state of a system may be defined.

• A system may consist of a particle and a state is characterized by the position of
the particle. The stochastic process corresponds to jumps from place to place. In
this case one speaks of a random walk. In the same way we can also describe e.g.
the diffusion of pollutants in the atmosphere or the movement of electrons in a
semiconductor.

• If the state is characterized by a particle number, e.g., the number of atoms,
molecules, or living individuals of a particular kind, one can respectively
describe radioactive decay, chemical processes, or even phenomena of population
dynamics.

5.3.1 One-Step Processes

Particularly simple Markov processes result when the states can be labeled by a
discrete one-dimensional variable n and ordered in a linear chain such that the
transition rates wnn0 are nonzero only for transitions between neighboring states.
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Setting wn;nC1 D r.nC1/, wn;n�1 D g.n�1/, and therefore also wn�1;nCwnC1;n D
r.n/C g.n/, the master equation reads

P%n.t/ D r.nC 1/ %nC1.t/C g.n � 1/ %n�1.t/ �
�
r.n/C g.n/� %n.t/ ; (5.55)

where %n denotes the probability of state n.
Such processes are also called one-step processes. Using the operators Ek ,

defined by
Ek%n.t/ D %nCk.t/ ; k D 0;˙1; : : : ; (5.56)

the equation for the one-step process may also be written

P%n.t/ D .E � 1/r.n/%n.t/C .E�1 � 1/g.n/%n.t/ : (5.57)

Important one-step processes are:

The random walk. Here g � r � 1. The master equation is

P%n.t/ D %nC1 C %n�1 � 2%n �
�
.E � 1/C .E�1 � 1/

�
%n : (5.58)

In this case n, with �1 < n <1, denotes the position on a linear chain of points.

Radioactive decay. In this case g D 0; r.n/ D �n, i.e., the probability that one of
n particles decays within the time interval .t; t C dt/ is �ndt . The master equation
reads:

P%n.t/ D �.nC 1/ %nC1 � �n%n D .E� 1/�n %n : (5.59)

Now, n D 0; 1; : : : denotes the number of atoms. There are only transitions to a
lower number and the rate depends linearly on n (see Fig. 5.3a).

The Poisson process. In this case g.n/ D �; r � 0.

P%n.t/ D �%n�1 � �%n D .E�1 � 1/� %n ; (5.60a)

P%0.t/ D ��%0 : (5.60b)

n D 0; 1; : : : represents the number of events that have occurred up to time t . This
number can only increase with time (Fig. 5.3b). The probability that in the interval
.t; t C dt/ one event occurs is equal to �dt .

In this case we had to write down the master equation for n D 0 separately.
It follows formally from the general master equation for one-step processes if we
introduce a fictitious state n D �1 and set g.�1/ D 0. In the same way one should
have defined for the radioactive decay r.0/ D 0, but the function r.n/ takes care
of this already. Thus there are no transitions between the fictitious state and the
boundary state n D 0 (Fig. 5.4).
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Fig. 5.3 Realization of the stochastic processes (a) for the particle number in a radioactive
substance and (b) for the number of events in a Poisson process

n = −1 0
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Fig. 5.4 Setting g.�1/ D 0 and r.0/ D 0, there are no transitions between the state n D 0 and a
fictitious state n D �1

Utilizing the rule g.�1/ D 0; r.0/ D 0, one may thus formally use the general
form of the one-step process, even when there is a boundary at n D 0. In a similar
manner, one can take care of other boundaries.

Chemical reactions. Suppose that in the chemical reaction A! X molecules of A
can change in molecules of X . Denoting by n the number of X molecules and nA
the number of A molecules we get

g.n/ D wnC1;n D wnA D w˝cA ; (5.61)

where ˝ represents the volume occupied by the particles, cA D nA=˝ is the
concentration, and w a proportionality factor, known as the rate constant. A second
reaction X ! B is described by

r.n/ D wn�1;n D w0 n ; (5.62)

with the rate constant w0. For the case where both reactions

A! X; X ! B

occur, the master equation for %n.t/ is

P%n.t/ D w cA˝.E�1 � 1/ %n C w0 .E� 1/ n %n : (5.63)
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The equations we have considered so far can be solved analytically, as we will
show in the next section. The reason is that for these processes the transition
rates wn0n depend at most linearly on n. As a consequence one obtains closed
equations for the moments, and these are easily solved. As in any other field, linear
models represent important examples for theory and applications, but in many cases
only nonlinear transition rates will realistically describe the corresponding physical
problem.

We will now introduce some important examples of such master equations:

5.3.2 Chemical Reactions

For the reaction
2X ! B (5.64)

we denote by n the number of X molecules. Then

wn�2;n D w0 n.n � 1/=˝ ; (5.65)

because with n particles given, there are n.n � 1/=2 pairs which can form a B
molecule in one reaction.

Thus if we replace the chemical reactionX ! B by 2X ! B , e.g. in (5.63), we
obtain the master equation

P%n.t/ D w cA˝.E�1 � 1/ %n.t/C w0

˝
.E2 � 1/ n.n � 1/ %n.t/ ; (5.66)

which can no longer be solved analytically. Similarly, all master equations for
chemical reactions in which more than one particle of each species take part, i.e.,
for which some of the stoichiometric coefficients are larger than 1, are nonlinear and
therefore not solvable analytically.

Remark. In general, one obtains for the reaction s X ! B the transition rate (van
Kampen 1985)

wn�s;n D �0˝ n.n � 1/ � � � .n � s C 1/
˝s

: (5.67)

This may be seen as follows: Let ! be the volume within which the particles have to
be present simultaneously for a reaction to take place. Then the probability ps that
from a total of n particles in ˝ exactly s particles are in ! is

ps /
 
n

s

!� !
˝

�s �
1 � !

˝

�n�s
: (5.68)

For ! � ˝ one obtains from this expression the rate (5.67) to leading order in ˝ ,
to within a general factor (containing˝ itself).
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5.3.3 Reaction–Diffusion Systems

Up to now, in describing chemical reactions, we have assumed a homogeneous
spatial distribution of the molecules. In many cases, however, the variations of the
concentrations can no longer be neglected. One has to subdivide the total volume
of the reaction into small cells �, (� D 1; 2; : : :) of volume �, small enough that
at least inside these cells the assumption of a homogeneous distribution is justified.
In this case the stochastic quantities are no longer simply labeled by n, the number
of molecules in ˝ , but by fn�; � D 1; 2; : : :g, the number of molecules inside the
cells � D 1; 2; : : :, and therefore we have to consider the density %.n1; n2; : : : I t/.
This characterization of a state of the system is called the occupation number
representation, because a state is labeled by the occupation numbers of all cells.
Of course, the sum of all fn�g has to be equal to the total numberN of particles.

The number of molecules n� in cell �may now change for one of two reasons: It
may change, firstly, due to a chemical reaction, e.g.,A! X , 2X ! B . The master
equation for this process is

P%�fn�g; t
� D �

X

�

h
w cA

�
E�1� � 1

�

C w0

�2

�
E2� � 1

�
n�.n� � 1/

i
%
�fn�g; t

� I (5.69)

Secondly, it may change as a result of diffusion: during the interval dt a molecule
passes from cell � to cell �. Hence, n� decreases by 1 while n� increases by 1. We
will denote the transition rate for this process by w��n� �.

The total master equation now reads

P%�fn�g; t
� D �

hX

�

w cA
�
E�1� � 1

�C w0

�2

�
E2� � 1

�
n�.n� � 1/

C
X

�;�

w��
�
E�1� E� � 1

�
n�

i
%
�fn�g; t

�
: (5.70)

Here %
�fn�g; t

�
is the probability density for the stochastic process fN�.t/g. The

subdivision into cells and the introduction of occupation numbers for each cell is, of
course, only an auxiliary construction: Our real interest lies in the stochastic process
N.r; t/, from which fN�.t/g may be obtained according to

N�.t/ D
Z

cell�
N.r; t/ d3r ; (5.71)

and the probability density %
	
n.r/; t



. N.r; t/ is a time-dependent stochastic field

and the probability density %
	
n.r/; t



is a functional of n.r/.
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In Sect. 3.6 we have already examined the time-independent case, i.e., a field
N.r/. We also considered the expectation values hN.r/i and hN.r/N.r 0/i, and for
the case of a spatially homogeneous field we obtained

hN.r/i D N

V
D n : (5.72)

Thus N.r; t/ is the local particle density, which may now be time dependent.
The master equation (5.70) makes a statement about the behavior of these

quantities as a function of space and time, where space has been discretized. Of
course, for many applications it is sufficient to derive and solve an equation for the
expectation value of the local particle density, i.e., for

f .r ; t/ D hN.r; t/i : (5.73)

Also of interest, in addition to the expectation value hN.r; t/i, is the so-called
factorial cumulant,

	
N.r; t/ N.r 0; t/

i
D hN.r; t/ N.r 0; t/i � hN.r; t/ihN.r 0; t/i
�ı.r � r 0/ hN.r; t/i : (5.74)

To within the normalization, this is the time-dependent analog of the radial
distribution function g2.r; r

0/. Indeed, the radial distribution function may be
introduced as

	
N.r; t/ N.r 0; t/

i
D hN.r; t/ihN.r 0; t/i

�
g2.r ; r

0; t/ � 1
�
: (5.75)

5.3.4 Scattering Processes

Another important type of master equation results if one considers particles in a
volume˝ that may also scatter among themselves.

Now it is the phase space which is subdivided into cells �, � D 1; 2; : : :,
and we will again denote the number of particles in cell � by n�. When two
particles scatter, particles from cells � and � make a transition into cells �0 and �0,
i.e., the occupation numbers for the cells � and � decrease by 1, while they
increase for the cells �0 and �0. Evidently, the rate of this transition from the
state z D �

n1; : : : ; n�; : : : ; n�; : : :
�

into the state z0 D �
n1; : : : ; n� � 1; : : : ; n� �

1; : : : ; n�0 C 1; : : : ; n�0 C 1; : : :� is proportional to n� n�, i.e.,

wz0z D a�0�0�� n� n� ; (5.76)
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and the master equation becomes

P%.z; t/ D
X

���0�0

a�0�0��

�
E�1� E�1� E�0 E�0 � 1

�
n� n� %.z; t/ : (5.77)

This equation also contains nonlinear transition rates. Of course, it has to be
completed by terms taking into account the deterministic movement of the particles.

In scattering processes the corresponding stochastic field should be denoted
by N.r;pI t/, the local, time-dependent particle density in phase space, and an
equation for

f .r ;pI t/ D hN.r;pI t/i (5.78)

leads under a certain approximation to the well-known Boltzmann equation (see van
Kampen 1985; Gardiner 1985).

5.4 Analytic Solutions of Master Equations

In simple cases one can find analytic solutions to the master equation or to the
equations derived from it. We now will present two methods which both transform
the master equation into an equation which is easier to solve.

5.4.1 Equations for the Moments

In many cases it is not the complete time evolution of %n.t/ which is of interest,
but only the time evolution of the average particle number hN.t/i and the variance
hN2.t/i � hN.t/i2. For one-step processes the equation for hN.t/i is easily derived
from (5.55): For hN.t/i DPn n %n.t/ one obtains

d

dt
hN.t/i D

X

n

n P%n.t/ (5.79)

D
X

n

n
h
r.nC 1/ %nC1.t/ � r.n/ %n.t/

Cg.n � 1/ %n�1.t/ � g.n/ %n.t/
i
: (5.80)

Since X

n

n r.nC 1/ %nC1.t/ D
X

n

.n � 1/ r.n/ %n.t/ (5.81)

and X

n

n g.n � 1/ %n�1.t/ D
X

n

.nC 1/ g.n/ %n.t/ ; (5.82)
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we obtain
d

dt
hN.t/i D �hr.N /i C hg.N /i : (5.83)

Similarly, one finds, in general,

d

dt
hNk.t/i D ˝�

.N � 1/k �Nk
�
r.N /

˛C ˝�.N C 1/k �Nk
�
g.N /

˛
:

(5.84)

The initial condition for hNk.t/i follows from that for f%n.t/; t D 0g:

hNkiˇ̌
tD0 D

X

n

nk %n.0/ : (5.85)

If r.n/ and g.n/ are linear in n, the right-hand sides of (5.83) and (5.84) are again
moments of first and k-th order, respectively. Hence, one obtains a closed system of
ordinary differential equations for the moments hNk.t/i.

On the other hand, if r.n/ or g.n/ are nonlinear, the right-hand side of (5.84)
will contain moments of higher order than k. The result is an infinite hierarchy
of equations and, in order to obtain a solvable, closed system of equations, one
generally has to truncate this hierarchy by making some approximation.

5.4.2 The Equation for the Characteristic Function

For the characteristic function

G.z; t/ D
X

n

zn %n.t/ (5.86)

it holds that �
z
@

@z

�k
G.z; t/ D

X

n

zn nk %n.t/ ; (5.87)

and, therefore, for some polynomial, e.g. for r.n/, one also has

r

�
z
@

@z

�
G.z; t/ D

X

n

zn r.n/ %n.t/ : (5.88)

Furthermore

X

n

zn
�
r.nC 1/ %nC1.t/ � r.n/ %n.t/

�
D
�
1

z
� 1

�
r

�
z
@

@z

�
G.z; t/ :
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So one finds as the equation for G.z; t/

@

@t
G.z; t/ D

h�1
z
� 1

�
r

�
z
@

@z

�
C .z � 1/ g

�
z
@

@z

�i
G.z; t/ ; (5.89)

with
G.z; t D 0/ D

X

n

zn %n.0/ : (5.90)

Once G.z; t/ has been determined, the moments follow from (5.87):

�
z
@

@z

�k
G.z; t/jzD1 D hNk.t/i : (5.91)

5.4.3 Examples

Let us apply these two methods to the examples of the previous section.

The random walk. r.n/ D g.n/ D 1. Let %n.t D 0/ D ın;0, i.e., at t D 0 the
random walk starts at the position (state) n D 0.

For the moments it follows from (5.84) that

d

dt
hN.t/i D 0 (5.92a)

d

dt
hN2.t/i D h�2N.t/C 1i C h2N.t/C 1i D 2 (5.92b)

and
hNk.t/iˇ̌

tD0 D 0 ; k D 1; 2; : : : : (5.93)

Therefore

hN.t/i D 0 ; (5.94a)

hN2.t/i D 2t : (5.94b)

The equation for G.z; t/ is

@

@t
G.z; t/ D

�
zC 1

z
� 2

�
G.z; t/ ; (5.95)

where
G.z; 0/ D 1 : (5.96)
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One obtains as the solution

G.z; t/ D exp

�
zC 1

z
� 2

�
t D e�2t

C1X

nD�1
In.2t/ zn ; (5.97)

since exp
�
x
2
.zC 1

z /
�

is the generating function of the modified Bessel function
In.x/. From this solution one finds the moments

hN.t/i D
�

z
@

@z

�
exp

�
zC 1

z
� 2

�
t

ˇ̌
ˇ̌
zD1

(5.98)

D zt

�
1 � 1

z2

�
exp

�
zC 1

z
� 2

�
t

ˇ̌
ˇ̌
zD1
D 0 (5.99)

and after some calculation

hN2.t/i D
�

z
@

@z

�2
exp

�
zC 1

z
� 2

�
t

ˇ̌
ˇ̌
zD1
D 2t : (5.100)

Both methods obviously yield the same results for the moments: The expectation
value remains constant at n D 0, and the variance grows linearly in time.
From (5.97) one obtains for %n.t/

%n.t/ D e�2t In.2t/ : (5.101)

Radioactive decay. g � 0; r.n/ D �n. Let %n.t D 0/ D ın;n0 . For hN.t/i one gets
immediately

d

dt
hN.t/i D �� hN.t/i ; hN.t/ijtD0 D n0 ; (5.102)

i.e.,
hN.t/i D n0 e��t : (5.103)

For the variance one finds, after some calculation,

Var .N.t// D n0
�
e��t � e�2�t

�
: (5.104)

G.z; t/ now satisfies the equation

@

@t
G.z; t/ D

�
1

z
� 1

�
�z

@

@z
G.z; t/ (5.105)

G.z; t D 0/ D zn0 ; (5.106)
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and the solution is

G.z; t/ D �
1C .z � 1/e��t�n0 (5.107)

D �
1 � e��t

�n0
�
1C ze��t

1 � e��t

�n0
(5.108)

D
n0X

nD0

 
n0

n

!
e�n�t

�
1 � e��t

�n0�n zn ; (5.109)

from which one finds

%n.t/ D
 
n0

n

!
e�n�t

�
1 � e��t

�n0�n
: (5.110)

From this result one can also derive the expressions (5.103) and (5.104) for
hN.t/i and Var .N.t//, respectively.

The Poisson process. r � 0; g.n/ D �. Let %n.t D 0/ D ın;m; m � 0. One obtains

d

dt
hN.t/i D � ; hN.t/ijtD0 D m ; (5.111)

i.e.,
hN.t/i D mC �t : (5.112)

Furthermore

d

dt
hN2.t/i D �h2N C 1i ; hN2.t/iˇ̌

tD0 D m2 ; (5.113)

hence,
hN2.t/i D .mC �t/2 C �t ; (5.114)

and
Var .N.t// D �t : (5.115)

The equation for G.z; t/ reads

@

@t
G.z; t/ D .z � 1/ �G.z; t/ ; (5.116a)

G.z; t D 0/ D zm ; (5.116b)

therefore

G.z; t/ D zm e�t.z�1/ (5.117)

D e��t
1X

nD0

.�t/n

nŠ
znCm D e��t

1X

nDm

.�t/n�m

.n �m/Š zn ; (5.118)
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i.e.,

%n.t/ D .�t/n�m

.n �m/Š e��t ; n � m : (5.119)

5.5 Simulation of Stochastic Processes and Fields

In Sect. 5.2 we wrote down the master equation for a piecewise deterministic
Markov process fZ .t/g; Z 2 R

n in the following form:

@

@t
%.z; t/ D � @

@z
� f %.z; t/C

Z
dnz0

�
wzz0%.z0; t/ � wz0z%.z; t/

�
: (5.120)

Such a stochastic process consists of a deterministic motion interrupted at random
times by random jumps z! z0.

The deterministic motion is described in this case by the differential equation

Pz D f .z/ : (5.121)

The probability for the interruption of this motion by jumps is determined by the
transition rates wz0z. We have seen that this concept of a piecewise deterministic
Markov process describes – beyond Hamiltonian dynamics – the temporal develop-
ment of open systems.

The master equation for this process is a partial integrodifferential equation for
the density 	.z; t/, whose solution would require enormous effort.

In many cases, however, one is not really interested in all the information
contained in the time-dependent density. Often it is only the time dependence of
expectation values of the random variables Z .t/ which one wants to know. This
suggests that one might simulate a sufficiently large sample of such a process and
then estimate the quantities of interest on the basis of this sample. Thus one uses a
computer to generate sufficiently many trajectories of such a process. The statistics
of these trajectories will reflect the stochastic properties of Z .t/ formulated by the
master equation.

For a stochastic process with a discrete sequence of instants ti and discrete states
z D 1; : : : ; n such a simulation is most easy formulated. Let t D 1; 2; : : :, then the
time development of the density can be written as

%.t C 1/ D M%.t/; (5.122)

with M D eV (see (6.199)). The elements of the matrix M then are conditional
probabilities

Mij D 	.i j j / ; i; j D 1; : : : ; n: (5.123)
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Now, given a state j at time t , the state i at time t C 1 has to be chosen according
to the probabilities f	.i j j /; i D 1; : : : ; ng. This can be done in the following way:
By adding up intervals of length 	.i j j / for i D 1; : : : ; n, starting at zero, one gets
a subdivision of the unit interval Œ0; 1
. The limits of the n intervals are given by
Œ0; y1; : : : ; yn�1; 1
 with

yi D
iX

kD1
	.k j j /: (5.124)

Now if one realizes a random number �, equally distributed in Œ0; 1
, then the
probability that it falls into the subinterval Œyi�1; yi 
 is just 	.i j j /; i D 1; : : : ; n,
y0 D 0. Hence the state realized at time t C 1 is given by that value i for which

yi�1 < � < yi : (5.125)

Very often, one of the conditional probabilities, e.g., the probability 	.j j j / for
staying in the given state, is much larger than the others. To avoid the use (or
calculation) of the division Œ0; y1; : : : ; yn�1; 1
 in each step, one may ask first
whether there is a jump to a different state at all, and only when this is answered
in the affirmative, then a decision is made into which state the jump shall occur.
Because in most cases, no jump has to occur and since the first query is very fast,
one may improve the speed of the code considerably.

Thus, in general, one has to set up an algorithm for the following three elements
of the motion:

1. The deterministic motion for the case that no jump occurs;
2. The decision as to the instant at which a jump will occur, and,
3. When a jump does occur at time t starting from z.t/, into which of the possible

states z0 with wz0z ¤ 0 it will go.

In the following, we will describe the algorithms for these three elements. We
suppose that we are dealing with a discrete set of states z0 which are accessible by a
jump from z. We first present an algorithm for a fixed time step.

1. The deterministic motion according to the differential equation Pz D f .z/ has to
be determined by standard numerical methods (Runge–Kutta etc.). We assume
that the reader is familiar with these methods and do not go into further details.
In particular, if f � 0, as in ‘real’ Markov processes, the deterministic evolution
is extremely simple: z.t/ D const.

2. Fundamental for the decision concerning the instant at which a jump z.t/ ! z0
shall interrupt the deterministic evolution is the probability that for a given z.t/
at time t exactly one jump occurs within the next time step up to t C dt . This
probability is

u0.z; t/ dt D
X

z0¤z

wz0z.t/ dt : (5.126)

Of course, dt has to be chosen small enough that u0.z; t/ dt is also sufficiently
small compared to 1 (roughly of the order 0.01 to 0.1).
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Hence, a jump should be realized with the probability u0.z; t/ dt . For this
purpose one generates a random number �1 as a realization of a random
variable uniformly distributed in the interval Œ0; 1
. With probability u0.z; t/ dt
this random number is in the interval Œ0; u0.z; t/ dt 
. If, therefore, the generated
random number �1 lies within this interval, one decides in favor of a jump taking
place. Otherwise the motion continues according to the deterministic equation.

3. If a jump does occur, one has to choose the state z0 in which to jump. Obviously,

y.z0 j z/ D wz0z

u0.z/
; z0 ¤ z (5.127)

is the conditional probability that the jump will be into the given state z0 ¤ z,
provided a jump should occur at all. We set y.z j z/ D 0. From (5.126) we
readily obtain X

z0

y.z0 j z/ D 1 : (5.128)

We arrange the states z0 for which y.z0 j z/ ¤ 0 in a row and denote these states
by z0� , where � D 1; 2; : : :. If we now set

y˛ D
X̨

�D1
y.z0� j z/ ; (5.129)

then y.z0̨ j z/ D y˛ � y˛�1 for ˛ > 1 and y.z01 j z/ D y1. Hence, y.z0̨ j z/ is
equal to the size of the intervals for a partition of Œ0; 1
 according to

Œ0; y1; : : : ; y˛; : : : ; 1
 : (5.130)

Thus the target state for the jump, z0̨ , may be determined by generating a second
random number �2 as a realization of a random variable uniformly distributed on
Œ0; 1
, and taking the value ˛ for which

y˛�1 � �2 � y˛ : (5.131)

This defines an algorithm to generate a trajectory of a stochastic process. The
choice of the time step dt is, of course, essential both for the computer time used as
well as for the accuracy.

Once N trajectories, each starting from the same initial state at t D 0, have been
generated, one has obtained N realizations of the random variable Z .t/ for each
instant t > 0. From these samples for each instant t one can estimate the required
quantities such as expectation values or variances using the methods of Sect. 8.1.

There are many variants of this algorithm, and we refer to the literature, e.g.,
Binder (1979) and Honerkamp (1994), for more details. One particularly important
variant, however, will be introduced here.
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Algorithm with a Stochastic Time Step

If the deterministic motion is sufficiently simple, one may determine the distribution
of the intervals between two successive jumps. For this purpose we calculate the
‘survival function’ (also called the dwell time distribution) Vt .�/, which is the
probability that no jump occurs in the interval .t; t C �/. It is given by

Vt .�/ D exp

�
�
Z tC�

t

dt 0 u0.z.t 0//
�
: (5.132)

To see why, we first consider an interval of length � which is small enough to regard
u.z.t// as constant on it. We subdivide the interval again into n time steps dt such
that dt D �=n. The probability that no jump occurs within a time dt is

Vt .dt/ D
�
1 � u0 dt

� D �1 � u0
�

n

�
; (5.133)

and the probability that no jump occurs within the n time steps of the interval � is

Vt.�/ D
�
Vt .dt/

�n D
�
1 � u0

�

n

�n
: (5.134)

Taking dt ! 0 for fixed � , i.e., n!1, one obtains

Vt .�/ D e�u0� D e�u0.z.t// � : (5.135)

For a finite interval .t; t C �/, where now u.z.t// is allowed to vary, we get

Vt .�/ D exp

�
�
Z tC�

t

u0.z.t 0// dt 0
�
: (5.136)

The interval between two successive jumps is also called the waiting time. From
Vt .�/ now we can easily determine the cumulative distribution function Ft .�/ of the
waiting time. It is simply

Ft .�/ D 1 � Vt .�/ ; (5.137)

because the survival function Vt .�/ can also be interpreted as the probability that the
waiting time is greater than � . On the other hand the cumulative distribution Ft .�/
is just the probability that the waiting time is less than � .

Obviously 0 � Ft .�/ � 1, and the function Ft maps the random variable
‘waiting time’ from the interval .0;1/ onto the interval Œ0; 1
. Thus one obtains
a realization of this waiting time distribution by generating a random number �,
uniformly distributed on the interval Œ0; 1
, and choosing � such that F.�/ D �.
Thereby one obtains an equation for � :

Vt .�/ D 1 � � or lnVt .�/ D ln.1 � �/ ; (5.138)
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or Z tC�

t

dt 0 u0.z.t 0// D � ln.1 � �/ : (5.139)

Hence, one first has to determine the deterministic movement z.t 0/ starting at
t 0 D t , from this one obtains u0.z.t 0//, and finally one integrates over t 0 according
to (5.139). Solving this equation for � at given � yields a realization � of the random
time until the next jump. Even if the solution for � has to be done numerically,
this method is often faster than using a fixed time step dt . (In this way one also
circumvents the discussion about the correct choice for the time step dt .)

Thus after each jump one has to determine a new random number � according
to the above described method and to integrate the deterministic equation Pz D f .z/
for this time � .

If, in particular, z.t 0/ D const. between the jumps, as is the case for ‘real’ Markov
processes (f � 0), then u0.z/ is also constant and therefore

Z tC�

t

dt 0 u0.z/ D � u0.z/ ; (5.140)

where � has to be determined from

� D � 1

u0.z/
ln.1 � �/ : (5.141)

Simulation of Stationary Quantities

After a sufficiently long time, the density %.z; t/ of this process will be practically
identical to the stationary density %stat.z/. During a certain time period the individual
states fzg will then be visited with a frequency proportional to their stationary
probability %stat.z/. (We assume here that the process may be considered as ergodic
during this time period.) The states z, generated by the simulation of the trajectory
in the stationary regime, are therefore realizations of a random variable Z with a
probability distribution %stat.z/.

However, successive realizations obtained in this way are not independent,
because it is the transition probability %2.z; t j z0; t 0/ which determines the process
and thereby the simulation. To get independent realizations of a random variable
with density %stat.z/ one simply lists only every nth number in the sequence of
random numbers obtained from the simulation of a stationary trajectory, where
n is sufficiently large such that the correlations among these numbers have faded
away. This correlation time is easily estimated by checking for which values of �
the covariance Cov

�
z.t/z.t C �/� is compatible with zero.

For other methods of generating independent random numbers see, for example,
Honerkamp (1994).
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The Monte Carlo Method, Simulation of Random Fields

The fact that in the simulation of a trajectory after a sufficiently long time random
numbers with the density %stat.z/ are generated may also be utilized to formulate
algorithms generating high-dimensional random vectors with a given density. What
one has to do is to construct a Markov process with the given density as its stationary
density. In fact, this is fairly easy: One chooses transition rates satisfying the
condition of detailed balance (Sect. 5.2).

Such methods for generating realizations of high-dimensional random vectors
also allow the estimation of high-dimensional integrals, as they occur, for example,
in the statistical mechanics of equilibrium systems (see Chaps. 3 and 4). They are
known as Monte Carlo methods in the statistical mechanics of equilibrium states.

Let us consider the Ising model as an illustration of this method:
A state is denoted by

x D .x1; : : : ; xn/ ; xi D ˙1 ; (5.142)

where fxi g represent the spin orientations on, say, a two-dimensional lattice.
The density function for the canonical system is given by

%.x/ D 1

Z
e�ˇH.x/ ; (5.143)

where Z is the partition function, and the energy function has the form (cf. (4.137))

H.x/ D �1
2

NX

iD1

X

j2N i

J xi xj : (5.144)

The neighborhood Ni of a lattice point i consists of the four nearest neighbor sites.
We will now construct a stochastic process X.t/ whose stationary density

%stat.x/ coincides with %.x/. A simulation of this process, once the stationary
state has been reached, will yield realizations of the random field X with the den-
sity (5.143). We may investigate such realizations by image processing methods, but
in the statistical mechanics of equilibrium states we may also estimate expectations
values such as

E D hH.x/i D
X

x

H.x/ %.x/ (5.145)

from a sample fx1; : : : ;xN g of size N by taking

OE D 1

N

NX

iD1
H.xi / : (5.146)

The problems encountered in the estimation of expectation values are addressed in
Sect. 8.1.
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To define the stochastic process we have to state the transition rates. Detailed
balance requires

wxx0 %.x0/ D wx0x %.x/ ; (5.147)

i.e.,
wx0x

wxx0

D %.x0/
%.x/

D e�ˇ�H ; (5.148)

where
�H D H.x0/ �H.x/ : (5.149)

Two frequently employed forms for wxx0 are

• The ansatz introduced by (Metropolis et al. 1953):

wx0x dt D
�

e�ˇ �H if �H � 0
1 otherwise.

(5.150)

Hence, if the jump to x0 leads to a smaller energy .�H < 0/, x0 is always
accepted. If x0 has a larger energy, the acceptance of this state for the instant
t C dt becomes increasingly improbable, the larger the energy difference.

• The ansatz of the so-called heat bath method:

wx0x dt D e�ˇ�H

1C e�ˇ �H
: (5.151)

One can show that in both cases the condition of detailed balance is fulfilled.
Hence, one has to simulate a Markov process fx.t/g for which the transition rates

are given by (5.150) or by (5.151).
It can be shown (Binder 1979) that the two steps,

1. Check whether there should be a jump at all and,
2. If yes, decide into which state,

can be exchanged, and therefore the steps,

1. Choose a possible state x0 and
2. Check whether to jump into this state,

are also possible. This method has the advantage that the computational effort for
the choice and the check is much smaller.

In physics this method is called the Monte Carlo method. In stochastics, an
algorithm generating a spatial Markov field in the above manner is called a
Metropolis sampler.

Summarizing, the algorithm thus consists of the following steps:

1. Start with an initial configuration x.
2. A new configuration x0 is obtained by selecting a component xi of the field x

and by the assignment of a new value to this component. For this purpose one
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chooses a x�i 2 L (the space of all possible values of xi ), where all values in L
are taken to be equally probable. One then sets x0i D x�i with probability wx0xdt .

3. The choice of a component i may be done randomly such that every component
occurs with the same probability. A simpler way is to proceed through the
lattice systematically and to assign new configurations x0 successively to all
components. Such a passage through the lattice, by which N new configurations
are generated, is called a sweep. If the components are chosen randomly a
collection of N successive new configurations might also be called a sweep.

4. Make M sweeps, whereM is a suitably chosen number.

Remarks.

• Because %.x/ is formulated as a Gibbs field, i.e., a Markov field, wx0xdt is a
simple expression depending only on those terms in H.x/ that contain xi .

• In the simulation of such processes starting from an initial configuration one has,
of course, to estimate from when on the system is in equilibrium. Only then can
a configuration x be considered as a realization of the random field X with the
density %.x/.

There are many variants of this method. One method using only the information of
the conditional probabilities is known in stochastics as the Gibbs sampler. In this
case, for each point i the probability

%l D %.xi D l jNi / (5.152)

is determined for every possible realization l of xi . Next one sets xi D l with
probability pl . This is repeatedM times.

Concerning the application of the Metropolis method to the two-dimensional
Ising model and further related problems in statistical mechanics see, for example,
Honerkamp (1994), Binder (1979), Binder and Heermann (1997), and Binder
(1995, 1987). As an example we present a simulation of the isotropic Ising model
(Sect. 4.5) at ˇJ D 0:5 (the critical point is at ˇJ D 0:4407). For the magnetization
one obtains from Sect. 4.5 for N ! 1 the exact result m D ˙0:9113 and
ˇE D �0:8728. The estimated values as a function of the number of sweeps are
plotted in Fig. 5.5. Evidently, the stationary state is reached after about 200 sweeps,
after which point the data can be used for an estimation of the magnetization and
the energy. An analysis of the covariance function reveals that the realizations can
be considered as independent after about 25 sweeps. From a time series consisting
of every 25th data point one obtains

Om D 0:9124˙ 0:0163; ˇ OE D �0:8735˙ 0:0144 ; (5.153)

in good agreement with the exact results for N ! 1. Longer observations of the
stationary states lead to a longer time series and to a smaller error.
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Fig. 5.5 Estimation of the energy and the magnetization as a function of the number t of sweeps
on a 64� 64 lattice. The lines represent the exact solution for N !1

5.6 The Fokker–Planck Equation

In Sect. 5.2 we derived the master equation for Markov processes from a certain
short-time behavior of the conditional probability %2

�
z; t C � j z0; t

�
, formulated in

a given expansion in � . A different requirement for the short-time behavior is the
following:

Z
dz2.z2 � z1/i%.z2; t C � j z1; t/ D Ai.z1; t/� C o.�/;

Z
dz2.z2 � z1/i .z2 � z1/j %.z2; t C � j z1; t/ D Dij .z1; t/� C o.�/;

Z
dz2.z2 � z1/i1 : : : .z2 � z1/in%.z2; t C � j z1; t/ D o.�/ for n > 2 :

(5.154)

Hence, the transition probability, i.e., the conditional probability when a state z1
at time t1 is given, shall in lowest order in � be a normal distribution with means
Ai.z1; t/ and variancesDij .z1; t/ for the increments .Z 2 �Z 1/i .
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Under these conditions it is possible to show that the expansion of the transition
probability for small � has the form

%2
�
z; t C � j z0; t/ D 1p

2��
e�.z�z0/2=2�

�
a0.z; z0/C a1.z; z0/� CO.�2/

�
; (5.155)

where the ai .z; z0/; i D 0; 1; : : : depend on the drift and diffusion terms. In this case,
of course, we also have %2

�
z; t C � j z0; t/ ! ı.z � z0/ for � ! 0, but the limit is

approximated in a completely different way compared to the one we required in the
introduction of the master equation.

It turns out (see, e.g., van Kampen 1985; Honerkamp 1994) that such a short-time
behavior yields an equation for the probability density of the form

@

@t
%.z; t/ D

2

4�
nX

iD1

@

@zi
Ai .z; t/C 1

2

nX

i;jD1

@2

@zi @zj
Dij .z; t/

3

5 %.z; t/ :

(5.156)

This is the Fokker–Planck equation.
Hence, like the master equation, this is a differential equation for the time-

dependent density function of a Markov process. Yet, the time-dependent density
function (and the conditional probability %2.x; t j x0; t 0/) now describes a different
type of stochastic processes. In the mathematical literature this is called a diffusion
process. In contrast to those processes which are described by a master equation
(and which in the physics literature are also referred to as diffusion processes), a
characteristic feature of this process is that there are no jumps. These are in a way
no longer resolved on the large length scale. This will be studied in more detail
in Sect. 5.8. There we will also show that the Fokker–Planck equation arises as a
certain limit of the master equation.

For the trajectories of a diffusion process one can formulate a stochastic
differential equation. If the diffusion matrix Dij .z; t/ does not depend on z, this
can be done even without a lengthy discussion about additional concepts from
stochastics. Indeed, one can show that the multivariate diffusion process Z .t/ 2 R

n,
whose density function obeys the Fokker–Planck equation

@%.z; t/
@t

D
h
�

nX

iD1

@

@zi
Ai .z; t/C 1

2

nX

i;jD1
Dij .t/

@2

@zi @zj

i
%.z; t/ ; (5.157)

satisfies the differential equation

PZi.t/ D Ai.Z ; t/C
nX

jD1
Bij .t/ �j .t/ ; i D 1; : : : ; n : (5.158)
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Here B is a matrix with the property BBT D D, where D is the matrix with elements
Dij . The random variables f�j .t/; j D 1; : : : ; ng are independent ‘white noise’,
i.e., stochastic processes which make the differential equation also a stochastic
equation: For each realization of �j .t/; j D 1; : : : ; n, one obtains a realization of
the processZj .t/. Such a stochastic differential equation is often called a Langevin
equation.

For the increments

dZi.t/ D
Z tCdt

t

dt 0 PZi.t 0/ (5.159)

one obtains from the differential equation up to order dt

dZi.t/ D Ai
�
Z .t/; t

�
dt C

nX

jD1
Bij .t/ dWj .t/ ; (5.160)

where

dWj .t/ D
Z tCdt

t

dt 0 �j .t 0/ (5.161)

is an integral over a stochastic process. It would lead us far beyond the scope of this
book to enter into a discussion on general stochastic integrals (but see van Kampen
1985; Gardiner 1985; Honerkamp 1994). However, dWj .t/ is an especially simple
stochastic integral and with some intuition its properties are easily derived from the
properties of f�j .t/g. Obviously,

hdWj.t/i D
Z tCdt

t

dt 0 h�j .t 0/i D 0 ; (5.162)

and

hdWi.t/dWj .t/i D
Z tCdt

t

dt1

Z tCdt

t

dt2 h�i .t1/�j .t2/i (5.163)

D
Z tCdt

t

dt1 ıij D ıij dt : (5.164)

Furthermore,
hdWi.t/dWj .t

0/i D 0 ; (5.165)

as long as the intervals .t; t C dt/ and .t 0; t 0 C dt/ are nonoverlapping, which is the
case for successive time steps. Hence, for each j the stochastic integral dWj .t/may
be represented a random variable with zero mean and variance dt which furthermore
is gaussian, because according to (5.161) it is a sum of gaussian random variables.
Hence we can write

dWj .t/ D �j
p

dt ; (5.166)

where f�j g are independent standard normal random variables.
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Remarks.

• Because the increments dZi D .Z2 � Z1/i as random variables are Gaussian
in the lowest order in � with means Ai.Z1; t/ and variances Dij .Z1; t/, we can
represent these as

dZi D Ai.Z1; t/� C Bij
p
��j ; BBT D D: (5.167)

Thus one could conclude directly from conditions (5.154) that such a type of
stochastic differential equation might exist.

• If the diffusion matrix D also depends on the state z, the Langevin equation can
be written in the form

PZ.t/ D a.Z; t/C b.Z; t/�.t/ : (5.168)

In this case one speaks of a multiplicative noise, because the white noise
is multiplied by a function of the stochastic variable. At this stage a problem
arises, whose detailed examination would lead us far into the field of stochastic
differential equations and stochastic integrals. If we were now to study the
increments

dZ.t/ D
Z tCdt

t

dt 0 PZ.t 0/ ; (5.169)

we would encounter an integral over the product of two stochastic processes:

I D
Z tCdt

t

dt 0 b.Z.t 0/; t 0/ �.t 0/ : (5.170)

In the attempt to give a precise mathematical meaning to such expressions one
finds several possibilities. Two of the possible definitions for such stochastic
integrals are known as the Itô type stochastic integral and the Stratonovich type
stochastic integral. When one formulates stochastic differential equations with
multiplicative noise one always has to specify in which sense the product of two
processes is to be understood.

5.6.1 Fokker–Planck Equation with Linear Drift Term
and Additive Noise

If the drift term Ai.z; t/ is linear in z, i.e.,

Ai.z; t/ D �
nX

jD1
Aij .t/ zj ; (5.171)
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all quantities of interest are easily calculated:

• The expectation value hZ .t/i satisfies

d

dt
hZi.t/i D �

nX

jD1
Aij .t/ hZj .t/i : (5.172)

• For the covariance matrix Σ.t/ with elements

˙ij .t/ D hZi.t/Zj .t/i � hZi.t/ihZj .t/i

the following equation holds:

d

dt
Σ.t/ D D� �AΣC ΣAT

�
; (5.173)

where A and D are the matrices with elements Aij and Dij .t/, respectively.
• The density %.z; t/ is for all times the density of a Gaussian random vector and

therefore %.z; t/ is completely characterized by the expectation value hZ .t/i and
the covariance matrix Σ.t/. In such cases one also speaks of a Gaussian stochastic
process.

• For the two-time covariance function Cij .t1; t2/ D Cov.Xi .t1/Xj .t2// one
obtains for t1 < t2, if the matrix A is time independent,

Cij .t1; t2/ D
h
e�A.t2�t1/Σ.t1/

i

ij
; (5.174)

where Σ.t1/ represents the variance at time t1. In the stationary state, Σ.t1/ has to
be replaced by the stationary variance Σ.1/. Then Cij .t1; t2/ is only a function
of � D t2 � t1. The spectral density QC.!/ in the stationary state, with matrix
elements

QCij .!/ D
Z 1

�1
d� Cij .�/ei!� ; (5.175)

follows after some calculation as

QC.!/ D .AC i!/�1D.AT � i!/�1 : (5.176)

All higher common densities %.x1; t1; : : :/ are determined solely by the expec-
tation value and the two-time covariance function Cij .�/, in the same way as a
single Gaussian random variable is determined by the expectation value and the
variance alone.

• For the univariate case we set A.z; t/ D �mz; m ¤ 0, D D �2. The
corresponding Langevin equation then reads

PZ.t/ D �mZ.t/C � �.t/ ; (5.177)
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and fZ.t/g is called the Ornstein–Uhlenbeck process. In particular, for suffi-
ciently large t one obtains for the covariance of Z.t/ and Z.t C �/

Cov
�
Z.t/Z.t C �/

�
D �2

2m
e�m� ; (5.178)

i.e., Z.t/, defined by (5.177), is also a model for a red noise. In addition,

Var
�
Z.t/

�
D �2

2m
: (5.179)

For the case m D 0 there is no longer a stationary state. The dissipation, repre-
sented by the term �mZ.t/, is now missing. Starting from Z.0/ D 0 one gets

Var.Z.t// D �2t (5.180)

and

C.t1; t2/ D Cov.Z.t1/Z.t2//

D �2min.t1; t2/ D �2

2
.jt1j C jt2j � jt2 � t1j/ : (5.181)

This process is also called Brownian motion; it is the continuous time version of
the random walk. The trajectories of a pollutant particle in air may be thought
of as realizations of Brownian motion. If many such realizations are considered
simultaneously, e.g. a cloud of such particles which do not disturb each other,
the diameter is proportional to the standard deviation and therefore grows as
the square root of time. Such motion was first studied by the Scottish botanist
R. Brown. In 1827 he discovered that the microscopically small particles into
which the pollen of plants decay in an aqueous solution are in permanent irregular
motion.

The Langevin equation for Brownian motion reads

PZ.t/ D ��.t/ ; �.t/ �WN.0; 1/ : (5.182)

Hence, the infinitesimal increment dZ.t/ is a Gaussian random variable and,
therefore, so is the finite increment Z.t2/ � Z.t1/, because being the sum of
normal random variables, it is again normally distributed. Furthermore, the
increments at different times are mutually independent. Hence, Brownian motion
is a stochastic process with independent and normally distributed increments. We
will meet various generalizations of this motion in Sect. 5.9.

Remark. The numerical integration of stochastic differential equations represents a
wide field. Of special importance in this context is the fact that the treatment of the
diffusion term determines the order of the numerical method, and that methods of
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higher order can only be formulated with a major effort. Here we briefly describe
the simplest method for univariate processes with additive noise.

Consider the Langevin equation

PZ.t/ D a.Z; t/C �.t/�.t/ : (5.183)

Following what is known as the Euler method, we write for z.t C h/, given z.t/, the
approximation

z.t C h/ D z.t/C a.z.t/; t/hC �.t/
p
h".t/ : (5.184)

Here, ".t/ is for any t a realization of a random variable with expectation value
0 and variance 1. In particular, it may be a random variable with a corresponding
uniform distribution. Notice that the noise term is of the order h1=2.

For the expectation value of a functionM.z.t// of z.t/ one obtains

hM.z.t C h//i � hM.z.t C h//i D O.h2/ : (5.185)

The single-step errors for the Euler method are therefore quadratic in the step size h.
A more detailed treatment of the numerical integration of stochastic differential
equations can be found in Honerkamp (1994) and Kloeden and Platen (1995).

5.7 The Linear Response Function
and the Fluctuation–Dissipation Theorem

The properties of a stationary system are usually examined by exposing the system
to a small external force and then measuring the reaction of the system to this
disturbance. In particular, the changes of the expectation values hXii with time in
such a situation are characteristic for the system.

Let fFj .t/g be the external forces. Then this characteristic property of the system
is described by the repones function Rij .t � t 0/, defined by the expansion of the
expectation value in powers of F :

hXi.t/iF D hXi.t/iFD0 C
Z t

0

dt 0
X

j

Rij .t � t 0/Fj .t 0/CO.F 2/ : (5.186)

Hence, the response function reflects the reaction of the system to an external
disturbance in a linear approximation.

Of course, causality leads us to expect that Rij .�/ D 0 for � < 0. The Fourier
transform


ij .!/ D
Z 1

0

d� Rij .�/ei!� (5.187)
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is a complex-valued matrix, whose elements are called susceptibilities. They
measure the sensitivity of the expectation value of Xi.t/ to a change of the external
force Fj .

For a diffusion process described by a Fokker–Planck equation one obtains
(Gardiner 1985)

Rij .t � t 0/ D �.t � t 0/
Z

dx dx0 xi%2.x; t j x0; t 0/
 
� @

@x0j

!
%stat.x

0/ :

Furthermore, for a system where detailed balance holds one can derive a
connection between the linear response function and the covariance functions
Cij .t � t 0/ D Cov.Xi.t/; Xj .t 0// (Reichl 1980). Since the response function is
determined by the dissipation in the system and the covariance function describes
the characteristic fluctuations of the random variables, this connection is also called
the fluctuation–dissipation theorem.

We will not derive the relation between response and covariance function in
full generality but instead discuss it for the case where the drift term in the
Fokker–Planck equation is linear in x, i.e., has the form Ai.x; t/ D �Pj Aij xj
(cf. (5.171)). For this case one readily obtains from (5.186) the linear response
function:

R.t � t 0/ D 1

2�

Z 1

�1
d!

1

i! C A
ei!.t�t 0/ ; (5.188)

i.e.,
QR.!/ D 1

i! C A
: (5.189)

Furthermore, the Fourier transform of the two-time covariance function QC.!/ in this
case reads (cf. (5.176))

QC.!/ D .i! C A/�1D.�i! C AT /�1 : (5.190)

It is obvious that response function and covariance function are related to one
another. In particular we find

QC.!/ D QR.!/D QRT .�!/ : (5.191)

We will now discuss this dynamical version of the fluctuation–dissipation relation
together with more simple versions in the context of an example.

We consider a Brownian particle of mass m in an environment of many smaller
particles, which act on the Brownian particle by stochastic forces. In addition,
we assume that the Brownian particle is bound to a wall by a harmonic force, so
that the particle can vibrate around an equilibrium position and simultaneously
feels a frictional force as well as the above-mentioned stochastic forces. This
stochastically driven, damped harmonic oscillator is the prototype of a statistical
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system with dissipation. When we consider the deviation x.t/ from the equilibrium
position in only one dimension, the Langevin equation for this reads

m Rx.t/C � Px.t/Cm!20x.t/ D ��.t/ : (5.192)

Here �.t/ represents a white noise, � is the strength of the stochastic force, � is a
measure for the strength of the damping, and !0 denotes the natural frequency of
the oscillator.

We introduce the momentum p.t/ D m Px.t/ and find the equations of motion

Px.t/ D 1

m
p.t/ (5.193a)

Pp.t/ D � �
m
p.t/ �m!20x.t/C ��.t/ : (5.193b)

Thus we have a Fokker–Planck equation for x D .x.t/; p.t// with a linear drift
term of the form (5.171), where

A D
�
0 �1=m
m!20 �=m

�
; D D

�
0 0

0 �2

�
: (5.194)

For the response function we obtain

R12.t � t 0/ D 1

2�

Z 1

�1
d!

1

m.!20 � !2 C i�!=m/
ei!.t�t 0/ (5.195)

and, for Cij .t � t 0/, by using the representations (5.175) and (5.176),

C11.t � t 0/ D Cov.X.t/; X.t 0//

D 1

2�

Z 1

�1
d!

�2

m2j!20 � !2 C i�!=mj2 ei!.t�t 0/ (5.196)

D �2

2m�

1

i�
P
Z 1

�1
d!

1

!.!20 � !2 � i�!=m/
cos!.t � t 0/ ;

from which the relation can again be seen.
In Sect. 3.4 we already found relations between the susceptibilities and the

covariances, which are also referred to as the fluctuation–dissipation theorem.
Those were simpler relations following immediately from the definition of the
time-independent susceptibilities. Of course, in some cases one obtains the time-
independent form as a special case of the more general time-dependent form.

An even simpler version of such a relation results when we determine the
stationary probability for the above-considered general dissipative system in a
stochastic environment. One obtains
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%stat.p; x/ D C exp

�
� �

m�2
p2 � m!

2
0�

�2
x2


; (5.197)

because the variance for the stationary state follows from (5.173) as

˙22 D m�2

2�
; ˙11 D �2

2�!20
; ˙12 D ˙21 D 0 : (5.198)

This result is reasonable: The stronger the friction is, the more sharply the
distribution is peaked around p D 0 and x D 0. The opposite is true for the
diffusion, whose strength is measured by �2. The distribution factorizes into two
Gaussian distributions for p and x.

If the environment is considered as a heat bath of temperature T , the stationary
case describes a particle in equilibrium with its environment. In this case we have,

1

2m
hP2i D 1

2
kBT ; (5.199)

as shown in (3.210), and, since hP2i=2m D ˙22=2m D �2=4� , finally

�2

�
D 2kBT : (5.200)

The intensity of the noise is therefore determined by the temperature of the heat
bath. One obtains from (5.197)

%stat.x; p/ D C e�H.p;x/=kBT (5.201)

where

H.p; x/ D p2

2m
C 1

2
m!20x

2 ; (5.202)

which is the form known from statistical mechanics.
Condition (5.200), which is also called the Einstein relation, states a connection

between the strength of the fluctuations, given by �2, and the strength of the
dissipation � . This is the fluctuation–dissipation relation in its simplest form.

5.8 Approximation Methods

The methods introduced in the previous sections for finding an analytic solution
are only applicable to equations with linear transition rates. Even sophisticated
generalizations of these methods, necessary for problems with more complicated
boundary conditions (see e.g. van Kampen 1985; Honerkamp 1994), do not extend
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beyond the linear regime. For equations with nonlinear transition rates one has to
rely on approximation methods.

5.8.1 The ˝ Expansion

In this section one of the most important approximation methods, the ˝ expansion,
will be introduced. Here ˝ represents some size of the system which is relevant in
the context of the problem and, in a certain sense, defines a macroscopic scale.
Frequently, for instance, ˝ denotes the volume of a system. An expansion of
the terms in the master equation with respect to 1=˝ , where only the leading
contributions in 1=˝ are taken into account, means that one considers the motion
only on a macroscopic scale and that smaller details are to be neglected.

Introduction to the Concept in a Simple Example

We begin by studying a simple form of this expansion, namely the case of the
random walk. We thus consider the master equation

P%n D ˛%nC1 C ˇ%n�1 � .˛ C ˇ/%n ; (5.203)

for �L � n � CL with appropriately modified boundary conditions near the
boundary points n D ˙L. We choose L 	 1, and L now represents the above-
mentioned size ˝ , i.e., we are interested in the motion on a length scale of the order
L. A jump n! n˙ 1, for instance, is small in comparison to L.

We introduce
x D n

L
; (5.204)

i.e., n! n˙ 1 now becomes x ! x ˙ 1
L

. For

ĕ.x; t/ D %n.t/ (5.205)

we get

@

@t
ĕ.x; t/ D ˛ ĕ.x C 1

L
; t/C ˇ ĕ.x � 1

L
; t/ � .˛ C ˇ/ĕ.x; t/ : (5.206)

We now expand ĕ.x˙ 1
L
; t/with respect to 1=L and obtain an equation for ĕ.x; t/:

@

@t
ĕ.x; t/ D .˛ � ˇ/ 1

L

@

@x
ĕ.x; t/C .˛ C ˇ/

2

1

L2
@2

@x2
ĕ.x; t/

CO
�
1

L3

�
: (5.207)
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We first consider the case ˛ D ˇ, i.e., the term of order 1=L vanishes. In addition,
we simply set ˛ D 1. Defining � D t=L2 and ˘.x; �/ D ĕ.x; t/, we obtain, by
neglecting terms of order 1=L3 and higher, an equation for ˘.x; �/:

@

@�
˘.x; �/ D @2

@x2
˘.x; �/ : (5.208)

Hence, instead of the variables n; t we have introduced the variables

x D n

L
; � D t

L2
: (5.209)

Now x and � are of order 1, when n is of the order L and t of the order L2. On
a large length and time scale the random walk can therefore be described by the
density ˘.x; �/ and by (5.208) for this density. This is the most simple Fokker–
Planck equation (cf. (5.156)). One possible solution is

˘.x; �/ D 1p
2��

exp

�
�x

2

2�

�
; (5.210)

i.e., ˘.x; �/ is the density of a Gaussian distribution with

hXi D 0 (5.211)

and
Var.X/ D � : (5.212)

This is consistent with the results (5.94) that we obtained for the random walk before
making the approximation.

Hence, when we observe a particle on a random walk ‘from far away’, i.e.,
on a large length scale, and ‘for quite a while’, i.e., on a large time scale, this
jump process will look like diffusion. If one observes many particles moving
simultaneously in this same way, one sees a particle cloud whose extension will
increase in time � as

p
� , as it is the case for the diffusion. A process which is

described by a Fokker–Planck equation is therefore also called a diffusion process.
Now let ˛ ¤ ˇ. In this case the leading term on the right-hand side is of the order

1=L. When we neglect all terms of higher order in 1=L and introduce

� D t

L
; (5.213)

we find as the equation for ˘.x; �/ D ĕ.x; t/:

@

@�
˘.x; �/ D .˛ � ˇ/ @

@x
˘.x; �/ : (5.214)
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But from (5.43), such an equation results for a deterministic motion of x.�/
according to

Px.�/ D �.˛ � ˇ/ : (5.215)

It seems reasonable that the asymmetric random walk now contains such a motion,
because the asymmetry of the transition rates will now lead to a tendency to
favor one direction. However, superimposed on this deterministic motion will be
fluctuations which are not visible in first order of 1=L. So we would expect for the
time-dependent random variable N.t/ with realizations n.t/ a motion which may
be written in the form

N.t/ D Lx.�/CL1=2 �.�/ ; � D t

L
; (5.216)

where x.�/ is determined by (5.215) and �.�/ represents the fluctuations. Then
hN.t/i D O.L/ and also Var.N.t// D O.L/, as we know from systems with many
degrees of freedom (cf. Sect. 3.2). Instead of N.t/ D L�.�/, as we used in (5.209),
we should now insert the ansatz (5.216) into the master equation.

Hence, we must distinguish two cases. For the case ˛ D ˇ the term of order
1=L vanishes and one obtains a Fokker–Planck equation for the density function
˘.x; �/, where x D n=L, and � D t=L2. The stochastic process which we observe
on these length and time scales is a diffusive process.

For ˛ ¤ ˇ the term of order 1=L signals that there is a dominant deterministic
motion, on which are superimposed fluctuations of the order L1=2. Inserting the
ansatz (5.216) into the master equation, one will obtain a deterministic equation for
x.�/ and an equation for the density function of the fluctuations. This will now be
investigated for the general case.

Examination of the General Case

We again write ˝ for the macroscopic system size and proceed from the master
equation

P%.X; t/ D
Z �

w˝.X j X 0/ %.X 0; t/ � w˝.X
0 j X/ %.X; t/

�
dX 0 : (5.217)

Following (van Kampen 1985), we require that the dependence of the transition
rates on X , X 0, and ˝ can be represented in the form

w˝.X j X 0/ D f .˝/
�
�0

�
X 0

˝
I r
�
C 1

˝
�1

�
X 0

˝
I r
�
C : : :

�
; (5.218)

where r D X � X 0. Setting x D X
˝

and x0 D X 0

˝
we obtain as the master equation

for ĕ.x; t/ D P.X; t/
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@ĕ.x; t/
@t

D f .˝/
Z �

�0

�
x � r

˝
I r
�
C 1

˝
�1

�
x � r

˝
I r
�
C : : :

�


ĕ
�
x � r

˝
; t
�

dr (5.219)

�f .˝/
Z �

�0.x;�r/C 1

˝
�1.x;�r/C : : :

�
ĕ.x; t/ dr :

Expansion of the right-hand side in powers of ˝�1 leads to

1

f .˝/

@ĕ.x; t/
@t

D 1

˝

�
� @

@x

Z
dr r �0.xI r/ ĕ.x; t/




C 1

˝2

�
� @
@x

Z
dr r �1.xI r/ ĕ.x; t/ (5.220)

C 1

2

@2

@x2

Z
dr r2 �0.xI r/ ĕ.x; t/



CO.˝�3/ :

Setting

˛n;m.x/ D
Z

dr rn �m.xI r/ (5.221)

we therefore obtain

1

f .˝/

@ĕ.x; t/
@t

D 1

˝

�
� @
@x
˛1;0.x/ ĕ.x; t/



(5.222)

C 1

˝2

�
� @

@x
˛1;1.x/ ĕ.x; t/C 1

2

@2

@x2
˛2;0.x/ ĕ.x; t/



:

Notice that the differential operators act on all terms to the right of them. Again we
have to distinguish between the case where the term of order 1=˝ is present and
that where it vanishes because ˛1;0.x/ � 0.

We first consider the case

˛1;0.x/ D
Z

dr r �0.xI r/ � 0 : (5.223)

Introducing � D ˝�2f .˝/t , one obtains in the limit ˝ ! 1 for ˘.x; �/ D
ĕ.x; t/ the equation

@˘.x; �/

@�
D
h
� @
@x
˛1;1.x/C 1

2

@2

@x2
˛2;0.x/

i
˘.x; �/ : (5.224)

Equation 5.224 is a general Fokker–Planck equation. (In the case of the random
walk �0 � 1; �1 � 0, r takes on only the discrete values r D ˙1, and therefore
˛1;1 � 0; ˛2;0 � 2.)
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Hence, for large length and time scales the Fokker–Planck equation describes the
stochastic process originally described by a master equation. We have assumed the
validity of the representation (5.218) for the transition rates and have considered
up to now the case (5.223). The term ˛1;1.x/ denotes the drift term, ˛2;0.x/ the
diffusion term.

Remark. From

w˝.X j X 0/ D 1

2

�
D.X 0/C 1

˝
A.X 0/

�
ıX 0;XC1

C1
2

�
D.X 0/ � 1

˝
A.X 0/

�
ıX 0;X�1 ; (5.225)

one obtains immediately

˛1;1.x/ D A.x/ (5.226a)

˛2;0.x/ D D.x/ ; (5.226b)

i.e., the Fokker–Planck equation with given drift termA.x/ and diffusion termD.x/

may also be obtained from a master equation with transition rates (5.225). Yet, this
is only one master equation among many yielding the given Fokker–Planck equation
in the limit ˝ !1.

Now we turn to the case

˛1;0.x/ �
Z

dr r �0.x; r/ 6� 0 : (5.227)

Introducing a new time variable

� D f .˝/ t
˝

(5.228)

into (5.222), we obtain for ĕ 0.x; �/ D ĕ.x; t/ up to order 1=˝

@ĕ 0.x; �/
@�

D
h
� @

@x
˛1;0.x/ ĕ 0.x; t/

i
(5.229)

C 1

˝

h
� @

@x
˛1;1.x/ ĕ 0.x; �/ C 1

2

@2

@x2
˛2;0.x/ ĕ 0.x; �/

i
:

Without the term of order 1=˝ , this equation would be a master equation for a
deterministic process with solution

ĕ 0.x; �/ D ı.x � c.�// ; (5.230)

where c.�/ solves the differential equation

Pc.�/ D ˛1;0Œc.�/
 � ˛1;0.x/jxDc.�/ : (5.231)
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The total stochastic process is therefore dominated by this deterministic process.
Fluctuations to this process can be included by the ansatz

x.�/ D c.�/C˝�1=2 �.�/ ; (5.232)

i.e., since X D ˝ x (cf. (5.218) and (5.219)),

X.t/ D ˝ c.�/C˝1=2 �.�/ ; � D f .˝/ t
˝
: (5.233)

Here �.�/ is a time-dependent random variable. Inserting this ansatz into the master
equation we obtain the deterministic equation (5.231) for c.�/, and an equation for
the density

˘.�; �/ D ĕ 0.x; �/ (5.234)

of the fluctuations �.t/.
We first observe that

@

@x
D @�

@x

@

@�
D ˝1=2 @

@�
(5.235)

and, for x fixed, we get from (5.232)

@�

@�
D �˝1=2 Pc.�/ : (5.236)

From (5.229) we therefore obtain

@˘.�; �/

@�
�˝1=2 Pc.�/ @˘.�; �/

@�
D �˝1=2 ˛1;0Œc


@

@�
˘.�; �/

C
�
�˛01;0Œc


@

@�
� C 1

2
˛2;0Œc


@2

@�2

�
˘.�; �/CO.˝�1=2/ ; (5.237)

where ˛01;0Œc
 D @
@x
˛1;0.x/

ˇ̌
xDc.�/ . From the terms of order ˝1=2 we therefore find

indeed
Pc.�/ D ˛1;0Œc
 (5.238)

as the law for the dominant deterministic motion. For the fluctuations around c.�/
we obtain a Fokker–Planck equation for the density ˘.�; �/:

@˘.�; �/

@�
D
�
�˛01;0Œc


@

@�
� C 1

2
˛2;0Œc


@2

@�2

�
˘.�; �/ : (5.239)

Notice that this Fokker–Planck equation only contains a linear drift term and a �-
independent diffusion term. As we have seen in Sect. 5.6, it is easy to determine the
behavior of the fluctuations in a linear diffusion process, especially for large times �
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for which c.�/ is practically equal to the stationary solution cstat. This is given by
the solution of the equation

˛1;0.c
stat/ D 0 : (5.240)

For the fluctuations �.�/ around the stationary solution we get from (5.172)

d

d�
h�.�/i D ˛01;0.cstat/ h�.�/i : (5.241)

Thus we find that only when
˛01;0.cstat/ < 0 ; (5.242)

are the fluctuations damped, and only then is the stationary solution cstat stable
(which also follows from a direct stability analysis of the differential equation for
c.�/). This also implies that only for this case is the ˝ expansion together with the
ansatz (5.233), i.e.,

X.t/ D ˝c.�/C˝k�.�/; k D 1

2
; � D f .˝/ t

˝
; (5.243)

adequate for the dynamics of the stochastic process.
In other cases the fluctuations will be of different order in ˝ . An ˝ expansion

with the ansatz (5.243) with a general exponent k, to be determined, might
eventually lead then to a consistent picture of the structure of the stochastic motion
(Malek Mansour et al. 1981). In the multivariate case, the different fluctuations can
also be of different order in ˝ (Breuer et al. 1995).

5.8.2 The One-Particle Picture

In Sect. 5.3 we have already met several master equations for stochastic processes
in which many particles take part. Usually, one considers the number of particles n�
within one cell �, where, depending on the problem, the cells represent volume
elements in configuration space or in phase space. (If there are several species
A; B; : : : of particles, the collection z D fnA

� ; n
B
� ; : : : ; � D 1; : : :g serves as a

label for a momentary state z.)
This is known as the occupation number representation of a state in the system,

and diffusion and scattering are easily described in this representation as a certain
change of the occupation numbers of individual cells. Correspondingly simple is the
formulation of a master equation for the density of the random variable Z , which in
the present context shall be denoted by P.zI t/.

Although this representation of a state in a system by a set of occupation numbers
is complete, it has its disadvantages, in particular with respect to numerical methods.
The vector z for the numbers of particles in each cell generally has a very high
dimension: Often a simulation utilizes more cells than particles and therefore many



208 5 Time-Dependent Random Variables: Classical Stochastic Processes

occupation numbers vanish, which is difficult to take into account properly in an
algorithm.

This suggests that one might describe the process in a different picture, e.g. by
tracking the stochastic paths of the individual particles.

To make this more explicit, we first consider the random walk of a single particle
among the cells � D 1; : : :. Let %�.t/ be the probability of finding the particle at
time t in cell �, then the master equation for %�.t/ reads

P%�.t/ D
X

�0

�
w��0%�0.t/ � w�0�%�.t/

�
(5.244)

with properly chosen transition rates w��0 . This master equation is orders of
magnitude simpler than the one for P.zI t/, because �, being the argument of %�.t/,
is just a number, whereas z D .n1; : : :/ is a vector of very high dimensionality.

A stochastic process which is described by (5.244) is easily to handle. From this
equation for the stochastic process of a single particle we will now derive the master
equation for the process with many independent particles in the occupation number
representation, and we will ask under what conditions a general master equation can
be reduced to a single-particle master equation.

So we now introduce the occupation number representation for the stochastic
process in which N particles are allowed to jump independently of each other (i.e.,
without interactions) from cell to cell according to (5.244). Obviously,

P.n1; : : : ; n�; : : : I t/ D
 

N

n1 n2 : : :

!
Y

�

�
%�.t/

�n�
: (5.245)

The multinomial factor
�

N
n1 n2:::

� D NŠ
n1Š n2Š:::

guarantees, amongst other things, that
P.n1; : : : I t/ is normalized to 1, as is %�.t/. We shall further insist that this factor
vanishes unless n1 C n2 C � � � D N .

The master equation for P.n1; : : : I t/ is now easily derived from the one for
%�.t/. We obtain

@

@t
P.n1; : : : I t/ D

X

�

 
N

n1 : : :

!
Y

�0¤�

�
%�0.t/

�n�0

n�
�
%�.t/

�n��1 P%�.t/

D
X

�

 
N

n1 : : :

!
Y

�0¤�

�
%�0.t/

�n�0
�
%�.t/

�n��1 n�

�
 
X

�00

w��00%�00.t/ � w�00�%�.t/

!

D
X

�;�00

w��00

�
E�00 E�1� � 1

�
n�00 P.n1; : : : I t/ : (5.246)
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The last rearrangement may best be studied in an example. Suppose there are only
two cells, � D 1; 2. Then

P.n1; n2I t/ D N

n1Š n2Š

�
%1.t/

�n1 �
%2.t/

�n2 (5.247)

and

@

@t
P . n1; n2I t/

D N

n1Š n2Š

�
%1.t/

�n1�1 �
%2.t/

�n2
n1
�
w12%2.t/� w21%1.t/

�

C N

n1Š n2Š

�
%1.t/

�n1 �
%2.t/

�n2�1
n2
�
w21%1.t/ � w12%2.t/

�

D N

.n1 � 1/Š .n2 C 1/Š
�
%1.t/

�n1�1 �
%2.t/

�n2C1
.n2 C 1/w12

C N

.n1 C 1/Š .n2 � 1/Š
�
%1.t/

�n1C1 �
%2.t/

�n2�1
.n1 C 1/w21

� N

n1Š n2Š

�
%1.t/

�n1 �
%2.t/

�n2 �
n1w21 C n2w12

�

D
2X

�;�0D1
w��0

�
E�0 E�1� � 1

�
n�0 P.n1; n2I t/ : (5.248)

Hence, in the occupation number representation we have obtained a master equation
for which the transition rate wz0z is linear in z D .n1; : : : ; n�; : : :/ (or rather a
component of z). Both master equations describe the same stochastic process, which
is simply the random walk of a particle among cells, here taken N -fold as the
stochastic process of N independent particles.

From these considerations we have learnt the following: Given a master equation,

@

@t
P.z; t/ D

X

z0

�
wzz0P.z0; t/ � wz0zP.z; t/

�
; (5.249)

in the occupation number representation, i.e., such that z D .n1; : : :/, then forP.z; t/
we may formulate the ansatz

P.z; t/ � P.n1; : : : I t/ D
 
N

n1 : : :

!
Y

�

�
%�.t/

�n� (5.250)

and ask for the equation which the functions f%�.t/g have to satisfy in order for
P.z; t/ to be a solution of the master equation (5.249).
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If the master equation (5.249) has the form (5.246), we will find the master
equation (5.244) for f%�.t/g. This is the case in which the particles genuinely
propagate independently, and the master equation (5.244) describes the motion of
one of these particles. If there is an interaction among the particles, the transition
rates wz0z are not of the form we found in (5.246). In such a case, one first has
to find an approximation to bring them into this form and to reduce the problem
to the simpler master equation (5.244) by making the ansatz (5.245). Such an
approximation consists, for instance, in the replacement of all particle numbers
occurring in wz0z, except one, by their expectation values, which now have to
be determined from a consistency condition. This corresponds to the mean field
approximation.

5.9 More General Stochastic Processes

So far in this chapter we have addressed only Markov processes. In this section we
will meet four large and more general classes of stochastic processes, which also
play an important role for the description of many phenomena in complex systems.

5.9.1 Self-Similar Processes

A stochastic process is called self-similar with indexH , if for any a > 0 all distribu-
tions (i.e., also the two-time distribution and the multi-time distributions) of X.at/
are identical to the distributions of aHX.t/. In such processes a change of the time
scale can be compensated for by a change of the length scale (or, more precisely,
the scale of X ).

The class of self-similar processes was defined by Mandelbrot (1982), and it
covers a great many processes. Brownian motion (Sect. 5.6), for instance, is self-
similar with indexH D 1=2, because

hX.at1/X.at2/i D min.at1; at2/ D amin.t1; t2/ (5.251)

D ˝
a1=2X.t1/a

1=2X.t2/
˛
; (5.252)

and this covariance function determines all distributions.
In the following we assume H > 0. A self-similar process cannot be stationary,

since X.t/; X.at/ and aHX.t/ all have the same distribution and aHX.t/ tends to
1 for a ! 1. However, to each self-similar process X.t/ with index H one can
associate a stationary process, namely a corresponding Ornstein–Uhlenbeck process
by Y.t/ D e�tHX.et / (Samorodnitzky and Taqqu 1994). Let X.t/ be the Brownian
motion, for example; then one obtains for Y.t/ D e�t=2X.et / the covariance
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hY.t1/Y.t2/i D exp

�
�1
2
jt1 � t2j

�
; (5.253)

already known to us from Ornstein–Uhlenbeck processes (cf. (5.178)).

5.9.2 Fractal Brownian Motion

In Sect. 5.6 we characterized Brownian motion by its independent and normally
distributed increments. Now we will drop the assumption of independence.

As we have seen in Sect. 5.6, a Gaussian stochastic processX.t/with hX.t/i D 0
is determined only by its covariance function. For this we now require:

C.t1; t2/ � Cov.X.t1/; X.t2//

D �2

2
.jt1j2H C jt2j2H � jt2 � t1j2H / ; (5.254)

with 0 < H � 1. For H D 1=2 we again obtain Brownian motion, for H ¤ 1=2

the so-defined Gaussian process is called fractal Brownian motion. One can show
that for H D 1 only the process X.t/ D tX.1/ exists.

Fractal Brownian motion is self-similar with index H .
The increments

Y.t/ D X.t C 1/�X.t/ (5.255)

represent a stationary discrete-time process. Such a process is called fractal Gaus-
sian noise. Hence, this is noise which is normally distributed, but for H ¤ 1=2 it is
not ‘white’. For the covariance function one obtains (see, e.g., Samorodnitzky and
Taqqu 1994)

Cj � Cov.Y.t/; Y.t C j //

D �2

2

�jj C 1j2H C jj � 1j2H � 2jj j2H � j D 1; 2; : : : : (5.256)

For H D 1=2 we find, as expected, Cj D 0 for j D 1; 2; : : :; for H ¤ 1=2,
however, we find for j !1:

Cj / �2H.2H � 1/j 2H�2; (5.257)

i.e., for 1=2 < H < 1,Cj decreases in the limit j !1 so slowly that the
P1

jD1 Cj
is divergent. In this case one speaks of a long-range dependence.

Fractal Gaussian noise is easy to simulate. We represent the covariance matrix
with elements Kij D Cj�i ; i; j D 1; : : : ; N according to the Cholesky method as

K D R RT ; (5.258)
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Fig. 5.6 Fractal Gaussian noise for various indices H

where R is an upper triangular matrix. If we define

Xi D
NX

kD1
Rik�k ; i D 1; : : : ; N ; (5.259)

where f�kg are independent standard normal random variables, then the random
variables fXig obviously have the required covariance matrix. Some realizations of
fractal Gaussian noise are shown in Fig. 5.6.

5.9.3 Stable Levy Processes

Having dropped the requirement of the independence of the increments when we
introduced fractal Brownian motion, we now will retain this independence, but
permit non-normal distributions for the increments. In fact, the increments will be
random variables with a stable distribution for an index ˛. In this case one speaks
of ˛-stable Levy processes. It is not difficult to see that these are self-similar with
an indexH D 1=˛.
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Fig. 5.7 Realizations of Levy processes for various indices ˛

Discrete-time Levy processes are easy to simulate, as one simply has to generate
the realizations of ˛-stable random variables (cf. Sect. 2.6) and sum them up.
Various Levy processes are shown in Fig. 5.7. With decreasing ˛ ever more very
excessively large increments appear.

5.9.4 Autoregressive Processes

A class of stochastic processes frequently discussed in time series analysis are the
autoregressive processes. In this case one considers random variables fX.t/g at
discrete instants t D : : : ;�1; 0; 1; : : :. The dependence among the random variables
is described by an equation of the form

X.t/ D
pX

kD1
˛kX.t � k/C �.t/C

qX

kD1
ˇk�.t � k/ (5.260)

�.t/ / WN.0; �2/ :

The f˛k; ˇkg are coefficients whose relevance will be discussed in a moment.
A process which satisfies such an equation is also called an ARMA.p; q/ process,
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where the letters AR stand for ‘autoregressive’ and MA for ‘moving average’.
Notice that for p > 1 the process no longer satisfies the Markov condition, because
the probability of a realization x at time t is that of a Gaussian random variable with
expectation value

E.X.t// D
pX

kD1
˛kx.t � k/ ; (5.261)

i.e., for p > 1 the probability depends not only on the realization of X.t/ at a single
earlier instant but on several earlier instants.

Remark. In Sect. 5.6 we studied stochastic differential equations for diffusion
processes of the form

PX.t/ D a.X.t/; t/C b.t/�.t/ ; (5.262)

and for the increment dX.t/ D X.tCdt/�X.t/ we derived an expansion in powers
of dt . Up to order dt this was

dX.t/ D a.X.t/; t/dt C b.t/pdt �t ; (5.263)

were �t is a standard normal random variable. We now consider dt as a fixed time
interval and choose our unit of time such that dt � 1. Furthermore, we set b.t/ D �
and a.X.t/; t/ D .˛ � 1/X.t/, i.e., we consider a process with constant variance
and a drift term linear in X.t/. With dX.t/ D X.t C 1/�X.t/ we obviously obtain

X.t C 1/ D ˛X.t/C ��.t/ (5.264)

or
X.t/ D ˛X.t � 1/C ��.t/ ; (5.265)

where the standard normal random variable �t has been interpreted respectively as
�.t C 1/ and as �.t/. Hence, in this manner we obtain an AR(1) process, which
may be thought of as a discrete version of a linear stochastic differential equation
of first order with constant variance. In a similar way, the higher AR processes
are discrete versions of linear stochastic differential equations of higher order. The
MA part of an ARMA process, however, is something new. Within the framework
of stochastic processes, ARMA processes describe the dynamics of general linear
discrete systems.

We introduce the shift operator B by BkX.t/ D X.t C k/ and define what
are known as characteristic polynomials ˛.z/; ˇ.z/ from the respective coefficients
f˛kg; fˇkg:

˛.z/ D 1 �
pX

kD1
˛kz�k (5.266)
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ˇ.z/ D 1C
qX

kD1
ˇkz�k : (5.267)

The ARMA.p; q/ process can now also be written in the form

˛.B/X.t/ D ˇ.B/�.t/ ; �.t/ �WN.0; �2/ (5.268)

or

X.t/ D ˇ.B/

˛.B/
�.t/ (5.269)

or

�.t/ D ˛.B/

ˇ.B/
X.t/ : (5.270)

The polynomials ˛.z/; ˇ.z/ and their properties determine the ARMA process. It
is known that each polynomial of nth order has n zeros in C:

Let a1; : : : ; ap and b1; : : : ; bq denote the zeros of ˛.z/ and ˇ.z/, respectively.
We assume that ˛.z/ and ˇ.z/ have no common zeros, because if a� D b� were
a common zero of ˛.z/ and ˇ.z/, the factors z � a� D z � b� would cancel
in (5.268) or (5.270), and therefore we would be led to an equivalent process of
order .p � 1; q � 1/.

We can now make the following statement:
If all roots a1; : : : ; ap and b1; : : : ; bq of the respective characteristic equations of

˛.z/ and ˇ.z/ lie inside the unit circle, there are practically no divergent realizations
(Schlittgen and Streitberg 1987).

The remainder of this section presents three examples of ARMA(p,q) processes.

Example 1. For the process X.t/ D 0:8X.t � 1/C ��.t/ we have

˛.z/ D 1 � 0:8z�1 ; (5.271)

i.e., the zero of ˛, z D 0:8, lies inside the unit circle. In simulations of this process
we will not meet divergent realizations.

However, the AR(1) process with ˛1 D 1 corresponds to discrete Brownian
motion, i.e., the random walk. Consistent with the above statement it is not
stationary.

An ARMA.p; q/ process

X.t/ D
pX

iD1
˛iX.t � i/C

qX

iD1
ˇi�.t � i/C �.t/ ; (5.272)

�.t/ � WN.0; �2/
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with p > q may also be interpreted as a multivariate AR(1) process for a
p-dimensional random vector X.t/ D �

X1.t/; : : : ; Xp.t/
�
, with X1.t/ � X.t/,

for which
X.t/ D A X.t � 1/ C B�.t/ ; �.t/ � WN.0; �2/ ; (5.273)

where A is the following p 
 p matrix

A D

0

BBBBB@

˛1 1 0 : : : 0

˛2 0 1 : : : 0
:::

:::
: : :

:::

˛p�1 0 0 : : : 1
˛p 0 0 : : : 0

1

CCCCCA
; (5.274)

and B the p 
 1 matrix

B D

0

BBB@

1

ˇ1
:::

ˇp�1

1

CCCA (5.275)

with ˇj D 0 for j > q.

Example 2. For an ARMA(2,1) process we obtain in the same way

 
X1.t/

X2.t/

!
D
�
˛1 1

˛2 0

�  
X1.t � 1/
X2.t � 1/

!
C
�
1

ˇ1

�
�.t/ ; (5.276)

i.e.,

X1.t/ D ˛1X1.t � 1/CX2.t � 1/C �.t/ (5.277a)

X2.t/ D ˛2X1.t � 1/C ˇ1�.t/ : (5.277b)

Inserting X2.t � 1/ from (5.277) into (5.277), we get for X1.t/ � X.t/:

X.t/ D ˛1X.t � 1/C ˛2X.t � 2/C �.t/C ˇ1�.t � 1/ ; (5.278)

i.e., the ARMA(2,1) process in its standard form.
Using a similarity transformation

A0 D L A L�1; or A D L�1 A0 L (5.279)

and
X 0.t/ D L X.t/; B0 D LB ; (5.280)
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(5.273) can be transformed into

X 0.t/ D A0X 0.t � 1/C B0�.t/ ; (5.281)

and the initial random variable X.t/ of the univariate process (5.272) is repre-
sented as

X.t/ D �L�1X 0.t/ �
1
D

pX

iD1
.L�1/1iX 0i .t/ : (5.282)

The eigenvalues of the matrix A or A0 will play an important role in the following.
The eigenvalues of a matrix are easily determined when the matrix has the Frobenius
form (5.274). For the characteristic polynomial one obtains immediately

.�1/p��p � ˛1�p�1 � : : : � ˛p
� D 0 (5.283)

or
.�1/p�p˛.�/ D 0 ; (5.284)

where ˛.z/ is the characteristic polynomial for the process defined in (5.266). We
have seen that for a stationary process the zeros of this polynomial have to be inside
the unit circle. As the zeros of ˛.�/ determine the eigenvalues �, the eigenvalues
for a stationary process also have to lie inside the unit circle.

Since in general the matrix A is not equivalent to a symmetric matrix, there
may be complex eigenvalues. Suppose all eigenvalues are different and let �1 C
i�1; �1 � i�1; �3; : : : denote the first three eigenvalues, then, using a suitable
similarity transformation L, we may bring A0 into the form

A0 D

0

BBBBB@

�1 �1 0 0 : : :

��1 �1 0 0 : : :
0 0 �3 0 : : :

0 0 0
:::

:::
:::

: : :

1

CCCCCA
: (5.285)

A complex eigenvalue therefore leads to a 2 
 2 block on the diagonal, a real
eigenvalue to a 1 
 1 block. In this representation the equations decouple to single
equations (for a real eigenvalue), e.g.,

X 03.t/ D �3X 03.t � 1/C B 03�.t/ ; (5.286)

or to pairs of equations (for a complex eigenvalue), e.g.,

X 01.t/ D �1X 01.t � 1/C �1X 02.t � 1/CB 01�.t/ (5.287a)

X 02.t/ D ��1X 01.t � 1/C �1X2.t � 1/C B 02�.t/ : (5.287b)
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The individual equations of the form (5.286), and (5.287a) or (5.287b), which
emerge through this decoupling, correspond to univariate and bivariate AR(1)
processes, respectively.

Contributions to X.t/ of the form (5.286) are also called relaxators, i.e., X 03.t/ is
an example of such a relaxator. As the eigenvalues lie inside the unit circle, we also
have j�3j < 1.

Pairs of equations, such as (5.287a) and (5.287b) which emerge in this decou-
pling describe linear damped oscillators driven by the noise �.t/. To see this, we
consider the trajectory

�
X 01.t/; X 02.t/

�
in the complex plane with Z.t/ D X 01.t/ C

iX 02.t/. Using the polar representation for the complex eigenvalue,

�1 ˙ i�1 D r e˙i' ; (5.288)

we find the equation:
Z.t/ D r e�i'Z.t � 1/ ; (5.289)

where we have disregarded the noise term for the moment. So we get

jZ.t/j2 D r2jZ.t � 1/j2 (5.290)

and
arg
�
Z.t/

� D arg
�
Z.t � 1/� � ' : (5.291)

As r < 1 (the eigenvalues lie inside the unit circle), and still disregarding the driving
noise �.t/, with each step Z.t/ comes closer to the origin and it changes by an
angle .�'/: the trajectory proceeds along a spiral curve towards the origin, like the
trajectory of a damped linear oscillator in phase space. For the period we find

T D 2�

'
D 2�

arctan.�1=�1/
; (5.292)

and the damping rate � , defined by r D e�1=� , is

� D �2= ln.�21 C �21/ : (5.293)

Hence, without noise,

Z.t C n/ D e�n=�e�i n'Z.t/ ; (5.294)

and after one period T the amplitude jZ.t/j is smaller by the factor e�T=� . (From
�21 C �21 < 1 it follows that � > 0). Without the driving noise the oscillation will
die out. The noise thus compensates the dissipation of energy, which is described by
the fact that the eigenvalues of the matrix A are in magnitude smaller than 1. Hence,
the stochastic oscillator is an open system.
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Fig. 5.8 Part of a realization of an AR(2) process with T D 20

The parameters f˛1; : : : ; ˛pg of an ARMA.p; q/ process thus determine the con-
tent of oscillators and relaxators together with their properties, and the parameters
fˇ1; : : : ; ˇqg determine the relative strength of the stochastic drive. So we could also
characterize an AR.p/ process by the characteristic parameters of the oscillators and
relaxators.

Example 3. We consider a system consisting of one oscillator. From given parame-
ters .T; �/ we get

r D e�1=� and ' D 2�=T (5.295)

and therefore the eigenvalues �1 ˙ i�1 D r e˙i' . According to (5.283), the
polynomial ˛.�/ now reads

˛.�/ D .� � r ei'/.� � r e�i'/��2

D 1 � 2r cos'��1 C r2��2 ; (5.296)

whence it follows from ˛.z/ D 1 � ˛1z�1 � ˛2z�2 that

˛1 D 2r cos' D 2e�1=� cos.2�=T / (5.297)

˛2 D �r2 D �e�2=� : (5.298)

For instance, for .T; �/ D .20; 50/ one obtains ˛1 D 1:8645; ˛2 D �0:9608.
Figure 5.8 shows a realization of such an AR(2) process.



Chapter 6
Quantum Random Systems

In Chap. 3, we discussed the statistical properties of an N -particle system treated
within the framework of classical mechanics. In this chapter, we will take the
more fundamental point of view that the particles and their interactions have to
be described quantum mechanically. In quantum mechanics, the state of a system
has to be described by a vector in a Hilbert space. If the quantum state is not known
completely, one has to introduce the density operator, which contains information
about the possible quantum states and their probabilities.

In Sect. 6.1 the density operators for the various thermodynamical systems are
introduced in close connection with the classical case.

After a derivation of the grand canonical thermodynamic potential for general
ideal gases in Sect. 6.2, we will successively discuss the most important ideal
quantum gases in Sects. 6.3–6.6. Such a discussion is part of the standard repertoire
of any book on statistical mechanics.

The behavior of Fermi and Bose gases at low temperatures, the phenomenon of
Bose-Einstein condensation, Planck’s law of radiation, Kirchhoff’s laws, Debye’s
theory of the specific heat in solids – these are central topics of statistical mechanics
and they are all discussed very thoroughly.

Section 6.7 will extend such discussions to molecules with internal degrees of
freedom. Based on the properties of electron gases, paramagnetic and diamagnetic
properties of matter are considered in Sect. 6.8, and in Sect. 6.9 the concept of quasi-
particles will be explained. Quantum spin systems, superfluidity, and the superfluid
phase of He4 will be briefly discussed within this framework.

6.1 Quantum-Mechanical Description of Statistical Systems

Up to now we have considered statistical systems within the framework of classical
physics. On a microscopic level the states of the system were given by microstates,
i.e., the points x D .p1; : : : ;pN ; q1; : : : ; qN / in a 6N -dimensional phase space,
and observable quantities like the internal energy, H.x/, were functions on this

J. Honerkamp, Statistical Physics, Graduate Texts in Physics 38,
DOI 10.1007/978-3-642-28684-1 6, © Springer-Verlag Berlin Heidelberg 2012

221



222 6 Quantum Random Systems

phase space. The microstates were realizations of these random variables and it was
possible to specify the probability densities of these variables for various external,
macroscopic conditions.

For a quantum-mechanical description of the system, one has to distinguish
first between the state of the system and the possible results of a measure-
ment. The measured results continue to be positions, momenta, energies, etc.,
but in the framework of a quantum-mechanical description, a state of the system
is a vector j i in a Hilbert space and the components of this vector with
respect to some basis are the wavefunctions  .x/,  .p/, or  E , where now
fxD .q1; : : : ; qN /g, fp D .p1; : : : ;pN /g, or fEg form a complete set of quantum
numbers for a complete system of commuting observables. Observable quantities
are no longer represented by functions in phase space but by self-adjoint operators
in the Hilbert space, and their spectrum represents the possible results of a
measurement.

Hence, we have to extend the notion of random variables. We still have to define
the possible states and their probabilities, but these states are no longer points in
phase space but states

˚j i i; i D 1; : : :
�

in the Hilbert space.
A mathematical object which, like the probability density in the classical case,

contains the information about possible states and their probabilities is the density
operator

% D
X

i

p.i/ j i ih i j ; (6.1)

where X

i

p.i/ D 1: (6.2)

Here the possible states
˚j i i; i D 1; : : :

�
are not necessarily orthogonal. For a pure

state, i.e., when the system is with certainty in a definite state j i 0i, we have p.i 0/ D
1; p.i/ D 0 otherwise, and the density operator

% D j i 0ih i 0j (6.3)

is the projection operator onto the state j i 0i. A state which is not pure is called a
mixed state.

The quantum-mechanical expectation value of an operator A in a state j i i is
h i jAj ii, and the statistical expectation value is now

hAi D
X

i

p.i/ h i jAj i i D Tr

 
X

i

p.i/ j i ih i jA
!
D Tr .%A/: (6.4)

Note: The equality
Tr Œj i ih i jA� D h i jAj i i

results as follows: Let fj˛i; ˛ D 1; : : :g be a complete orthonormal system, then
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Tr Œj i ih i jA� D
X

˛

h˛j i ih i jAj˛i (6.5)

D
X

˛

h i jAj˛ih˛j i i (6.6)

D h i jAj i i : (6.7)

The probability densities are now replaced by the density operators for the
various systems. Before we specify such density operators, we will first study some
general properties of density operators.

• Tr .%/ D 1, a fact which follows immediately from Tr .%/ DPi p.i/ D 1.
• The density operator is hermitian, as can be seen from the definition (6.1).
• For every state j i in the Hilbert space we have

h j%j i � 0 ; (6.8)

since
h j%j i D

X

i

p.i/
ˇ̌h j i i

ˇ̌2 � 0: (6.9)

• The density operator satisfies

Tr .%2/ � 1 ; (6.10)

and Tr .%2/ D 1, if and only if % represents a pure state. Since
ˇ̌h i j j i

ˇ̌2 � 1 by
the Schwarz inequality, one finds

Tr .%2/ D
X

i;j

p.i/ p.j /
ˇ̌h i j j i

ˇ̌2
(6.11)

�
X

i;j

p.i/ p.j / D 1: (6.12)

The proof also implies immediately that Tr .%2/ D 1 only if
ˇ̌h i j j i

ˇ̌2 D 1 for
all states for which p.i/ and p.j / are different from zero. This is only possible
if only one such state exists, i.e., the density operator is of the form

% D j i0ih i0 j: (6.13)

As in classical statistical mechanics we can introduce the entropy associated with
a density. The entropy of a density operator is defined as

S D �kB Tr
�
% ln%

�
: (6.14)
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For a complete set of eigenvectors j˛i of % one also obtains

% D
X

˛

p˛ j˛ih˛j ; (6.15)

where fp˛g are now the eigenvalues of %. Therefore

� ln% D �
X

˛

.lnp˛/ j˛ih˛j (6.16)

and
S D �kB

X

˛

p˛ lnp˛: (6.17)

Finally, it is possible to define the relative entropy. The entropy of a density
operator % relative to a density operator %0 is

SŒ%j%0� D �kB
�
Tr .% ln %/� Tr .% ln %0/

�
: (6.18)

Again one can show:
SŒ%j%0� � 0 ; (6.19)

and SŒ%j%0� D 0 only if % and %0 are related by a unitary transformation.

Remarks.

• Let the free particles in a beam have momentum „k and the eigenvalues for the
z-component of the spin operator be ms D 1=2 with probability p1 and ms D
�1=2 with probability p2. Then the density operator reads

% D p1
ˇ̌
k; 1

2

˛ ˝
k; 1

2

ˇ̌C p2
ˇ̌
k;� 1

2

˛ ˝
k;� 1

2

ˇ̌
(6.20)

D jkihkj �p1
ˇ̌
1
2

˛ ˝
1
2

ˇ̌C p2
ˇ̌� 1

2

˛ ˝� 1
2

ˇ̌�
(6.21)

D %k %spin: (6.22)

With the representation

ˇ̌C 1
2

˛ D
�
1

0

�
; (6.23a)

ˇ̌� 1
2

˛ D
�
0

1

�
; (6.23b)

(6.23c)

one finds for the density operator in spin space:

%spin D p1
�
1 0

0 0

�
C p2

�
0 0

0 1

�
D
�
p1 0

0 p2

�
: (6.24)
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The statistical expectation value is

hAi D p1
˝
k; 1

2

ˇ̌
A
ˇ̌
k; 1

2

˛C p2
˝
k;� 1

2

ˇ̌
A
ˇ̌
k;� 1

2

˛
: (6.25)

On the other hand, the state

jk; ˛i D jki 1p
2

�
1

1

�
(6.26)

describes a beam of particles which are completely polarized in the x-direction.
With

Jx D „
2
�x D „

2

�
0 1

1 0

�
(6.27)

as the x-component of the spin operator we get

Sx

�
1

1

�
D „
2

�
1

1

�
: (6.28)

As
1p
2

�
1

1

�
D 1p

2

	�
1

0

�
C
�
0

1

�

(6.29)

the expectation value is

hk; ˛jAjk; ˛i D 1

2

�˝
k; 1

2

ˇ̌
A
ˇ̌
k; 1

2

˛C ˝k;� 1
2

ˇ̌
A
ˇ̌
k; 1

2

˛

C ˝k; 1
2

ˇ̌
A
ˇ̌
k;� 1

2

˛C ˝k;� 1
2

ˇ̌
A
ˇ̌
k;� 1

2

˛�
: (6.30)

The system described by jk; ˛i is prepared completely and can be represented
by a single wave function. If one expands the wave function with respect to
the basis

ˇ̌
k; 1

2

˛
;
ˇ̌
k;� 1

2

˛
the expectation value also contains the mixed terms˝

k;˙ 1
2

ˇ̌
A
ˇ̌
k;� 1

2

˛
, which do not appear in (6.25).

Depending on the physical preparation of the system one therefore gets a
different expectation value.

• Consider N different realizations fxi ; i D 1; : : : ; N g of a random vector X in
R
M with hXi D 0.
We may introduce a density matrix also in a finite dimensional vector

space R
M . Let fxi ; i D 1; : : : ; N g be the possible realizations of a random

vector X in R
M with hXi D 0, and each may be realized with probability 1=N .

Then a density matrix in R
M may be defined by:

% D
NX

iD1

1

N
xi ˝ xi ; (6.31)
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with the matrix elements

%˛ˇ D 1

N

NX

iD1
xi˛ xiˇ ; (6.32)

where xi˛ is the ˛-component of X in the i th realization.
% is also the realization of a well-known estimator for the covariance matrix

(see e.g. Honerkamp 1994).
Hence, we see that the density matrix corresponds in this case to the

covariance matrix of a random vector X with a probability density %X .x/. (More
precisely it corresponds to the estimator of this matrix.)

Thus one could take the following point of view: The actual random variable
in the Hilbert space is the vector j i, and one should rather define a probability
density P. /. In some recent publications this has indeed been done; see, e.g.,
Breuer and Petruccione (1995).

Given the Hamiltonian H of a quantum mechanically system, the density
operators of the various statistical systems are:

1. For the canonical system

% D 1

Z
e�ˇH with Z D Tr e�ˇH : (6.33)

If fj˛i; ˛ D 1; : : :g is a complete system of eigenvectors for a complete set of
commuting observables containing the Hamiltonian operatorH , then

% D
X

˛

1

Z
e�ˇE˛ j˛ih˛j ; (6.34)

where H j˛i D E˛j˛i. 1
Z

e�ˇE˛ is called the Boltzmann factor.
2. For the p–T system

% D 1

Y 0
e�ˇ.HCpV / with Y 0 D Tr e�ˇ.HCpV /: (6.35)

3. For the grand canonical system

% D 1

Y
e�ˇ.H��N/ with Y D Tr e�ˇ.H��N/: (6.36)

4. For the microcanonical system

% D 1

˝.E/
ı�.H � E/ with ˝.E/ D Tr ı�.H � E/ ; (6.37)
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where ı�.H � E/ is the projection operator onto the subspace of the Hilbert
space spanned by the eigenfunctions of H with energy eigenvalues in the
interval .E;EC�E/. For the above mentioned complete system of eigenvectors
fj˛i; ˛ D 1; : : :g one obtains, e.g.,

% D 1

˝.E/

X

˛E�E˛�EC�E
j˛ih˛j: (6.38)

These statements about the density operators may be justified in various ways.
The form of the density operator for the microcanonical system is postulated
with the same reasoning as in the classical case: All allowed energy eigenstates
are equally probable. The other density operators can then be derived from this
one. Equivalently, one may also fomulate the maximum entropy principle for the
entropies of density operators and then derive the density operators from this
principle. And, finally, one can consider the classical limit and show that the
probability densities introduced in the previous sections result in this limit.

We note that all relations between the expectation values and the partition
functions have the same form as in the classical case, for example,

• In the canonical system (cf. (3.55))

E.T;N; V / D hH i D Tr .%H/

D 1

Z

�
� @

@̌

�
Z D � @

@̌
lnZ.T;N; V / ; (6.39)

• In the p–T system (cf. (3.90))

V.T; p;N / D hV i D Tr .%V /

D 1

Y 0

�
� 1
ˇ

�
@

@p
Y 0 D @

@p
G.T; p;N / ; (6.40)

• And in the macrocanonical system (cf. (3.108))

N.T; V; �/ D hN i D Tr .%N /

D 1

Y

1

ˇ

@

@�
Y D � @

@�
K.T; V; �/: (6.41)

6.2 Ideal Quantum Systems: General Considerations

Having established some basic notions for statistical quantum systems in the
previous section, we will now determine the thermodynamic potential for a general
quantum-mechanical ideal gas and examine the classical approximation.
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We consider an ideal gas of N particles in a volume V . If these particles do not
possess any internal degrees of freedom, the Hamiltonian reads

H D
NX

iD1

p2
i

2m
: (6.42)

The quantum-mechanicalN -particle state may be written as the N -fold product of
single-particle states, where this product has to be totally symmetrized for bosons
and totally antisymmetrized for fermions.

Let j˛i be a complete orthonormal system of energy eigenstates for the single-

particle HamiltonianH1 D p2

2m
such that

H1j˛i D "˛j˛i ; ˛ D 1; : : : : (6.43)

Thus each particle can be in one of these single-particle states. Its contribution to the
total energy then is "˛. We sometimes refer to the single-particle states as orbitals.

If the volume is a box of linear size L in each direction, ˛ corresponds to a
momentum p or a wave vector k, and a spin quantum numberms . In this case

H1 jk; msi D „
2k2

2m
jk; msi (6.44)

i.e.,

"˛ � ".k; ms/ D „
2k2

2m
� ".k/ ; (6.45)

and
Sz jk; msi D ms jk; msi ; (6.46)

where Sz denotes the z-component of the spin operator. The real space wave
function is

 k;ms .r/ D C sin.k1x1/ sin.k2x2/ sin.k3x3/ ; (6.47)

where k D .k1; k2; k3/; r D .x1; x2; x3/; 0 � xi � L . The boundary condition
 D 0 on the walls of the box yields

kiL D mi�; with mi D 1; 2; : : : ; i D 1; 2; 3 ; (6.48)

i.e.,

ki D mi�

L
; mi D 1; 2; : : : ; i D 1; 2; 3; (6.49)

where the fmig should not be confused with the spin quantum numberms .
The N -particle state may also be labeled by the number of particles which are

in each of the single-particle states j˛i ; ˛ D 1; : : :. Let this number be n˛ , then
jn1; : : :i characterizes theN -particle state completely: For each single-particle state
˛ D 1; : : : the number of particles which are in this state has been specified. If the
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particles are fermions, only the values n˛ D 0 or 1 are possible, since, according
to the Pauli principle, there can be at most one particle in each orbit. For bosons n˛
can take on all integer values larger than or equal to 0. Furthermore, we have

N D
X

˛

n˛; (6.50)

and for the total internal energy

E D
X

˛

n˛"˛ : (6.51)

A complete system of energy eigenstates of the N -particle system is therefore
given by all f.n1; n2; : : :/g such that

P
˛D1 n˛ D N . This representation is also

called occupation number representation.
Let us determine the grand canonical partition function of a macroscopic system.

Because all the N -particle states are eigenfunctions to the energy and particle
number operator, we have

Y.T; V; �/ D
1X

ND0

X

f.n1;:::/gPn˛DN
exp�ˇ.."1 � �/n1 C ."2 � �/n2 C : : :/ (6.52)

D
X

f.n1;:::/g
exp�ˇ.."1 � �/n1 C : : :/: (6.53)

Rearranging the sums we obtain

Y.T; V; �/ D
X

n1

expŒ�ˇ."1 � �/n1�
X

n2

expŒ�ˇ."2 � �/n2� : : : (6.54)

D
Y

˛

X

n˛

expŒ�ˇ."˛ � �/n˛�: (6.55)

For the case of fermions the sum over occupation numbers yields

1X

n˛D0
e�ˇ."˛��/n˛ D 1C eˇ� e�ˇ"˛ D 1C z e�ˇ"˛ ; (6.56)

where we have introduced the so-called fugacity z D eˇ�.
For bosons we find

1X

n˛D0
e�ˇ."˛��/n˛ D 1

1 � e�ˇ."˛��/
D 1

1 � z e�ˇ"˛
; (6.57)
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where we have assumed that ."˛ � �/ > 0. Thus we must have � < "0, where "0 is
the energy of the single-particle ground state. If we set this energy to zero, we have
� < 0 for bosons.

We have represented the single-particle state j˛i by jk; msi. The spin quantum
number ms can now take on g possible values (e.g., g D 2 for spin 1=2, i.e.,
ms D ˙1). Then we find

ln Y.T; V; �/ D ˙g
X

k

ln
�
1˙ z e�ˇ".k/

�
; (6.58)

where the upper sign refers to fermions and the lower one to bosons. For largeL the
sum over the discrete k values can be approximated by an integral according to

X

k

! V

.2�„/3
Z

d3p: (6.59)

(The sum over, say, k1 is actually a sum over m1, since k1 D m1�
L
; m1 D 1; 2; : : :.

Therefore, as m1 D L
�
k1, we have

1X

m1D1
! L

�

Z 1

0

dk1 D L

2�

Z C1

�1
dk1 D L

2�„
Z C1

�1
dp1: (6.60)

In Sect. 6.4 this approximation of a sum by an integral will be made more rigorous
using the Euler–MacLaurin sum formula (6.124).)

Hence, we finally obtain forK D �kBT ln Y

K.T; V; �/ D �gkBT
V

.2�„/3
Z

d3p ln

	
1˙ z exp

�
�ˇ p

2

2m

�

: (6.61)

This is the grand canonical thermodynamic potential for the ideal quantum gas
(for particles without internal degrees of freedom). Proceeding from this potential
we will derive all other quantities. But first we will derive some relations between
the thermodynamic potential K and other system variables, and we will use a
certain approximation to obtain the grand canonical thermodynamical potential for
a classical ideal gas.

6.2.1 Expansion in the Classical Regime

We expand the integrand in K.T; V; �/ with respect to the fugacity z. Since
ln.1C x/ D x � x2

2
C : : : we get
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K.T; V; �/ D �gkBT
V

.2�„/3
�Z

d3p e�ˇ
p2

2m z

�1
2

Z
d3p e�2ˇ

p2

2m z2 C : : :
�
: (6.62)

Using

Z
d3p e�˛p2 D 4�

Z 1

0

dp p2 e�˛p2 D 4�
p
�

4
˛�3=2 D �3=2 ˛�3=2; (6.63)

we finally obtain

K.T; V; �/ D �gkBT V

"
z

�
2�mkBT

h2

�3=2

�z2
�
2�mkBT

h2

�3=2
1

25=2
C : : :

#
; (6.64)

and therefore to first order in z D eˇ�

K.T; V; �/ D �gkBT
V

�3t
eˇ�; (6.65)

where we have again introduced the thermal de Broglie wavelength

�t D
s

h2

2�mkBT
: (6.66)

This is of the order of magnitude of the wavelength of a particle with energy
kBT . (Because from E D „2k2=2m D kBT and �D 2�=k one obtains �2t D
.2�/2=k2� h2=.2�mkBT /.) For room temperature and m D m4He one finds
�t � 10�8cm.

To within the factor g (equal to the number of spin orientations) K.T; V; �/
in (6.65) is exactly the grand canonical thermodynamical potential for the classical
ideal gas (cf. (3.112)).

Hence, to a first approximation in z, we get also

N D � @K
@�
D geˇ�V ��3t : (6.67)

Introducing n D N=V , the number of particles per unit volume, and v D V=N , the
volume per particle, we find again (see also (3.115))

z D eˇ� D n�
3
t

g
D �3t
gv
: (6.68)
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The condition z� 1 therefore means that the volume available for one particle
is large compared to the volume of a box of side length equal to the de Broglie
wavelength. Under these conditions the particle may obviously be treated as
classical, and therefore z� 1 can also be considered as the classical regime.

For a gas at atmospheric pressure the particle number density n is of the
order 1019 atoms per cm3. At room temperature one finds for such a gas, with
�t D 10�8 cm,

z / n�3t � 1019 	 10�24 D 10�5 � 1: (6.69)

6.2.2 First Quantum-Mechanical Correction Term

When we also take into account the second term in the expansion (6.64), we obtain

K.T; V; �/ D �gkBT V �
�3
t

�
z� z2

25=2
C : : :

�
(6.70)

and therefore, as N D � @K
@�

and @z
@�
D ˇz,

N.T; V; �/ D gV ��3t

�
z� z2

23=2
C : : :

�
; (6.71)

or, with

u WD �3tN

gV
D �3t n

g
D O.n/; (6.72)

u D z� z2

23=2
CO.z3/: (6.73)

Solving this equation for z we get z D u˙ u2

23=2
CO.u3/, and therefore

�K.T; V; �/ D pV D kBTN
1

u

�
z� z2

25=2
CO.z3/

�
(6.74)

D NkBT

�
1˙ u

�
1

23=2
� 1

25=2

�
CO.n2/

�
; (6.75)

and finally

pV D NkBT

�
1˙ �3t

g25=2
nCO.n2/

�
: (6.76)

Hence, the first correction term to the equation of state of an ideal gas is
different for bosons and fermions. For fermions a higher pressure results, which is
a consequence of the Pauli principle: Multiple occupation of states is not permitted
and this leads to an effective repulsion.
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The equation of state (6.76) has the form

p D kBT n.1C b.T /nC c.T /n2 C : : :/; (6.77)

identical to the form obtained in Sect. 3.7 in the framework of the virial expansion
for nonideal gases.

6.2.3 Relations Between the Thermodynamic Potential
and Other System Variables

From the expression (6.61) for the grand canonical potential K one easily sees that
againK.T; V; �/ is linear in V (cp. (3.113)), and thus, as p D � @K

@V
,

K D �p V: (6.78)

Furthermore, for a nonrelativistic ideal gas, we will find

K D �2
3
E: (6.79)

For simplicity, we prove this only for the case of fermions. The proof for bosons is
similar. The proof makes use of the energy–momentum relation for nonrelativistic
particles. In Sect. 6.5 we will deal with the photon gas, which is a relativistic gas.
The energy-momentum relation in that case reads E D jpjc, and we will find a
slightly different relation betweenK and E:

Proof. We consider the integral in the expression for K.T; V; �/ and make the
substitution p2 D x, i.e., 2p dp D dx, or dp D .2x1=2/�1dx:

Z 1

0

dp p2 ln

	
1C z exp

�
�ˇ p

2

2m

�


D 1

2

Z 1

0

dx x1=2 ln
h
1C z exp

�
�ˇ x

2m

�i
:

Partial integration yields:

1

2

2

3
x3=2 ln

h
1C z exp

�
�ˇ x

2m

�iˇ̌
ˇ̌
1

0

� 1
2

2

3

Z
dx x3=2

2

4
z
�
� ˇ

2m

�
exp

��ˇ x
2m

�

1C z exp
��ˇ x

2m

�

3

5 :
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Now x3=2 ln
�
1C ze�ˇ x

2m

� ! 0 for both limits x ! 0 and x ! 1; resubstituting
p for x the remaining integral can be written as

2

3
ˇ

Z
dpp2

p2

2m

2

4
z exp

�
�ˇ p2

2m

�

1C z exp
�
�ˇ p2

2m

�

3

5 ;

from which we finally obtain

K D �pV D � 2
3

gV

.2�„/3 4�
Z

dpp2
p2

2m

ze�ˇ
p2

2m

1C ze�ˇ
p2

2m

D � 2
3
E;

as required. Together with K D �p V we get the equation of state

p V D 2

3
E: (6.80)

This is consistent with the equations for the classical ideal gas: pV DNkBT ,
E D 3

2
NkBT .

6.3 The Ideal Fermi Gas

We now consider the grand canonical potential for the ideal Fermi gas. In the
previous section we found for this potential

K.T; V; �/ D �gkBT
V

.2�„/3
Z

d3p ln

	
1C z exp

�
�ˇ p

2

2m

�

: (6.81)

6.3.1 The Fermi–Dirac Distribution

For the expectation values of the particle number and the energy we obtain

N.T; V; �/ D hN i D � @K.T; V; �/
@�

D � @z

@�

@K.T; V; �/

@z

D gV

.2�„/3
Z

d3p

2

4
z exp

�
�ˇ p2

2m

�

1C z exp
�
�ˇ p2

2m

�

3

5 ; (6.82)

and, since
1

Y

@

@̌
Y D �hH � �N i,
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ε = μ ε

f(ε)

1

Fig. 6.1 The Fermi–Dirac
distribution at T D 0

E.T; V; �/ D hH i D � @

@̌
ln Y C �N D � @

@̌
.�ˇK/C �N

D gV

.2�„/3
Z

d3p
p2

2m

2

4
z exp

�
�ˇ p2

2m

�

1C z exp
�
�ˇ p2

2m

�

3

5 : (6.83)

Both expressions contain the quantity

hnp;ms i WD
z exp

�
�ˇ p2

2m

�

1C z exp
�
�ˇ p2

2m

� ; (6.84)

which is called the average occupation number of the orbital .k; ms/ or .p; ms/.
Thus

hN i D
X

p;ms

hnp;ms i ; hH i D
X

p;ms

p2

2m
hnp;ms i: (6.85)

This average occupation number hnp;ms i for an orbital, considered as a function f ."/

of the energy " D p2

2m
of the orbital, is also called the Fermi–Dirac distribution.

We will now discuss this Fermi–Dirac distribution, written as

f ."/ D 1

1C eˇ."��/
;

in more detail:
We have 0 � f ."/ � 1, since eˇ."��/ takes on values between 0 and1.
We consider � > 0 and examine the limit T ! 0 or ˇ D 1

kBT
!1. For " > �

we obtain f ."/ ! 0, for " < � we get f ."/ ! 1. Hence, for f ."/ as a function
of " we find the dependence shown in Fig. 6.1. This means that at T D 0, all orbitals
with an energy ".p/ < � are occupied and all others are empty.

The orbitals for which ".p/ < � are also called the orbitals of the Fermi sea,
i.e., the Fermi sea is completely occupied at T D 0. The edge of the function
f ."/ at " D � is referred to as the Fermi edge. The surface in k-space defined by
„2k2=2m D � is also called Fermi surface. For nonideal gases this surface is in
general not spherical.
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The Fermi momentum is the momentum pF for which

".pF/ D �; (6.86)

and "F � ".pF/ D � is called the Fermi energy. Finally, we define the Fermi
temperature TF through the equation

kBTF D "F: (6.87)

Fermi momentum and Fermi energy are determined from the equation for the
particle number at T D 0:

N.T D 0; V; �/ D g V

.2�„/3
Z

".p/<�

d3p (6.88)

D g V

.2�„/3 4�
Z pF

0

dp p2 D gV

.2�„/3 4�
p3F
3
: (6.89)

So we obtain, with v D V=N being the volume per particle,

pF D pF.v/ D 2�„
�
3N

4�gV

�1=3
D „

�
6�2

gv

�1=3
(6.90)

and

"F � ".pF/ D p2F
2m
D „

2

2m

�
6�2

gv

�2=3
: (6.91)

Given v, the Fermi energy is the chemical potential at T D 0 and "F D
"F.v// v�2=3.

The internal energy at T D 0 is

E.T D 0; V; �/ D g
V

.2�„/3
Z

".p/<�

d3p
p2

2m
(6.92)

D gV

.2�„/3 4�
Z pF

0

dp
p4

2m
D gV

.2�„/3 4�
p5F
5

1

2m
;

or

E.T D 0; V; �/ D 3

5
N"F.v/: (6.93)

Hence, the average energy per particle at T D 0 is 3
5
"F.v/.

Both the Fermi temperature and the Fermi energy depend on v or, equivalently,
on the particle density n. For a classical gas of, say 3He atoms, with n D 1019 cm�3
we obtain TF � 1

10
K. In this case the room temperature T is much larger than the

Fermi temperature: T 
 TF. This is obviously the classical regime. We will study
cases where T � TF in a moment.
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ε = μ ε

f(ε)

1

Fig. 6.2 Fermi–Dirac
distribution for T > 0 and
� > 0 (solid curve) compared
to T D 0 (dotted line)

In order to compare temperatures we may also introduce their ratio. A useful
quantity is

%E � �3t
gv
�
�
TF

T

�3=2
: (6.94)

Thus in the classical regime, %E is very small and T 
TF. The opposite limit
corresponds to %E >1 and therefore T <TF. This regime is called the degenerate
regime, and %E is called the degree of degeneracy. At such temperatures the mean
energies of the electrons is of the order of "F , that means, that mainly the lower
energy levels are occupied.

For T >0 the Fermi edge softens. If still �>0, typically f ."/ has the form
shown in Fig. 6.2. There are now unoccupied orbitals in the Fermi sea, known
as holes. On the other hand, orbitals above the Fermi surface are occupied. Each
excitation of the ground state means that an electron is taken from an orbital below
the Fermi energy into an orbital above the Fermi energy. This corresponds to the
creation of a hole below the Fermi surface and an electron above the Fermi surface.

For T > 0 and � < 0 the Fermi–Dirac distribution is nearly zero for all ". This
is just the classical regime.

6.3.2 Determination of the System Variables at Low
Temperatures

The Chemical Potential

We consider the equation for N.T; V; �/ (cf. (6.82)):

N.T; V; �/ D gV

.2�„/3
Z

d3p
1

1C z�1 exp
�
ˇ
p2

2m

� : (6.95)

Using p2 D 2mkBT x
2 and �t D

�
h2=2�mkBT

�1=2
we also obtain

�3t
gv
D 4p

�

Z 1

0

dx
x2

1C z�1 expx2
DW f3

2
.z/; (6.96)

where we have defined the function f3
2
.z/.
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The classical approximation corresponds to z � 1, i.e., z�1 
 1, and to first
order in z,

f3
2
.z/ D 4p

�

Z 1

0

dx x2 e�x2 z D z ; (6.97)

from which we again obtain
�3t
gv
D z� 1 : (6.98)

Let us now examine the case z
 1.
Since ln z D ˇ� D �=kBT , large values of z imply small temperatures, and

T ! 0 is equivalent to z!1. Using a method of Sommerfeld (Huang 1987), for
large values of z one obtains the following expansion of f3

2
.z/:

f3
2
.z/ D 4

3
p
�

�
.ln z/3=2 C �2

8
.ln z/�1=2 C : : :

�
CO.z�1/: (6.99)

As ln z D ˇ� D �

kBT
, we therefore get

�3t
gv
D 4

3
p
�

 �
�

kBT

�3=2
C �2

8

�
�

kBT

��1=2
C : : :

!
: (6.100)

Let us solve this expansion for � and determine � D �.T; v/. We know that in the
limit T ! 0 we have � D "F. We make the ansatz

�.T; v/ D "F

 
1C ˛

�
kBT

"F

�2
C : : :

!
(6.101)

and determine ˛ by inserting this expression into (6.100) and comparing the terms
of order T 2. We find ˛ D � �2

12
, and therefore, for the chemical potential of a Fermi

gas, we obtain

�.T; v/ D "F.v/

"
1 � �2

12

�
kBT

"F

�2
CO.T 4/

#
: (6.102)

Hence, �.T; v/ drops quadratically from a positive maximum value at T D 0. In the
classical regime we found

�.T; v/ D kBT

	
ln

�
N

V

�
� 3
2

ln

�
2�mkBT

h2

�

(6.103)

D �kBT ln.
v

�3t
/; (6.104)

which is negative.
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The Internal Energy and the Specific Heat

The internal energy is first obtained as function of T; V , and � (see (6.83)).
Evaluating the integral with the previously mentioned method of Sommerfeld, one
obtains the expansion of E.T; V; �/ for large z D exp .ˇ�/. Then inserting the
expansion of �.T; v/, (6.102), we find E.T; v; N / as

E.T; v; N / D 3

5
N"F.v/

"
1C 5

12
�2

�
T

TF

�2
CO.T 4/

#
; (6.105)

and, therefore, for the specific heat,

CV D @E.T; v; N /

@T
D �2

2
NkB

T

TF
CO �.T=TF/

3
�
: (6.106)

Hence, for T ! 0 the specific heat CV tends to zero, while for large temperatures,
i.e., in the classical regime, CV D 3

2
kBN . This result has a plausible explanation:

When a Fermi gas is heated from T D 0 to the temperature T , the electrons that are
excited to orbitals above the Fermi surface are mostly those whose energy is within
a region kBT below "F. The number of these electrons is of the order kBT

"F
N , i.e.,

the total number multiplied by the ratio of the excitation energy to the Fermi energy.
(For kBT D "F, i.e., for T D TF, the number of electrons above the Fermi sea is of
the same order as the number of electrons below the Fermi surface.) So the energy
of the excitation is kBT

"F
NkBT D O.T 2/, and therefore CV D O.T /.

The Pressure

The pressure is obtained from (6.80) and (6.105) as

p D 2

3

E

V
D 2

5

"F

v

"
1C 5�2

12

�
T

TF

�2
C : : :

#
;

p / v�5=3 ; i.e., p /
�
N

V

�5=3
: (6.107)

As a consequence of the Pauli principle we find a zero-point pressure at T D 0.

The Entropy

For the entropy,

S D 1

T
.E C pV � �N/; (6.108)
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we obtain from (6.80), (6.105), and (6.102)

S D 1

T

�
E C 2

3
E � �N

�
D N "F

�2

2

T

T 2F
CO..T=TF/

3/: (6.109)

So S ! 0 in the limit T ! 0. For T D 0 the system is in its ground state, i.e., all
particles are in the Fermi sea. Therefore the entropy has to vanish in this limit.

6.3.3 Applications of the Fermi–Dirac Distribution

Valence Electrons in a Metal

Valence electrons in metallic atoms are very weakly bound and can propagate
through the crystal lattice as quasi-free particles. These electrons may be considered
as constituents of an electron gas. Alkali metals and also copper, silver, and gold
contribute one electron per atom, the concentration of the electrons in the electron
gas of these metals is therefore equal to the number of atoms, which is of the order

n D N

V
D .1–10/ � 1022 cm�3: (6.110)

For g D 2 we obtain

"F D „
2

2m

�
3�2n

�2=3 D .2 � 8/ eV (6.111)

and a Fermi temperature TF D "F=kB:

TF D 20; 000–80; 000K : (6.112)

Hence, for a metal at room temperature we have T � TF, i.e., the electron gas in a
metal is extremely degenerate.

(For the classical case we found n D 1019 cm�3 and m was the mass of the He
atom. For valence electrons the density is larger by a factor of 1; 000 and the mass
is smaller by a factor of 4 � 2; 000. Taking into account the exponent 2=3 in the
density this yields a factor 8 � 105 for TF. For the He gas we found TF � 1=10K
and so we obtain 80,000 K for the valence electrons.)

Therefore we may apply the results for the degenerate Fermi gas. In particular,
the heat capacityCV in metals at low temperature reveals a linear dependence on the
temperature. In Sect. 6.5, dealing with phonons, we will see that lattice vibrations
contribute a term of order T 3 to the heat capacity at low temperatures. Measuring
CV as a function of T and plotting CV =T against T 2 should lead to a straight line
of the form
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CV /T = 2.08 + 2.57 T 2

0.2 0.4 0.6 0.8 1.0 T 2

CV /T

Fig. 6.3 Experimental data for the heat capacity CV as a function of temperature T for potassium
(From Lien and Phillips 1964)

CV

T
D � C AT 2; (6.113)

where � should agree with the value calculated in (6.106). Indeed, such a straight
line is found (Fig. 6.3) and in most cases � agrees with the theoretical value to within
20%. Typical values for � are 1 mJ/mol K2.

In 1928 Sommerfeld laid the foundations of the modern theory of metals with
basically such ideas in mind. At the beginning, however, it remained surprising that
the ideal Fermi gas represents such an excellent model for the electrons in a metal,
since one would expect the Coulomb repulsion among the electrons to be too large
to be negligible.

As we know today, the long-range interaction among the electrons is screened
by the polarization of the atomic cores. Thus, if the Coulomb interaction is taken
into account, one may within a reasonable approximation introduce so-called quasi-
particles, which correspond to the naked electrons including their polarization cloud.
These quasi-particles behave like free particles, but they possess an effective mass
m� ¤ me (Sect. 6.9).

Electrons in White Dwarf Stars

White dwarf stars are stars with a massM comparable to that of the sun, but with a
radius R which is closer to that of the earth. While for the sun M D 2 � 1033 g and
R D 7� 1010 cm, from which one obtains a density of about 1 g cm�3, one finds for
a typical white dwarf star like, e.g. Sirius B, the companion of Sirius,

M � 2 � 1033 g; R � 2 � 109 cm .D 20; 000 km/; (6.114)
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and for the density

% D M

V
D 2 � 1033 g

4�
3
.2 � 109 cm/3

� 0:7 � 105 g cm�3 : (6.115)

Thus 1 cm3 of this matter would weight approximately 1 tonne on earth. From this
mass density we can deduce the particle density. one mole of hydrogen, for instance,
corresponds to 1 g and contains 6 � 1023 particles. Hence, if 1 cm3 has a weight
of 106 g, it contains about 6 � 1029 particles, which corresponds to a density of
n � 1030 cm�3.

The volume per particle is therefore 10�30 cm3, i.e., in the average one particle
occupies a box with linear extension 10�10 cm D 0:01 Å. At such large densities
the atomic structure is dissolved, the atoms are completely ionized and the electrons
form a gas.

The density of this electron gas is larger by a factor of 108 than the electron gas
in a metal. Therefore, the Fermi energy is larger by a factor of 105–106, i.e.,

"F D 105–106 eV; (6.116)

and, as 1 eV� 104 K, we find for the Fermi temperature

TF D 109–1010 K: (6.117)

Of what we know from observations and from the theory of stars, the temperature
inside a white dwarf star is of the order 107 K, so again T � TF, i.e., the electron
gas in white dwarf stars is degenerate.

The pressure of the electron gas has to be compensated by the gravitational force
among the He nuclei. However, if the mass of a star is too large the Fermi pressure
cannot prevent a gravitational collapse. The limit at which this occurs is close to 1.4
times the solar mass. This is also called the Chandrasekhar limit, named after the
Indo-american physicist Chandrasekhar.

White dwarf stars are quite common; there are about 0.001 per (light-year)3.
On the average one would therefore expect one white dwarf star within every
10 light-years. The distance to Sirius B is just 8 light-years.

The nucleons in a white dwarf star also form a gas. However, since the mass of
the nucleons is larger by a factor 2,000, the Fermi temperature TF for this gas is
smaller by a factor of 2,000. Hence, for the nucleon gas in a white dwarf star we do
not have T � TF.

Neutrons in a Neutron Star

Neutron stars have a density which is 109 times larger than that of white dwarf stars,
i.e., n � 1039 cm�3 and TF � 1012 K. Under these conditions also atomic nuclei are
dissociated and the neutrons form a degenerate Fermi gas.
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6.4 The Ideal Bose Gas

The grand canonical thermodynamic potential for the ideal Bose gas is (cf. (6.58))

K.T; V; �/ D gkBT
X

k

ln
�
1 � z e�ˇ".k/

�
: (6.118)

From this we find for N.T; V; �/

N.T; V; �/ D g
X

k

z e�ˇ".k/

1 � z e�ˇ".k/
D g

X

k

1

eˇ.".k/��/ � 1 : (6.119)

6.4.1 Particle Number and the Bose–Einstein Distribution

As we did in the Fermi case we introduce the average occupation number of the
orbital k; ms . Now

hnk;ms i D
1

eˇ
�
".k/��

�
� 1

: (6.120)

This quantity, considered as a function of ",

f ."/ D 1

eˇ."��/ � 1 ; (6.121)

is called the Bose–Einstein distribution. Here " � "0, where "0 is the ground
state energy of the single-particle states. According to (6.48) this corresponds to
.m1;m2;m3/ D .1; 1; 1/, i.e., it is nondegenerate. (Since only energy differences
" � � are relevant, the ground state energy may be shifted such that "0 D 0.)

If we approximate the sum over the state labels k in (6.119) by an integral, as we
did in the previous sections, we obtain (cf. (6.59) and (6.60))

N.T; V; �/ D gV

.2�„/3
Z

d3p
1

eˇ".p/ z�1 � 1 : (6.122)

We will see, however, that this approximation is now incorrect. Instead we have
to treat the first term in the sum over states (6.119), which is the mean number of
particles in the ground state, separately; the rest may then be replaced by an integral.
Thus we obtain

N.T; V; �/ D g

eˇ."0��/ � 1 C
gV

.2�„/3
Z

d3p
1

eˇ".p/ z�1 � 1 : (6.123)
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We will show that this is the proper replacement by using the Euler–MacLaurin sum
formula. Let f .n/ be a function defined on the integers between n D a and n D b,
admitting a continuous extension to a function f .x/ on the real numbers. Then (see,
e.g., Graham et al. 1994)

nDbX

nDa
f .n/ D

Z b

a

f .x/dx C 1

2
.f .a/C f .b//

C
1X

jD1
.�1/j B2j

.2j /Š
.f .2j�1/.a/ � f .2j�1/.b//; (6.124)

where Bj are the Bernoulli numbers, B2 D 1=6, B4 D �1=30; : : :, and f .a/.x/

denotes the a-th derivative of f .x/. This is the Euler–MacLaurin sum formula. All
terms on the right hand side apart from the integral may be neglected if they are
much smaller than the integral. In general, this will be the case, as a single summand
is usually not of the order of the total sum of all summands.

We now apply this formula to the sums in (6.119). The k1-summation, for
example, is actually a sum over m1, since k1 D m1�=L ; m1 D 1; 2; : : :, and
similarly for the k2- and k3-summations. Hence, the integral is of the order L3 D
V / N (cf. (6.60)). The additional terms in (6.124) may therefore be neglected if
they are smaller than O.N/. This was indeed the case in (6.59). For the summation
in (6.119), however, we find:

The first term in the sum (6.119) may possibly be of the order N :
In the derivation of the thermodynamic potential in Sect. 6.2 we already noticed
that for bosons � < "0 always holds, because otherwise the infinite sum over the
occupation numbers does not converge. For any ˇ the value of f ."0/ can become
arbitrarily large if � comes close enough to "0. Hence, we may have ˇ."0��/� 1

and therefore also

f ."0/ D 1

eˇ."0��/ � 1 �
1

ˇ."0 � �/ 
 1 : (6.125)

f ."0/ may even be of order N , namely when ˇ."0 � �/ D O.N�1/. Since

f ."0/ D z

eˇ"0 � z
D z

1 � z
and f ."0/ D O.N/ (6.126)

this implies that the variable z D eˇ� has to be close to 1 such that 1� z D O.N�1/.
These findings reflect the possibility that, in the case of bosons, all particles

may be in the lowest orbital. There is no exclusion principle as in the case of
fermions. For each temperature we will therefore find such a region characterized by
ˇ."0 � �/ D O.N�1/.
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The second term in the sum (6.119) can be at most of the order N2=3:
To see how large the quantity

f ."1/ D 1

eˇ."1��/ � 1 (6.127)

might be, we choose ˇ."1 � �/� 1, which allows us to make the approximation

f ."1/ D 1

eˇ."1��/ � 1 �
1

ˇ."1 � �/; (6.128)

and since
ˇ."1 � �/ D ˇ."0 � �/C ˇ."1 � "0/ (6.129)

and " / p2; jpj / 1
L
/ 1

V 1=3
and V D vN , we finally get

."1 � "0/ D O.N�2=3/: (6.130)

So "1�� can never become smaller than a term of orderN�2=3 and therefore f ."1/
never be larger than a term of order N2=3.

We have thus seen that the first term has to be treated separately, whereas the
summation over all other terms can be approximated by an integral. The lower
limit of this integral is the value of p, which corresponds to the first excited state.
However, the difference compared to the complete integration over all p is of lower
order in N than N itself. Therefore (6.123) is the correct approximation.

6.4.2 Bose–Einstein Condensation

Let us now examine the expression for N.T; V; �/. We set "0 D 0 and obtain
from (6.123)

N D gz

1 � z
C
Z 1

0

dp p24�
gV

.2�„/3
1

z�1 eˇ".p/ � 1: (6.131)

Making the substitution p2 D 2mkBT x
2 we encounter an integral similar to the

one in the corresponding equation forN.T; V; �/ for the ideal Fermi gas. There we
introduced the function f3

2
.z/. Now we define

h3
2
.z/ D �f3

2
.�z/ D 4p

�

Z 1

0

dx
x2

z�1 ex2 � 1

� 4p
�

Z 1

0

dx x2
z e�x2

1 � z e�x2
: (6.132)
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Multiplying by �3t =.gV / we can write (6.131) in the form

�3t
gv
D �3t

v

1

N

z

1 � z
C h3

2
.z/: (6.133)

So we again find that, if z=.1�z/ ¤ O.N/, i.e., if 1�z is not of the order
�
N�1

�
,

we may neglect the first term in (6.133). Otherwise it yields a contribution of the
order �3t =v, as does the term on the left-hand side.

We now want to solve this equation for z to obtain z D z.T; V;N / and thereby
� D �.T; V;N /. For this we have to know something about the function h3

2
.z/.

We observe:

• Expanding the denominator in the integral of (6.132) we obtain for h3
2
.z/:

h3
2
.z/ D

1X

jD1

zj

j 3=2
: (6.134)

• h3
2
.z/ increases monotonously with a maximum at z D 1. At this point h3

2
.1/ D

	
�
3
2

� D 2:612, where 	.x/ is the Riemann zeta function defined by

	.x/ D
1X

jD1

1

j x
: (6.135)

Again we notice the relevance of the first term / z=.1 � z/ in (6.133). Without
this term we would always have to conclude that

�3t
gv
� h3

2
.1/ D 	

�
3

2

�
;

which is obviously an unreasonable result. Instead we may now conclude:

• If �3t =.gv/ > h3
2
.1/ D 	 � 3

2

�
, (6.133) implies immediately that

�3t
V

z

1 � z
(6.136)

has to supply a nonvanishing contribution, i.e., z=.1� z/ has to be of orderN and
therefore z close to 1, i.e., 1� z D O � 1

N

�
.

• If �3t =.gv/ < h3
2
.1/ D 	

�
3
2

�
, (6.133) may be solved for z even without the term

.�3t =V /z=.1� z/. This will yield a value for z such that 1� z is notO
�
N�1

�
, and

the term .�3t =V /z=.1�z/may now be neglected compared to �3t =.gv/ and h3
2
.z/.
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The limit case is determined by the equation

�3t
gv
D 	

�
3

2

�
; i.e.,

�
h2

2�mkBT

�3=2
D gv 	

�
3

2

�
: (6.137)

For any given v this defines a critical temperature

Tc D Tc.v/ D h2

kB 2�m

1

	
�
3
2

�2=3
.gv/2=3

; (6.138)

or, vice versa, for any given T we obtain a critical volume per particle

vc D vc.T / D
�

h2

2�mkBT

�3=2
1

g	
�
3
2

� : (6.139)

If
�3t
gv

> 	

�
3

2

�
; (6.140)

or, equivalently, if
T < Tc.v/ or v < vc.T /; (6.141)

the number of particles in the ground state is of orderN . This phenomenon is called
Bose–Einstein condensation. However, the expression ‘condensation’ is not to be
understood in a spatial sense but rather in relation to energy. The region �3t =.gv/ >
	
�
3
2

�
, i.e., T < Tc.v/ or v < vc.T /, is referred to as the condensation region.

In the condensation region we have

v < �3t ; (6.142)

i.e., the volume available for one particle is smaller than the volume of a box with
sides equal to the thermal de Broglie wavelength. The uncertainty in position, which
is at least equal to the thermal de Broglie wavelength, is therefore larger or equal
to the average distance between atoms. The single-particle wave functions start to
overlap.

We remark that in two dimensions, the function which replaces h3
2
.z/ is not finite

for z! 1. Hence, there is no need to take into account a term similar to (6.136) and
there is therefore no condensation in two dimensions.

Particle Number in the Condensation Region

Let us determine the number of particles N0 in the ground state for T < Tc.v/.
Because the first term in (6.131) corresponds to the mean number of particles in the
ground state, we find for the number of particles not in the ground state
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N � D gV ��3t .T / h 3
2
.1/ D gV ��3t .T / 	

�
3

2

�
: (6.143)

For T D Tc.v/ we have N � D N , therefore

N D gV ��3t .Tc/ 	

�
3

2

�
; (6.144)

i.e., as ��1t .T / / T 1=2,

N �

N
D ��3t .T /

��3t .Tc/
D
�
T

Tc

�3=2
; (6.145)

and finally, since N0 D N �N �,

N0

N
D
"
1 �

�
T

Tc

�3=2#
; for T < Tc: (6.146)

For T > Tc the occupation of the ground state is of course so small that we may set
N0 D 0.

6.4.3 Pressure

We again consider the thermodynamic potential. From K D �pV we obtain

�K.T; V; �/ D pV (6.147)

D �gkBT ln.1 � z/ � gkBT V

.2�„/3
Z

d3p ln

	
1 � z exp

�
�ˇ p

2

2m

�

:

Again we have treated the contribution of the ground state separately, as we did
for N.T; V; �/. Here, however, this would not have been necessary, because even if
1 � z D O

�
N�1

�
we now have ln.1 � z/ D O.lnN/, which for N D 1023 gives

lnN � 50� N .
Again we make the substitution p2 D 2mkBT x

2 in the integral and obtain

p.T; V; �/ D kBT
g

�3t
h5
2
.z/ (6.148)

with

h5
2
.z/ D � 4p

�

Z 1

0

dx x2 ln
�
1 � z e�x2

�
: (6.149)
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The function h5
2
.z/ is closely related to h3

2
.z/, since

z
d

dz
h5
2
.z/ D 4p

�

Z 1

0

dx x2
z e�x2

1 � z e�x2
D h3

2
.z/ ; (6.150)

and the expansion with respect to z now reads

h5
2
.z/ D zC z2

25=2
C z3

35=2
C : : : D

1X

jD1

zj

j 5=2
: (6.151)

We consider the case T < Tc or v < vc. Therefore we may set z D 1 and obtain

p.T; V; �/ D kBT
g

�3t
	

�
5

2

�
/ .kBT /

5=2: (6.152)

p.T; V; �/ is now independent of v (and �, since � is practically zero), and p ! 0

as T ! 0.
For the case T >Tc.v/ or v> vc.T /we proceed from the equation forN.T; V; �/,

N.T; V; �/ D gV

�3t
h3
2
.z/ ; (6.153)

solve it with respect to z and obtain

z D �3t
gv
C ˇ2

�
�3t
gv

�2
C : : : D

1X

jD1
ˇj

�
�3t
gv

�j
; (6.154)

with

ˇ2 D � 1

23=2
; etc. (6.155)

This also determines the chemical potential for T > Tc.v/ or v > vc.T /. Inserting
this expansion in p.T; V; �/ yields

pV

NkBT
D
1X

lD1
al

�
�3t
gv

�l�1
; (6.156)

with

a1 D 1; a2 D � 1

25=2
; a3 D �

�
2

25=2
� 1
8

�
: : : : (6.157)
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Fig. 6.4 Isotherms for a
Bose gas in a p–v diagram.
The region to the left of the
dotted curve (p / v�5=3) is
the condensation region

Hence, in particular,

pV D NkBT

�
1 � �

3
t

gv

1

25=2
� : : :

�
; (6.158)

cf. (6.76).
We now consider the isotherms in a p–v diagram. For fixed T and v > vc the

pressure p decreases as 1
v C O

�
1
v2

�
, while for v < vc.T / it is independent of v. So

we obtain the curve plotted in Fig. 6.4.
As vc.T / / T �3=2 and p / T 5=2 for v < vc, the pressure behaves as p / v�5=3c

for v < vc. The points where the isotherms become a horizontal line lie on a curve
given by p / v�5=3.

If at constant temperature the volume of the gas gets smaller the pressure
increases as long as v > vc; for v < vc the pressure remains constant. More and
more particles condense into the ground state. But as the momentum of the particles
in the ground state is practically zero they do not contribute to the pressure.

So we may speak of a two-phase region, or, equivalently, of the coexistence of
two phases in the condensation region: the condensed phase, where the number of
particles in the ground state is of orderN , and a normal phase, where some particles
may also be in the ground state, but their number is not of order N .

Lowering v leads to an increase of the particle number in the condensed phase
at the expense of the number of particles in the normal phase. (In the expression
N0=N D 1� .T=Tc/

3=2 the critical temperature Tc D Tc.v/ changes as Tc / v�2=3,
i.e., if v becomes smaller Tc gets larger and thus also N0).

This two-phase region corresponds to the two-phase region that we already met
in connection with phase transitions of first order in Sect. 3.8.

6.4.4 Energy and Specific Heat

In Sect. 6.2 we derived the relation

pV D 2

3
E : (6.159)
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From this we find, for T > Tc or v > vc,

E D 3

2
pV D 3

2
NkBT

�
1 � �

3
t

gv

1

25=2
� : : :

�
; (6.160)

from which the specific heat follows immediately as

CV D @E

@T
D 3

2
kBN

�
1C 1

2

1

25=2
�3t
gv
C : : :

�
; (6.161)

since
@

@T
T �3t D �

1

2
�3t : (6.162)

The classical results are obtained as the leading terms in T . The next to leading terms
are smaller by a factor / T �3=2 and become more relevant at lower temperatures.
The energy decreases for lower temperatures while CV gets larger.

For T < Tc or v < vc we obtain from (6.152)

E D 3

2
pV D 3

2
V kBT

g

�3t
	

�
5

2

�
/ .kBT /

5=2 : (6.163)

Using (cf. (6.137))

gV D N �3t .Tc/

	
�
3
2

� ; (6.164)

we may also write

E D 3

2
NkB

	
�
5
2

�

	
�
3
2

� T
�
T

Tc

�3=2
: (6.165)

For the specific heat we now obtain

CV D @E

@T
D 15

4
kBN

	
�
5
2

�

	
�
3
2

�
�
T

Tc

�3=2
; (6.166)

in particular, for T D Tc,

CV D 15

4
kBN

	
�
5
2

�

	
�
3
2

� � 1:925kBN >
3

2
kBN : (6.167)

The dependence of CV on T is shown in Fig. 6.5.
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Fig. 6.5 Specific heat CV for
an ideal Bose gas as a
function of temperature

6.4.5 Entropy

The entropy follows from

S D 1

T
.E � �N �K/ D 1

T

�
5

2
pV � �N

�
(6.168)

D 5

2
kBV

g

�3t
h5
2
.z/ � kBN ln z; (6.169)

where we have used (6.148) and ˇ� D ln z. In the coexistence region we have z D 1
and therefore

S

N
D 5

2
kBv

g

�3t
	

�
5

2

�
; (6.170)

and with

gv D 1

��3t .Tc/ 	
�
3
2

� (6.171)

we get
S

N
D 5

2
kB
	
�
5
2

�

	
�
3
2

�
�
T

Tc

�3=2
: (6.172)

Hence, S ! 0 for T ! 0, as expected, because at T D 0 all particles are in the
ground state.

6.4.6 Applications of Bose Statistics

The phenomenon of a Bose–Einstein condensation follows in a natural way
for an ideal gas when the particles obey Bose statistics. Einstein predicted this
phenomenon as early as 1924 and also gave the criterion for it to occur: when
the thermal de Broglie wavelength �t becomes comparable with the interatomic
distances.

Until recently, 4He gas was the only example quoted for the appearence of
this phenomenon. In this case a superfluid phase occurs at 2.17 K and densities of
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n � 1022 cm�3. The large densities, however, imply that the He atoms are strongly
interacting.

So one cannot expect all phenomena predicted for an ideal gas to really occur in
this case. The phase transition to the superfluid state, the so-called �-transition, is
indeed of a different kind to that predicted for an ideal gas. The specific heat of 4He
seems to have a logarithmic singularity at the critical temperature of 2.17 K and, for
T ! 0, it decreases as T 3 instead of T 3=2.

On July 14th, 1995 both the New York Times and Science (Anderson et al.
1995) reported that two groups in the United States had succeeded in demonstrating
Bose–Einstein condensation for a practically ideal gas. One group working at the
National Institute of Standards and Technology in Boulder and the University
of Colorado, was experimenting with 87Rb atoms; the second group from the
Rice University in Houston,Texas, had demonstrated the condensation of 7Li
atoms.

Actually, alkali atoms at low temperatures usually form a solid like other
substances, but it is possible to maintain them in a metastable gaseous state even
at temperatures of few nano-Kelvins. In these experiments the densities achieved
were much smaller, in the range of some 1012 cm�3, because the gases were cooled
by various techniques down to a temperature well below 170 nK. A gas of rubidium
atoms, pretreated by laser cooling, was brought into a magnetic trap, where further
cooling (known as evaporative cooling) and compression took place.

The Bose–Einstein condensation was confirmed by using a laser pulse to make
a kind of snapshot of the velocity distribution after the magnetic field had been
turned off and the atoms were escaping in all directions. The atoms condensed in the
center of the trap spread out much more slowly, because of their small energy and
therefore small velocity compared to the noncondensed atoms. This phenomenon
sets in abruptly below a critical temperature (see also Collins 1995).

At present a number of experimental groups continue to investigate Bose–
Einstein condensation with similar or even more sophisticated experimental tech-
niques (Griffin et al. 1995). In 2001, the Nobel prize was given Eric A. Cornell,
Wolfgang Ketterle, and Carl E. Wiemann for “the achievement of Bose-Einstein
condensation in dilute gases of alkali atoms, and for early fundamental studies of
the properties of the condensates”.

6.5 The Photon Gas and Black Body Radiation

After having established some general statements about Bose gases we will
investigate a special, very important kind of Bose gas, namely the photon gas.

We consider a completely evacuated volume V . The walls of this volume have
the temperature T and they emit and absorb electromagnetic radiation. Hence,
this cavity of volume V contains only electromagnetic radiation, or, equivalently,
making use of the notion of photons, a gas of photons. If this cavity is sufficiently
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large the statistical properties should be independent of any characteristic features
of the walls and depend only on T and V .

The theoretical framework for the concept of a photon is quantum electro-
dynamics. In this framework one postulates a Hamiltonian operator

H D
X

k;˛

„!.k/ aC.k; ˛/ a.k; ˛/; (6.173)

where aC.k; ˛/ is the creation operator for a photon with wave vector k and
polarization ˛ and a.k; ˛/ the corresponding annihilation operator.

In a cubic box of volume V D L3 we have

k D 2�

L
m; m D .m1;m2;m3/; mi D ˙1; : : : ; (6.174)

and the energy ".k; ˛/ of a photon in the state .k; ˛/ is

".k; ˛/ � ".k/ D „!.k/ D „ cjkj D cjpj; (6.175)

with

p D „k: (6.176)

In general, for relativistic particles we have

E D
p
m2c4 C c2p2; (6.177)

and for photons the rest-massm is zero.
In addition, like any electromagnetic wave, each photon is characterized by a

polarization vector e.k/ with e.k/ 	 k D 0. The vector e.k/ lies thus in the plane
orthogonal to k. This plane is spanned by two base vectors, i.e., there are two
possible polarizations, e.g., left circular and right circular. Hence, the index ˛ takes
the values 1 and 2.

A quantum-mechanical state of the entire photon gas may be characterized in an
occupation number representation by the number of photons n.k; ˛/ having wave
vector k and polarization ˛. Such a state is denoted by

jn.k1; ˛1/; : : :i: (6.178)

This state has particle number

N D
X

k;˛

n.k; ˛/ (6.179)
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and energy

E D
X

k;˛

".k/n.k; ˛/ D
X

k;˛

„!.k/ n.k; ˛/ : (6.180)

The fact that the rest-mass of the photon is zero implies that the number of
particles N in a photon gas cannot be held fixed, because the walls can emit and
absorb photons however small the available energy is, and since E / jkj and
jkj / L�1, the energy of the photons may become arbitrarily small for L ! 1.
Therefore the quantity conjugate to N , i.e., the chemical potential, is not defined.
Only T and V may be held fixed; in principleN is now a random quantity, for which
we may determine, e.g., the expectation value; this we will do later.

If we consider the partition function for the canonial system without the
supplementary condition that the number of particles is equal to N , we obtain

Y D
X

f.n.k1;˛1/;:::/g
exp .�ˇ".k1/n.k1; ˛1/� ˇ".k2/n.k2; ˛2/ � : : :/ :

(6.181)

This is the expression to be expected when T and V are held fixed and the number
of particles is arbitrary. Formally, this is also identical to the partition function of
the grand canonical system, if we set � D 0.

Hence, the photon gas may be considered as a gas of bosons with two spin
orientations (g D 2), where formally we have to set � D 0. So we obtain for
the average occupation number:

hn.k; ˛/i D 1

eˇ".k/ � 1 ; ".k/ D „!.k/ D „cjkj: (6.182)

Let us now calculate the various system variables:

Particle number. The expectation value of the particle number is

N.T; V / D
X

k;˛

hn.k; ˛/i D g
X

k

1

eˇ".k/ � 1 : (6.183)

If we replace the sum over k by an integral according to

X

k

! V

.2�/3

Z
d3k; (6.184)

take ! D kc as the integration variable (i.e., d3k D 4�k2dk D .4�!2=c3/ d!),
and set g D 2, we obtain

N D V

�2c3

Z 1

0

d!
!2

eˇ„! � 1 �
Z 1

0

d! N.!/ ; (6.185)
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where

N.!/ d! D V

�2c3
!2

eˇ„! � 1d! (6.186)

is the average number of photons in the interval .!; ! C d!/.
(Notice that we did not have to treat the contribution from the ground orbital

separately. Since ˇ".k/ / k / L�1 / V �1=3 the contribution from the lowest ".k/
is at most

1

eˇ".k/ � 1 D O.V
1=3/ : (6.187)

Hence, there will be no condensate for particles.)
Finally, we get for the particle number:

N.T; V / D
Z 1

0

d! N.!/ D V

�2c3

Z 1

0

d!
!2

e
„!
kBT � 1

D 0:244
�
kBT

„c
�3

V: (6.188)

Energy. Similarly, we obtain for the energy

E.T; V / D
Z 1

0

d! „! N.!/ D
Z 1

0

d! E.!/; (6.189)

where

E.!/ d! D V

�2c3
„!3

exp
�
„!
kBT

�
� 1

d! (6.190)

is the average energy of the photon gas in the interval .!; ! C d!/.
Setting ! D 2�c=�, i.e., d! D ˇ̌2�c=�2ˇ̌ d�, we may also write

E D
Z 1

0

d�E.�/ ; (6.191)

where

E.�/ d� D V „16�2c
�5

1

exp
�
2�„c
�kBT

�
� 1

d� (6.192)

is the average energy of the photon gas in the interval .�; �C d�/.
The relations (6.190) and (6.192) are also referred to as Planck’s radiation law.
We observe:

• For low frequencies, i.e., „! � kBT , we may write

exp

� „!
kBT

�
� 1C „!

kBT
(6.193)
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and therefore

E.!/ D V

�2c3
!2 kBT: (6.194)

There is no „ in this formula for E.!/, which is proportional to !2 in this limit.
Each orbital contributes kBT to the energy. This is the classical approximation,
also known as the Rayleigh–Jeans formula.

• For „! 
 kBT we have

e„!=kBT � 1 � e„!=kBT (6.195)

and therefore

E.!/ D V „
�2c3

!3 e�„!=kBT : (6.196)

This is referred to as Wien’s radiation law.
• We now want to determine the frequency at which the energy E.!/ assumes its

maximum. For this we have to compute the point where the function x3=.ex � 1/
assumes its maximum, which we find to be x D 2:822. Hence the energy assumes
its maximum value at !max, where

„!max

kBT
D 2:822: (6.197)

The frequency corresponding to the maximum of E.!/ is therefore proportional
to the temperature (Wien’s displacement law). Similarly, we find for the value
where E.�/ is maximal:

�max T D 2; 880
m K: (6.198)

For T D 6; 000K we get �max � 0:5 
m D 500 nm, for T D 300K we find
�max � 10
m (Fig. 6.6).

Finally, since
R1
0

dx x3=.ex � 1/ D �4=15, we find

E.T; V / D V „
�2c3

1

„4 .kBT /
4

Z 1

0

dx
x3

ex � 1 D
4�

c
V T 4 ; (6.199)

with the Stefan–Boltzmann constant

� D �2k4B
60c2„3 D 5:67 � 10

�8 W

m2K4
: (6.200)
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Fig. 6.6 Planck spectrum E.�/=V for different ranges of the wavelength � in units of 
m. The
values for E.�/=V are given in units of 10�28 Ws=m4

Thermodynamic potential. For the thermodynamic potential we obtain

K.T; V / D kBT
2 V

.2�/3
4�

Z 1

0

dk k2 ln

	
1 � exp

�
�„!.k/
kBT

�

(6.201)

D V kBT

�2c3

Z 1

0

d! !2 ln

	
1 � exp

�
� „!
kBT

�

: (6.202)

We could also have used this formula to derive the above expressions for N.T; V /
and E.T; V / (after first introducing formally the chemical potential, building the
corresponding derivatives and then setting the chemical potential again to zero).
However, we will now relate the thermodynamic potential to the energy by partial
integration:

K.T; V / D V kBT

3�2c3
.�/

Z 1

0

d! !3
.�„=kBT /�
1 � e�„!=kBT

�
�
�e�„!=kBT

�

D � V „
3�2c3

Z 1

0

d! !3
1

e„!=kBT � 1 D �
1

3
E.T; V / ; (6.203)

and since K D �p V , we now obtain for this relativistic gas (cf. (6.79) and (6.80))

p V D 1

3
E.T; V / : (6.204)
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Together with (6.199) this yields for the pressure:

p D 4�

3c
T 4 ; (6.205)

which is independent of V , i.e., the isotherms in a p–V diagram are horizontal lines.
In analogy to the nonrelativistic Bose gas in the two phase region (6.152), where a
condensate and a normal phase coexist, here we might call the vacuum a condensate.
The photon gas may then be considered as a bose gas which is always in coexistence
with its condensate, the vacuum. Compressing the gas by decreasing V ‘forces
particles into the condensate’, i.e., annihilates photons. This picture is consistent
with the expectation value of the particle number N , which now corresponds to
the number of particles N � not in the ground state. This expectation value is given
by (6.188) and decreases as the volume decreases.

Entropy. For the entropy we get

S.T; V / D � @K
@T
D 16�

3c
V T 3: (6.206)

In the limit T ! 0, energy, pressure, specific heat, and entropy thus all tend to zero.
The system is in its ground state, which is now characterized by the total absence of
photons. This corresponds to the vacuum state. It is unique and therefore its entropy
vanishes.

Specific heat. For the specific heat the result is

CV D @E.T; V /

@T
D 16�

c
V T 3 : (6.207)

The electromagnetic radiation corresponding to a photon gas is also called heat
radiation.

6.5.1 The Kirchhoff Law

We now consider a body in equilibrium with the heat radiation of its environment.
We first assume that the body reflects, absorbs, and emits photons such that on the
average the distribution of photons with respect to their frequencies and direction of
wave vectors remains constant. Furthermore, the radiation should be isotropic and
spatially homogeneous (i.e., the same in each volume element). The average energy
of the photon gas in the interval .!; ! C d!/ is E.!/.

Let us investigate the radiation incident on an area element dA of the surface of
the body.

For this we consider a volume element dV at a distance r from the area
element dA. The connecting line between dV and dA shall make an angle � with the
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Fig. 6.7 (a) Volume element dV at a distance r from the area element dA; (b) surface element dS
through which the radiation incident on dA from dV has to pass

normal to dA. So for the surface element dS through which the radiation incident
on dA has to pass we find

dS D dA cos �; (6.208)

as shown in Fig. 6.7.
Now we have to take into account all volume elements dV from which radiation

may be incident on dA in an infinitesimal time interval dt . We take the origin of the
coordinate system to be in dA, i.e., dV D r2 dr d˝ , and if we are interested in the
radiation coming from the solid angle d˝ , we have to consider all volume elements
r2 dr d˝ for which 0 � r � c dt .

Furthermore, from a volume element at a distance r , a fraction dS=4�r2 of the
radiation E.!/d!dV=V passes through the surface element dS D dA cos � .

The incident energy per unit area and per unit time from a solid angle d˝ is
therefore

Eind! d˝ D 1

dAdt

Z cdt

0

r2 dr d˝
E.!/ d!

V

dS

4�r2
(6.209)

D cE.!/
4�V

d! cos �d˝: (6.210)

Let A.!; �; T / with 0 � A.!; �; T / � 1 be the absorption coefficient of the
body, i.e. the fraction of the energy which is absorbed by the body. All radiation
which is not absorbed is reflected (the percentage (1-A) 100% is called the albedo).
With

e0.!; T / WD E.!/

4�V
D 1

4��2c3
„!3

e„!=kBT � 1 (6.211)

we obtain for the energy EA absorbed per unit time and per unit area from a solid
angle d˝ and within the frequency interval .!; ! C d!/

EAd! d˝ D A.!; �; T /Eind! d˝ D A.!; �; T / c e0.!/ d! cos � d˝: (6.212)

Now let I.!; �; T / d! d˝ be the energy emitted per unit time and per unit area
into the solid angle d˝ within the frequency interval .!; ! C d!/. In a state of
equilibrium all absorbed radiation also has to be emitted, i.e.,
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I.!; �; T / d! d˝ D A.!; �; T / c e0.!; T / cos � d! d˝: (6.213)

Thus, apart from the factor A, the dependence of the radiated energy with respect to
the direction is given by cos � . This is Lambert’s law.

Of course, I.!; �; T / and A.!; �; T / depend on the nature of the walls.
Independent of this nature, however, is the following ratio

I.!; �; T /

A.!; �; T /
D c e0.!/ cos � D c

4��2c3
„!3

e„!=kBT � 1 cos �: (6.214)

Therefore the ratio of the emissivity I.!; �; T /, (with dimension energy per unit
time and per unit area) and the absorption coefficient A.!; �; T / of a body is
universal and equal to c e0.!; T / cos � . This is Kirchhoff’s law.

Let us consider the case where the light may also be scattered, i.e., the angle �
may change. We still have

Z
d˝ I.!; �/ D

Z
d˝A.!; �/ c e0.!/ cos �: (6.215)

If in the scattering process the frequency may also change (as is the case, e.g., for
phosphorescence) Kirchhoff’s law holds in the form

Z
I.!; �/ d˝ d! D c

Z
e0.!/A.!; �/ cos � d˝ d!: (6.216)

6.5.2 The Stefan–Boltzmann Law

A body for which A.!; �/ D 1, i.e., one that absorbs all radiation, is called
absolutely ‘black’. Then the emissivity

I.!; �/ D c e0.!/ cos � � IS .!; �/ (6.217)

is independent of the nature of the body, i.e., it is the same for all black bodies.
A small hole in the wall of a cavity behaves as a black body, since all radiation

entering through this hole is absorbed or reflected inside the cavity, but does not
escape.

The emission through the hole is

I0 D
Z 1

0

d!d˝IS.!; �/

D c

Z 1

0

e0.!/ d!
Z �=2

0

cos � sin � d�
Z 2�

0

d'
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D 2�
1

2
c

Z 1

0

e0.!/ d!

D �c
„

4��2c3

Z 1

0

d!
!3

e
„!
kBT � 1

: (6.218)

Using (cf. (6.189))
E

V
D „
�2c3

Z 1

0

d!
!3

e„!=kBT � 1 (6.219)

we finally obtain (cf. (6.199))

I0 D c

4

E

V
D �T 4: (6.220)

This is the so-called Stefan–Boltzmann law.
In the remaining sections we consider some applications of the theory of the

photon gas.

6.5.3 The Pressure of Light

We consider an incandescent lamp of 100 W, i.e., the emitted energy per second is
at most 100 J/s. At a distance of one meter the incident energy per unit surface and
per second is therefore, disregarding all (considerable) losses,

SG D 100

4�

J

m2s
: (6.221)

The associated pressure is given by (see the discussion in the next paragraph)

p D SG

c
D 100

4� � 3 � 108
J

m3
� 2:6 � 10�8 N

m2
; (6.222)

i.e.,
p � 2:6 � 10�8 Pa D 2:6 � 10�13 bar ; (6.223)

(since 1 J = 1 N m, 1 Pa = 1 Nm�2 D 10�5 bar).
The radiation pressure generated by a incandescent lamp is therefore absolutely

negligible.
To derive the relation p D SG=c between the incident energy per area element

dA and per time interval dt and the pressure p on the surface, we consider a volume
of base area A and height c dt . Within this volume shall be n photons per cm3 with
their momentum directed to the area. Hence, during the time interval dt the number
of photons hitting the area A is nA c dt (Fig. 6.8).
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A

c dt

Fig. 6.8 If there are n
photons per cm3 inside the
box of base area A and height
c dt with their momentum
directed towards A, then
nA c dt photons are incident
on A in the time interval dt

Let us consider photons of frequency, say, �. Their momentum then is h�=c. If
all photons are absorbed, the transmitted momentum is

F dt D nAcdt
h�

c
; (6.224)

by which within dt the force F is exerted. The pressure follows as

p D F

A
D nch�

c
D SG

c
; (6.225)

because nch� is the energy incident on the surface per unit time and unit area, which
in turn is just equal to SG .

As a second example of radiation pressure we consider the energy which is
incident from the Sun on the outer atmosphere per unit area and unit time. This
can be measured and amounts to

S D 1:36 � 103 J

m2s
D 1:36 kW

m2
: (6.226)

This quantity is also called the solar constant. Roughly 30% of the radiation is
reflected by the outer atmosphere of the Earth, i.e., on average about 1 kW=m2 is
incident on the surface of the Earth. This implies a radiation pressure of

p � 103

3 � 108
J

m3
� 3 � 10�6 N

m2
D 3 � 10�11 bar: (6.227)

Thus the radiation pressure of the Sun on the Earth is also negligible.
Finally, we compare the pressure of a photon gas p� with the pressure pm of an

ideal gas of molecules (atoms) at the same temperature. We have

p� D 4�

3c
T 4 (6.228)

and

pm D NkBT

V
D RT nm ; (6.229)

where R D kBA; A D Avogadro’s number D 6 � 1023 particles/mol, is the gas
constant and nm then is the number density in mol cm�3. The value of the gas
constant is R D 8:3 J/K mol, from which we obtain
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p�

pm
D 4

3

�

c

1

Rnm
T 3 (6.230)

D 4

3

5:67 � 10�8
3 � 108

1

8:3

T 3

nm

J

m2sK4

1

m s�1
K mol

J
(6.231)

� 3 � 10�23 T
3

nm

1

K3

mol

cm3
: (6.232)

Taking nm D 1mol cm�3, the temperature has to be T � 3 � 107 K for p� to be
comparable with pm. Although this corresponds to the temperatures inside the Sun,
the density there is about nm � 100mol cm�3 such that p�=pm � 0:03. The general
estimate for stars is

p�

pm
� 0:5: (6.233)

6.5.4 The Total Radiative Power of the Sun

From the solar constant S (6.226) we may deduce the total radiation power L of the
Sun. With RSE D 1:5 � 1011 m being the distance between Sun and Earth we find

L D 4� R2SE S � 12 �
�
1:5 � 1011m�2 1:36 � 103 J

m2s
(6.234)

� 4 � 1026 J

s
D 4 � 1023 kW: (6.235)

Let I0 be the energy emitted per unit time and unit area from the surface of the Sun.
As RS D 7 � 108 m is the radius of the Sun we obtain

I0 D L

4�R2S
D R2SE

R2S
S D

�
1:5 � 1011
7 � 108

�2
S (6.236)

� 4 � 104 � 1:36 � 103 J

m2s
� 6:2 � 107 J

m2s
: (6.237)

According to the Stefan–Boltzmann law, I0D �T 4, this is equivalent to a tempera-
ture of the surface of the Sun of

T D
�
I0

�

�1=4
D
 
6:2 � 107
5:67 � 10�8

J
ı

m2s K4

J
ı

m2s

!1=4
(6.238)

� �
1; 100 � 1012 K4

�1=4 � 5; 750K: (6.239)
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Fig. 6.9 Radiation balance: short-wave radiation from the Sun (�< 4
m) reaches the surface of
the Earth with very little being absorbed, the atmosphere absorbs and reflects dominantly the long-
wave part. A counter radiation B results, leading to a higher temperature on the surface of the Earth

The disc of the Earth (as seen from the Sun) receives per unit time the energy

SE D �R2E S ; (6.240)

where RE is the radius of the Earth. As we have assumed that 30% of this energy is
reflected by the atmosphere of the Earth, about 70% is reradiated by the Earth, but
in all directions. Hence, the Earth emits per unit time the energy

IE D 0:7 1

4�R2E
SE D 0:7

4
S: (6.241)

If we use this value to calculate the temperature on the surface of the Earth according
to the Stefan–Boltzmann law, IE D �T 4E , we find

T 4E D
0:7

4

1:36 � 103 J
ı

m2s

5:67 � 10�8 J
ı

m2sK4
� 0:04 � 1011K4 D 40 � 108K4 ; (6.242)

which yields
TE � 250K: (6.243)

In reality, however, TE � 290K. The discrepancy is explained by the so-called
greenhouse effect, which plays a dominant role on Earth. The greenhouse effect
denotes the influence of the atmosphere on the radiation and heat balance of the
Earth. Like the glass panes of a greenhouse, water vapor and carbon dioxide in
the atmosphere transmit the short-wave radiation from the Sun to the surface of
the Earth with very little being absorbed. On the other hand, these gases absorb or
reflect the long-wave radiation reradiated by the surface of the Earth. This leads
to a heating of the Earth. To investigate this effect qualitatively, we consider the
following radiation balance (Fig. 6.9).

Let I be the total incident radiation, U the radiation reradiated from the surface
of the Earth, and e the fraction of U absorbed by the atmosphere, leading to the
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undirected radiation B (counter radiation). The balance equation in equilibrium for
the atmosphere is therefore

I D .1 � e/U C B (6.244)

and on the surface
I D U � B: (6.245)

Eliminating B and solving for U yields

U D I

1 � e=2 : (6.246)

Hence, the reradiated energy U from the surface of the Earth increases with
increasing absorbtion e in the atmosphere and therefore, since U D �T 4E , there
is a rise in temperature TE on the surface.

6.5.5 The Cosmic Background Radiation

Another famous photon gas comprises the 3 K cosmic background radiation. During
the first million years after the big-bang, the gas of photons and the gas of matter
were in thermal equilibrium, both having the same temperature. At a time td , lying
somewhere in the range

td D 600–2� 106 years ; (6.247)

and at a temperature T�.td / in the range

T�.td / � 100,000–2,000 K ; (6.248)

a decoupling took place and the matter-dominated phase began. From that time
on only the photon gas alone has to be considered as in thermal equilibrium. The
temperature of the photon gas decreased further due to the expansion of the universe
and today has reached a value of 2.7 K.

This implies that if the cosmos constitutes a kind of vessel in which there is a
(background) photon gas of a temperature of 2:7K, there should be a corresponding
radiation with the characteristic !-dependence !3=.e„!ˇ � 1/. In particular, this
radiation should be distinguished by its isotropy and its independence of any local
factors or circumstances. It was predicted by Gamov in 1948, and in 1965, Dicke,
Peebles, Roll, and Wilkinson took up the idea. But before they were able to set up
the experimental devices, the radiation was detected by Penzias and Wilson (Nobel
prize, 1978) (1965).

At a 1977 American Physical Society meeting, a small anisotropy of this
radiation was reported. Tiny temperature variations in the microwave sky were
measured on board a Navy U2 aircraft. The interpretation of this anisotropy is a
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topic of current research. The spots of slightly different temperatures are believed
to be primordial seeds produced in the “big bang” and their sizes are in agreement
with theories that a large percentage of the matter in the universe is “dark matter”,
i.e., it does not interact with light except through gravity.

6.6 Lattice Vibrations in Solids: The Phonon Gas

In a crystalline solid the atoms may vibrate around an equilibrium position. We want
to determine the contributions of these vibrations to the energy and specific heat of
a solid.

We first consider N atoms in a volume V of the solid within the framework of
classical physics. We denote the coordinates of the atoms by .x1; : : : ; x3N / and the
coordinates of the equilibrium positions by . Nx1; : : : ; Nx3N /, so that qi D xi � Nxi ,
i D 1; : : : ; 3N are the displacements. Furthermore, let m represent the mass of an
atom. The kinetic energy is then given by

T D 1

2
m

3NX

iD1
Px2i D

1

2
m

3NX

iD1
Pq2i ; (6.249)

and for the potential energy V.x1; : : : ; x3N / an expansion around the equilibrium
position yields

V.x1; : : : ; x3N / D V. Nx1; : : : ; Nx3N /

C1
2

X @2V

@xi @xj

ˇ̌
ˇ̌
fxkDNxkg

qi qj CO.q3/

� constC 1

2

3NX

i;jD1
˛ij qi qj CO.q3/; (6.250)

with

˛ij D @2V

@xi @xj

ˇ̌
ˇ̌
fxkDNxkg

: (6.251)

For small displacements, the terms O.q3/ in (6.250) may be neglected. The matrix
˛ with elements ˛ij ; i; j D 1; : : : ; 3N is symmetric and therefore possesses a
complete system of orthonormal eigenvectors

˚
�.k/; k D 1; : : : ; 3N �; the associ-

ated eigenvalues will be denoted by fm!2k; k D 1; : : : ; 3N g. We know that !2k � 0,
since otherwise the equilibrium position would not be stable (there would be no
minimum of V at xi D Nxi ). Furthermore, for any degree of freedom related to a
symmetry of the potential we get !2k D 0. For the systems under consideration
these are at least the three translational and the three rotational degrees of freedom
corresponding to the translation and rotation of the entire solid.
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Using the eigenvectors
˚
�.k/

�
, we introduce the normal modes fq0k; k D

1; : : : ; 3N g by

qi D
3NX

kD1


.k/
i q0k; i D 1; : : : ; 3N : (6.252)

This coordinate transformation brings the Hamiltonian function

H.fpk; qkg/ D
3NX

kD1

0

@pk
2

2m
C 1

2

3NX

i;jD1
˛ij qi qj

1

A (6.253)

into the form

H D
3NX

kD1

 
p0k

2

2m
C 1

2
m!2kq

0
k
2

!
: (6.254)

Hence, the dynamics of the lattice vibrations may be represented in the harmonic
approximation (i.e., neglecting the termsO.q3/ in (6.250)) by .3N � 6/ uncoupled,
i.e., noninteracting oscillators with frequencies f!kg; !k ¤ 0. The frequencies
of these oscillators are basically determined by the nature of the interatomic
interactions (i.e., the eigenvalues of the matrix ˛ij ).

We now relate the excitations of the various normal modes to the existence of
quanta or quasi-particles by reinterpreting the Hamiltonian function as a Hamil-
tonian operator. Hence p0k and q0k become operators in a Hilbert space with
commutation relations Œpk; qj � D „i ıkj . For the linear combinations

aCk D
1p

2m„!k
p0k C i

r
m!k

2„ q0k (6.255a)

ak D 1p
2m„!k

p0k � i

r
m!k

2„ q0k (6.255b)

this implies
Œak; a

C
j � D ıkj ; (6.256)

and for the Hamiltonian operator one obtains

H D
3NX

kD1

�
„!k aCk ak C

1

2
„!k

�
: (6.257)

Obviously, aCk generates an excitation quantum with frequency!k . Such a quantum
is also called a phonon and it is generally referred to as a quasi-particle. If j0i
denotes the ground state of the system with energy E0 DP3N

kD1 12 „!k , then

jn1; : : : ; n3N i D
3NY

kD1
.aCk /

nk j0i (6.258)
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is an eigenstate of H with energy

E.n1; : : : ; n3N / D
3NX

kD1
nk„!k C E0 : (6.259)

Equation 6.258 represents a state containing n1 phonons with frequency !1, n2
phonons with frequency !2; : : :.

In this model the concept of a quasi-particle presents itself in a particularly
transparent form: Close to the ground state the Hamiltonian may be approximated
by the Hamiltonian of uncoupled harmonic oscillators. The transition to a quantum-
mechanical point of view leads to creation and annihilation operators for the
excitation quanta, which also may be considered as particles, or, more cautiously, as
quasi-particles. In this approximation these quasi-particles do not interact (there is
no coupling term present in the Hamiltonian operator), and their energy results from
the form of the Hamiltonian operator. The eigenstates ofH are of the form (6.258),
where the quantum numbers can be interpreted as occupation numbers.

Hence, we find a similar situation to that met in the case of the photon gas.
There, however, the frequency of a photon created, e.g., by aC.k; "/, is known to
be !.k/ D jkjc. Furthermore, there exist infinitely many degrees of freedom in the
case of photons, while in the case of phonons there are only 3N (or, more precisely,
3N �6). On the other hand, phonons are also bosons, as more than one phonon may
occupy a state k.

In order to determine further properties of phonons and to formulate the partition
function for a gas of phonons, we have to make an ansatz for the number f .!/ d!
of frequencies f!kg in the frequency interval .!; ! C d!/. Obviously, there now
has to be a maximum frequency !m, since the corresponding wavelength cannot be
smaller than the distance between atoms in the lattice; a smaller wavelength would
be meaningless for lattice vibrations.

Since only 3N frequencies are available, we must have
Z !m

0

f .!/ d! D 3N : (6.260)

A proposal first made by Einstein is

f .!/ D 3N ı.! � !E/ ; (6.261)

where !E denotes a mean frequency. However, the consequences drawn from this
ansatz do not agree with experimental results, in particular concerning the behavior
of CV at low temperatures.

In 1912, Debye suggested the form

f .!/ D
8
<

:

3V

2�2c3
!2; 0 � ! � !m

0 ; otherwise
; (6.262)
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where c is the average sound velocity in the solid and !m is determined from the
normalization (6.260). From

3N D
Z !m

0

f .!/ d! D 3V

2�2 c3
!3m
3

(6.263)

it follows that

!m D c
�
6�2

v

�1=3
; (6.264)

and thus we find for the minimum wavelength:

�m D 2�c

!m
D
�
4�

3
v

�1=3
� 1:6v1=3 : (6.265)

The minimal wavelength is therefore of the order of the atomic distance, as
expected.

The Debye form may be justified as follows: If the wavelength is large compared
to the atomic distance in the lattice, i.e., at small frequencies, the lattice structure is
of no great importance and we can use the continuum approximation for the elastic
medium. According to this theory the displacement q.r ; t/ at the position r satisfies
(Landau and Lifschitz 1959)

%
@2q

@t2
D ��q C .�C �/r.r 	 q/ ; (6.266)

where % denotes the density, and �;� are the Lamé elastic constants.
The solutions of this equation are

q D a exp .ik 	 r � i!t/ : (6.267)

Here k denotes the direction of propagation of the wave and a the direction of the
displacement: a k k means longitudinal polarization, a ? k transverse polarization.

For the frequency !.k/ one finds

!.k/ D !t D ct jkj; for a ? k ; (6.268a)

!.k/ D !` D c` jkj; for a k k ; (6.268b)

where ct D
p
�=% is the transverse sound velocity and c` D

p
.2�C �/=% the

corresponding longitudinal velocity.
Hence, we are led to the following picture: The states are determined by the

three-dimensional wave-vector k and the polarization. There are three possible
polarizations (two transverse and one longitudinal; in the case of photons there
are only two transverse polarizations). Introducing for simplicity a common sound
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velocity c, we always have ! D cjkj as in the case of photons, but contrary to the
case of photons there is now an upper limit for jkj or !, as there exists a minimum
wavelength for lattice vibrations. A lower limit for jkj and thus an upper limit for the
wavelength is given simply by the macroscopic length L / V 1=3 (jkjmin / 1=L), as
is the case for photons.

If we again assume V to be large enough, so that the values for k may be
considered as continuous, a summation over all states leads to

g
X

k

! 3
V

.2�/3

Z
dk4�k2 (6.269)

so that we finally obtain for the number of frequencies in the interval .!; ! C d!/

f .!/ d! D 3V

.2�/3
4� k2 dk ; (6.270)

and with jkj D !=c,

f .!/ d! D 3 V

2�2c3
!2 d! ; (6.271)

which is exactly the Debye form.
Hence, this ansatz is a direct consequence of the assumption that for large wave-

lengths, i.e., small frequencies, the classical wave-equation for lattice vibrations is
valid. In particular, this implies that Debye’s ansatz is adequate for small values
of !. The lower the temperature in the solid, the more important are these thermal
low frequency excitations. Hence, particularly at low temperatures, the predictions
from Debye’s ansatz should be in good agreement with the experimental data, e.g.,
for CV .

Remark. The dispersion relation ! D cjkj is also called the acoustic branch,
because it results from the treatment of sound waves in a solid. If the distances
between the equilibrium positions of neighboring atoms in a solid are not all equal
(e.g. if there are two ions in each primitive cell of a Bravais lattice), one obtains
further relations for ! as a function of k. In this case a so-called optical branch may
appear, where the name refers to the fact that the corresponding phonons can interact
with electromagnetic waves. The exact form of this relation also has an influence on
the optical properties of the solid (Ashcroft and Mermin 1976).

As was the case for photons, the average occupation number of the state k; ˛ is
again given by

hn.k; ˛/i D 1

exp
�„!.k/
kBT

�
� 1

: (6.272)

We will not discuss the expectation value of the number of phonons; anyhow, the
letter N is already occupied by the number of atoms in a solid. For the energy of a
phonon gas, we obtain
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E D
Z !m

0

d! f .!/
„!

e„!=kBT � 1 (6.273)

D 3V „
2�2c3

Z !m

0

d!
!3

e„!=kBT � 1 (6.274)

D 3V „
2�2c3

�
kBT

„
�4 Z „!m=kBT

0

dt
t3

et � 1 (6.275)

D 3V kBT

2�2c3

�
kBT

„!m

�3
c3
6�2

v

Z „!m=kBT

0

dt
t3

et � 1 (6.276)

D 3kBTN D.x/; (6.277)

where

D.x/ D 3

x3

Z x

0

dt
t3

et � 1; (6.278)

x D „!m

kBT
D TD

T
; TD D „!m

kB
: (6.279)

HereD.x/ is called the Debye function and TD is the Debye temperature. ForD.x/
one finds

D.x/ D
(
1 � 3

8
x C 1

20
x2 C : : : for x � 1 ; i.e., T 
 TD

�4

5x3
CO .e�x/ for x 
 1 ; i.e., T � TD

: (6.280)

Hence, we obtain

• For T � TD,

E D 3NkBT

�
�4

5

T 3

T 3D
CO�e�TD=T

��
(6.281)

and therefore

CV D 12

5
�4NkB

�
T

TD

�3
C : : : : (6.282)

At low temperatures we thus observe a T 3-law. Responsible for this
T 3-dependence of the specific heat and for the T 4-dependence of the energy
is obviously the !2-dependence of f .!/ for ! ! 0.

• For T 
 TD,

E D 3NkBT

 
1 � 3

8

TD

T
C 1

20

�
TD

T

�2
C : : :

!
(6.283)
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Fig. 6.10 Illustration of the validity of the expression for the specific heat derived from the theory
of Debye (From Mandl (1971), reprinted by permission of John Wiley & Sons, Inc.)

and therefore

CV D 3NkB � 3

20
NkB

�
TD

T

�2
C : : : : (6.284)

The relation CV D 3Nk corresponds to the law of Dulong and Petit. Hence, for
large temperatures each quadratic term in the Hamiltonian function leads to a
contribution of 1

2
kBT to the energy.

This result for large temperatures is even independent of the exact form of
the frequency distribution and follows merely from its normalization. Indeed, for
T 
 TD we have „!=kBT < „!m=kBT � TD=T � 1 and therefore

E D
Z !m

0

d! f .!/
„!

„!=kBT
D kBT

Z !m

0

d! f .!/ D 3NkBT : (6.285)

For the full range of temperatures, the specific heat determined from (6.277)
agrees well with the experiments (see Fig. 6.10).

The T 3-dependence of the specific heat at low temperatures is in excellent
agreement with experimental data. A fit of (6.282) to the data leads to an estimate
of the Debye temperature TD (Table 6.1). For many solids the Debye temperatures
are in the range 100–300K.

There are other procedures for determining the Debye temperature. One rather
disputable practice is to infer from the experimental data for CV at given tempera-
ture T a corresponding Debye temperature using the equation for CV which follows
from (6.277). In this way one obtains a temperature-dependent Debye temperature
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Table 6.1 Debye
temperatures for various
solids (From Ashcroft and
Mermin 1976)

Solid TD .K/ Solid TD .K/

Na 150 Fe 420
K 100 Co 385
Cu 315 Ni 375
Ag 215 Al 394
Au 170 Ge 360
Be 1,000 Sn (grey) 260
Mg 318 Pb 88
Zn 234 Pt 230
Cd 120 C (diamond) 1,860

TD.T /. A more reasonable method is to infer TD from an overall fit of CV .T / to
the data.

Hence, the values for TD given in the literature differ to some extent depending
on the method used to derive them (see also Ashcroft and Mermin 1976).

6.7 Systems with Internal Degrees of Freedom: Ideal Gases
of Molecules

Up to now we have studied gases of monatomic species with only the kinetic
energy contributing to the energy of the atom. For polyatomic molecules, and even
for monatomic molecules when electronic excitations are included, one obtains a
single-particle energy of the form

".k; n/ D „
2k2

2m
C "int.n/ : (6.286)

Here, n stands for all quantum numbers other than the wave-vector k, and "int.n/

is the contribution of the additional internal degrees of freedom to the energy as a
function of n.

Such quantum numbers and energy contributions include:

• The two atoms of a diatomic molecule may vibrate around an equilibrium
separation. To a first approximation one obtains harmonic vibrations with a
frequency !, where ! is determined by the interaction between the two atoms.
"int.n/ now corresponds to the energy spectrum of a harmonic oscillator

"int.n/ D „!
�
nC 1

2

�
; n D 0; 1; : : : : (6.287)

• Diatomic molecules also may rotate around the connecting axis as well as around
the two orthogonal axes. Let the z-axis of a coordinate system be along the con-
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necting line, then the moments of inertia are Tzz D 0; Txx D Tyy � I D �r20 ,
with � the reduced mass and r0 the equilibrium distance. From this follows for
the energy of the rotational movement Erot D 1

2
I.!21 C !22/, or, introducing the

angular momentum L D I .!1; !2; 0/,

Erot D L2

2I
: (6.288)

A quantum-mechanical treatment then leads to

"int.`/ D „
2 `.`C 1/
2I

; ` D 0; 1; : : : : (6.289)

• Finally, we can take into account the possibility of electronic excitations, or the
potential presence of nuclear spin.

From (6.61) we obtain the grand canonical thermodynamical potential

K.T; V; �/ D �gV kBT

.2�„/3
Z

d3p
X

n

ln

	
1˙ z exp�ˇ

�
p2

2m
C "int.n/

�

;

(6.290)

where the upper sign refers to fermions, the lower one to bosons. The evaluation of
this expression, however, is in general quite difficult. As before, we will therefore
confine ourselves to the case z � 1. Expanding the logarithm around z D 0 and
keeping only the first term of this expansion we immediately obtain

K.T; V; �/ D �kBT
zgV

.2�„/3
Z

d3p exp

�
�ˇ p

2

2m

� X

n

e�ˇ"int.n/ (6.291)

D � zgV

�3t
Zint kBT; (6.292)

where, as in (6.62) and (6.66), we have introduced the thermal de Broglie wave-
length. The expression

Zint D
X

n

e�ˇ"int.n/ (6.293)

represents a kind of partition function for the internal degrees of freedom. Obvi-
ously,Zint � 1, if the reference point for the energy is chosen in such a way that the
lowest possible energy value is zero.

In complete analogy to the classical approximation we now get

N D �@K.T; V; �/
@�

D gV

�3t
zZint (6.294)
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and therefore

z D �3t
gv

1

Zint
: (6.295)

The condition
z� 1 (6.296)

also implies
�3t � Zintgv ; (6.297)

i.e., the thermal de Broglie wavelength is much smaller than the average distance
between the particles. With respect to the translational motion we treat the gas
in this approximation again as a classical gas. The internal degrees of freedom,
however, are dealt with quantum-mechanically. If we further use K D �pV , we
obtain from (6.292) and (6.294) the equation of state

pV D NkBT; (6.298)

which is therefore valid independently of the existence of internal degrees of
freedom.

On the other hand, from (6.83) we get for the energy

E.T; V; �/ D � @
@̌
.�ˇK/C �N (6.299)

D � @
@̌

�
zgV

�3t
Zint

�
C �N; (6.300)

and therefore
E.T; V;N / D 3

2
NkBT �N @ lnZint

@̌
; (6.301)

since @z
@ˇ
D �z and � @

@ˇ
��3t D 3

2
kBT �

�3
t . Here we have also made use of (6.294),

i.e., .zgV=�3t /Zint D N .
Next we have to study the partition function for the internal degrees of freedom

Zint. In the rigid rotor-harmonic oscillator approximation one considers the angular
motion of the diatomic molecule to be that of a rigid dumbbell of fixed internuclear
distance, so that the Hamiltonian of the relative motion can be regarded as
superposition of the rotational and vibrational Hamiltonians. Then the internal
partition function can be written as a product of two individual contributions,

Zint D Zvib Zrot ; (6.302)

with

Zvib D
1X

nD0
exp

�
�ˇ„!

�
nC 1

2

��
; (6.303a)

Zrot D
1X

`D0
.2`C 1/ exp

�
�ˇ„

2`.`C 1/
2I

�
; (6.303b)
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where in Zrot we have also taken into account the .2` C 1/-fold degeneracy of a
quantum state for a given quantum number ` for the angular momentum.

For the individual terms we obtain, firstly, neglecting the ground state energy

Zvib D
1X

nD0
e�ˇ„!n D 1

1 � e�ˇ„!
; (6.304)

and therefore the contribution to the internal energy is

Evib D �N @ lnZvib

@̌
D N„!

�
1

eˇ„! � 1
�
: (6.305)

Introducing the temperature �v, defined by „! D k�v, we get:

Evib D NkB�v

�
1

e�v=T � 1
�
; (6.306)

i.e.,

Evib D NkB

8
<̂

:̂

�v e��v=T C : : : forT � �v;

T C 1

12

�2v
T
C : : : forT 
 �v :

(6.307)

Thus the contribution of the vibrations to the specific heat is

CV;vib D NkB

8
ˆ̂̂
<

ˆ̂̂
:

�
�v

T

�2
e��v=T C : : : for T � �v;

1 � 1

12

�
�v

T

�2
C : : : for T 
 �v :

(6.308)

With two degrees of freedom for each oscillator we therefore obtain 1
2
kB per

degree of freedom as the contribution of the vibrations to CV at sufficiently high
temperatures (T 
 �v).

Secondly, for the rotational contribution, we have

Zrot D
1X

`D0
.2`C 1/ exp

�
�ˇ„

2`.`C 1/
2I

�
: (6.309)

Defining the temperature �r by kB�r D „2=I , we obtain after some calculations for
the contribution to the energy for T � �r

Erot D 3NkB�r e��r=T C : : : ; (6.310)
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and for CV :

CV D 3NkB

�
�r

T

�2
e��r=T C : : : : (6.311)

For T 
 �r the sum may be computed from the Euler–MacLaurin sum for-
mula (6.124), where we can neglect the contributions from the upper limit and obtain

1X

`D0
f .`/ D

Z 1

0

dx f .x/C 1

2
f .0/ � 1

12
f 0.0/C 1

720
f 000.0/C : : : ; (6.312)

and therefore for T 
 �r:

Zrot D 2T

�r

 
1C 1

6

�r

T
C 1

60

�
�r

T

�2
C : : :

!
: (6.313)

Hence, the contribution to the energy for T 
 �r is

Erot D NkBT � 1
6
NkB�r � 1

180
NkB

�2r
T
C : : : ; (6.314)

and for the specific heat CV the contribution for T 
 �r is

CV;rot D NkB CO
�
1

T 2

�
: (6.315)

Again we find 1
2
kB per degree of freedom at large temperatures.

Finally, we investigate the electronic contribution. It is given by,

Zel D g1 C g2 e�ˇ"2 ; (6.316)

where we have taken the ground state energy of the atom to be zero, i.e., "2
corresponds to the first excited state. g1 and g2 denote the respective degeneracies.
Now, "2 is of the order of some eV. Setting "2 D kB�el we obtain for the leading
temperature-dependent term:

g2 e��el=T ; (6.317)

which may almost always be neglected, since �el=T 
 1.
We list some values for the specific temperatures �r, �v, and �el for some

molecules in Table 6.2.
�r is obviously much smaller, and �v in general much larger than room temper-

ature. Hence, at this temperature only the rotational degrees of freedom are excited
and therefore the total specific heat is CV D 5

2
NkBT .

Remarks.

• In the case of polyatomic molecules we can take care of the rotational degrees
of freedom by treating the molecules as rigid bodies. Rigid bodies have three
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Table 6.2 Specific temperature (in K) of selected molecules

Molecule �r �v �el Molecule �r

H2 85 5,958 129,000 CO 2:77

D2 43 4,210 129,000 NO 2:45

O2 2:1 2,228 11,000 HCl 15:02

I2 0:05 305 17,000 HBr 12:02

K2 0:08 132 HI 9:06

principal moments of inertia. If all three of them are equal, one speaks of a
spherical top, if two are equal, this is known as a symmetric top, otherwise it
is called an asymmetric top. The molecules CH4 and CCl4, for example, may be
considered as spherical tops, CH3Cl and NH3 as symmetric tops, and H2O, and
NO2 as asymmetric tops.

The Hamiltonian operator for such a rigid body can be derived from the
corresponding Lagrange function or the corresponding Hamiltonian function in
classical mechanics (see e.g. Honerkamp and Römer 1993). For the symmetric
top with I1 D I2 ¤ I3 one obtains, for example,

H D � „
2

2I1

"
1

sin �

@

@�

�
sin �

@

@�

�
C 1

sin2 �

@2

@'2
� 2 cos �

sin2 �

@2

@'@ 

C
�
I1

I3
C cos2 �

sin2 �

�
@2

@ 2

#
: (6.318)

Here, � , ' and  are the Euler angles describing the orientation of the rotator
with respect to a fixed coordinate system. The eigenfunctions of H are (see e.g.
Dawydow 1965)

DJ
MK.'; ; �/ D

1

2�
ei.M'CK / dJMK.�/ (6.319)

with corresponding eigenvalues

"int D „
2

2I1
J.J C 1/C „

2

2

�
1

I3
� 1

I1

�
K2 : (6.320)

fDJ
MK.�/g denote the generalized spherical harmonics, where K and M may

assume integer values between �J andCJ .
For a linear molecule the degree of freedom associated to the  -variable is

absent, i.e., K � 0 and one obtains

DJ
M0 / YJM .�; '/ and "i D „

2

2I
J.J C 1/ : (6.321)
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In this case the generalized harmonic functions reduce to the spherical harmonics
fYJM .�; '/g and the degeneracy is .2J C 1/-fold.

For the spherical top (I1 D I2 D I3 � I ) we have "int D h2

2I
J.J C 1/, as for

the linear molecule, but now the degeneracy is .2J C 1/2-fold. In this case we
therefore obtain

Zrot D
1X

JD0
.2J C 1/2 exp

�
�„

2

2I
ˇ J.J C 1/

�
; (6.322)

and for high temperatures T 
 �r we get

Zrot D
Z 1

0

dJ .4J 2/ exp

�
�„

2

2I
ˇ J 2

�
/
�
T

�r

�3=2
: (6.323)

So we find CV D 3
2
NkB for T 
 �r, i.e., again a contribution of 1

2
kB for each

degree of freedom. (More detailed treatments may be found e.g. in McQuarrie
(1976) and Diu et al. (1994).)

• If both nuclei are equal, the wavefunction has to be totally antisymmetric for
fermionic nuclei and totally symmetric for bosonic nuclei. The entire wavefunc-
tion is a product

 D  trans.x1;x2/ rot.x1;x2/ vib.x1;x2/�.1; 2/;

where �.1; 2/ denotes the spin wavefunction of the nuclear spin.  trans and  vib

are a priori symmetric under the replacement x1 $ x2, as  vib only depends
on the displacement from the equilibrium position, which, however, is invariant
under an exchange of the particles. Hence, only  rot and �.1; 2/ have to be taken
care of.

Consider the molecule H2, for which the nuclei are fermions. If

– �.1; 2/ is symmetric,  rot has to be antisymmetric: J � 1.2/;
– �.1; 2/ is antisymmetric,  rot has to be symmetric: J � 0.2/.

The first case corresponds to S D 1 (ortho-state, the orientations of the spins
are parallel, ""), and the second case to S D 0 (para-state, the orientations of
the spins are antiparallel, "#). The respective sums over J in Krot only run over
the odd (even) values of J .

Therefore

Zrot;para D
X

JD0;2;4;:::
.2J C 1/ exp

�
�J.J C 1/�r

2T

�
(6.324a)

Zrot;ortho D 3
X

JD1;3;5;:::
.2J C 1/ exp

�
�J.J C 1/�r

2T

�
: (6.324b)
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The typical time scales for the transformation from orthohydrogen into
parahydrogen are quite large such that the H2 gas may be regarded as a mixture
of two different kinds of molecules which are not transformed into each other,
and we are allowed to treat the particle numbersNp andNo as fixed. Under these
conditions

CV;rot D No

No CNp
CV;rot;ortho C Np

No CNp
CV;rot;para : (6.325)

For an extensive discussion of ideal polyatomic gases see, e.g., McQuarrie
(1976).

6.8 Magnetic Properties of Fermi Systems

Substances in external magnetic fields may display quite diverse behavior. Those
that exhibit a magnetization in the opposite direction to the external field are
called diamagnetic; their magnetic susceptibility is therefore negative. Among the
materials with positive magnetic susceptibility one distinguishes between param-
agnetic substances and ferromagnetic substances. The latter are characterized by a
spontaneous magnetization.

Diamagnetic properties of a substance result from the influence of the external
field on the motion of the charged particles in the substance. Electrons play the
dominant role in this case, as they possess a considerably lower mass than the nuclei.
Paramagnetic properties have their origin in a permanent magnetic moment of the
electrons, atoms, or molecules.

6.8.1 Diamagnetism

The Hamiltonian of a nonrelativistic electron in an external magnetic field B may
be written as

H D 1

2m

�
p � e

c
A
�2
: (6.326)

Here A is the vector potential related to B according to B D r � A. It has been
proven by van Leeuwen that, in the framework of classical statistical mechanics, the
partition function including the vector potential may be transformed into a partition
function without the vector potential, so that diamagnetism cannot be explained
classically. Landau has shown that it is the quantization of the orbits of charged
particles in an external magnetic field which is responsible for diamagnetism. We
briefly present this theory of Landau.

For a homogeneous magnetic field B along the z-axis the vector potential A may
be chosen in the form

A D .�By; 0; 0/ : (6.327)



282 6 Quantum Random Systems

The Hamiltonian operator now reads

H D 1

2m

�
.px C e

c
By/2 C p2y C p2z

�
(6.328)

and with the ansatz

�.x; y; z/ D ei.kxxCkzz/f .y/ (6.329)

for the eigenfunction, one obtains, with !c D eB=mc and y0 D „kxc=eB , for f .y/
the eigenvalue equation

h 1
2m

p2y C
m!2c
2
.y C y0/2

i
f .y/ D "0f .y/ ; (6.330)

which corresponds to the eigenvalue equation for a harmonic oscillator. The eigen-
states are therefore characterized by the wave numbers kx; kz and by the quantum
numbers j; j D 0; 1; 2; : : : of a harmonic oscillator. The energy eigenvalues (also
called Landau levels) read

".kz; j; B/ D „
2k2z

2m
C „!c

�
j C 1

2

�
(6.331)

and do not depend on kx . Because of boundary conditions, again, kx D 2�n=Lwith
n D 1; : : : ; g, where L denotes the length of the edges of a cubic box containing
the electron gas. The maximum number g is determined by the condition that the
shift y0 must be less or equal to L. Obviously, g is the degree of degeneracy, i.e.,
the number of states for given energy, and g is given by

y0 � „kxc
eB
D „c
eB

2�g

L
D L ; (6.332)

hence

g D eB

hc
L2 D m!c

h
L2 : (6.333)

The movement of the electrons may be considered as a superposition of a free
motion in z-direction and a circular motion on quantized circles in the x-y plane.
The degeneracy of the energy levels proportional to L2 reflects the fact that the
energy of the circular orbit in the x-y plane does not depend on the location of its
center.

This provides us with all the expressions needed to compute the particle number,
energy, and magnetization. With p D „kz we obtain

N.T; V; �/ D 2gL

h

Z 1

�1
dp

1X

jD0

1

eˇ.".p;j;B/��/ C 1 ; (6.334)
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and

E.T; V; �/ D 2gL

h

Z 1

�1
dp

1X

jD0

".p; j /

eˇ.".p;j;B/��/ C 1 : (6.335)

From these equations we can determine E as a function of T;B;N , compute the
magnetization from

m D � 1
V

@E.T;B;N /

@B
; (6.336)

and finally obtain the susceptibility at high temperatures as

� D @m

@B
jBD0 D �1

3

�2B
kBT v

; (6.337)

where �B D e„=2mc is the Bohr magneton.
The reaction of the electron motion to the external field therefore leads to a

negative contribution for the susceptibility. This shows that the motion of the elec-
trons on quantized orbits causes a diamagnetic effect. We also find a characteristic
1=T dependence, which we have already seen several times in connection with
susceptibilities (cf. Sect. 4.4). In Sect. 6.8.2 we will discuss the contribution of the
magnetic moment of the spin and will find that this contribution to the susceptibility
is positive.

The existence of the Landau levels, i.e., the quantization of the circular orbits in
the x-y plane for the motion of an electron in an external magnetic field, are the
origin of two effects which we now briefly discuss.

The de Haas–van Alphen effect. As the degeneracy is proportional to the mag-
netic field, the individual Landau levels contain fewer and fewer electrons as the
magnetic field decreases. This is observable at low temperatures, where only the
lowest levels are occupied. We neglect motion in the z-direction, consider the case
T D 0, and define B0 by the requirement that for T D 0 the lowest Landau level is
just filled with the N particles. So we have

N D g � eB0

hc
L2 ; i.e., B0 D hc

e

N

L2
: (6.338)

Consider first the case B > B0. Then

E D N�BB D N�BB0x ; with x D B=B0 (6.339)

and therefore

m D � 1
V

@E

@B
D �N

V
�B ; � D 0 : (6.340)

If B now changes to values smaller than B0, the next higher Landau level has
to be populated. The energy first increases, but then drops again for decreasing B .
Although more and more electrons occupy the higher level, the energies of the levels
also depend on the magnetic field B . As a whole we find a quadratic dependence
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Fig. 6.11 Dependence of the energy (left ), magnetization (center ), and susceptibility (right ) on
the external magnetic field B , (x D B=B0, E0 D E=N�BB0, m0 D m=n�B, �0 D �B0=2n�B)

(Fig. 6.11). The magnetization first jumps to positive values, then falls off until the
second Landau level is also filled. Now, the same phenomenon repeats itself if the
B-field decreases further. Hence, the magnetization oscillates and the susceptibility
grows in steps (Fig. 6.11). This effect was discovered in 1931 by de Haas and van
Alphen, and the first simple explanation given by Peierls in 1933.

The quantized Hall effect. If moving charge carriers in a conducter are exposed to
a magnetic field, a voltage, known as the Hall voltage, is induced orthogonal to the
plane spanned by the current of the charge carriers and the magnetic field. This Hall
voltage gives rise to a Hall current, which is superimposed on the original current.

The explanation of the Hall effect is simple: It originates from the Lorentz
force K acting on moving charges in a magnetic field according to

K D e

c
v �B: (6.341)

Here, v is the velocity of the charge carriers. If we choose B orthogonal to v and take
into account that the current j in the absence of the magnetic field may be written
as j D env, where n is the particle density of the charge carriers, we obtain for the
electric field strength EH which accompanies the Hall voltage UH,

EH D K

e
D vB

c
D %Hj; (6.342)

where

%H D B

enc
; (6.343)

denotes the classical Hall resistivity, which therefore should grow linearly with the
external magnetic field.
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Fig. 6.12 Quantized Hall effect: schematic representation of the experimental data. The Hall
resistivity exhibits plateaus at filling fraction � D 1, 2=3, 1=3,: : :, whereas the conventional
resistivity drops dramatically at these values (From Huang (1987), reprinted by permission of John
Wiley & Sons, Inc.)

However, in extremely thin films at low temperatures and for strong magnetic
fields one observes a completely different behavior. With growing magnetic field,
the Hall resistivity %H, considered as a function of B , exhibits plateaus. These occur
at values of B for which the so-called filling fraction

� D hcn

eB
(6.344)

assumes the values 1; 2
3
; 1
3
; ::. The value of %H in this case is

%H D 1

�

h

e2
: (6.345)

The conventional resistivity, which corresponds to the ratio of the applied voltage
and the induced current with current density j , drops dramatically in the vicinity of
these plateaus (Fig. 6.12).

This effect is called the quantized Hall effect. It was discovered by von Klitzing
and his collaborators in 1980 (Klitzing et al. 1980). It provides a new method of
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measuring the Sommerfeld finestructure constants, and also makes it possible to
establish the unit of the electric resistivity, ‘Ohm’, independent of place and time
with the remarkable accuracy of some 10�9 (Kose and Melchert (1991)).

The value of %H for � D 1 is easily explained from the properties of the Landau
levels: The lowest Landau level is completely filled. Due to the energy gap between
the first and the second level, excitations with an energy smaller than this gap are not
possible. The centers of the circular orbits of the electrons move like the particles
of a free two-dimensional gas. The normal resistivity in this case is therefore small.
With a particle density of

n � N

L2
D eB

hc
(6.346)

one obtains for %H from (6.343)

%H D B

enc
D h

e2
: (6.347)

The explanation of the plateaus, in particular for the rational values of �, i.e., the
so-called fractional quantum Hall effect, goes beyond the scope of this book and,
indeed, is in part still a subject of active research (Prange and Girvin 1987).

6.8.2 Paramagnetism

To explain the paramagnetic effect, we again consider a nonrelativistic electron in
an external magnetic field, but this time we only take into account the influence
exerted by the magnetic moment of the spin. Therefore, we use the single-particle
Hamiltonian operator

H D p2

2m
� �B� 	B : (6.348)

Here, �B is the Bohr magneton and � represent the Pauli spin matrices. For a
B-field in the z-direction the single-particle states are thus characterized by p; s

with s D ˙1, and the energy eigenvalues are

".p; s/ D p2

2m
� s�BB : (6.349)

As we are dealing with fermions, the occupation numbers n.p; s/ can only assume
the values 0 and 1. So we obtain

hn.p; s/i D 1

eˇ.".p;s/��/ C 1; (6.350)

E.T; V; z/ D
X

fp;sg
".p; s/hn.p; s/i; (6.351)
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and, after some calculation, for T ! 0,

� D 3�2B
2"Fv

; (6.352)

where "F is again the Fermi energy. For kBT 
 "F we get

� D �2B
kBT v

: (6.353)

Hence, � is always positive, i.e., we always find a paramagnetic effect. For large
temperatures we again obtain a 1=T dependence.

The diamagnetic effect caused by the motion of electrons in an external magnetic
field (see Sect. 6.8.1) and the paramagnetic effect due to their spins, as just
discussed, superpose, giving rise to the susceptibility

� D 2

3

�2B
kBT v

(6.354)

for kBT 
 "F.

6.9 Quasi-Particles

In Sect. 6.6 we considered the ideal gas of phonons. We introduced phonons as
the excitation quanta which emerge in the quantization of the Hamiltonian for the
lattice vibrations of a crystal. We called them quasi-particles. Although they do not
exist as free particles in a vacuum, they may otherwise be characterized like normal
particles. The influence of the lattice vibrations on the thermal behavior of a solid
can thus be described to a good approximation by the properties of an ideal gas of
phonons.

This method of describing the low-energy excitations of an interacting many-
particle system by a system of quasi-particles, may also be applied to other cases.

For example, one speaks of magnons in the context of the lowest excitations in
a ferromagnet, or of excitons when considering the global excitations in an ionic
crystal which might result from the excitation of a single ion. There are many more
examples of quasi-particles as elementary excitations of many-particle systems (see
the table given in Brenig (1992)).

As we did for the particle gases studied previously, we first have to identify
in all cases the following quantities and relations which are relevant for the
characterization of the gas of quasi-particles:

– The quantum numbers of the quasi-particle state are those quantities by which
the single quasi-particles may be characterized. In many cases these are a
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wavevector k, or momentum p, often the polarization ˛ D 1; 2 or ˛ D 1; 2; 3,
and further parameters which we shall subsume in ˛.

– The energy ".k; ˛/ of the single-particle state. These energy values f".k; ˛/g cor-
respond, of course, to the low-energy levels of the entire system. A quasi-particle
therefore represents a collective excitation of the entire system, parametrized by
.k; ˛/. Up to now we have met the relations ".k; ˛/ D „cjkj (c = velocity of
light or sound).

– The possible occupation numbers n.k; ˛/ for the single-particle states. In the
case of phonons, e.g., n.k; ˛/ D 0; 1; 2; : : :, i.e., the system of lattice vibrations
can be multiply excited in the same ‘mode’ .k; ˛/.

A quantum-mechanical state for a gas of such particles can be described
in the occupation number representation by j n.k1; ˛1/; n.k2; ˛2/; : : :i, where
.k1; ˛1/; .k2; ˛2/; : : : enumerate the quasi-particle states. The particle number of
such a state is given by

N D
X

i

n.ki ; ˛i / �
X

k;˛

n.k; ˛/; (6.355)

and for the energy we find

E.fn.k; ˛/g/ D
X

k;˛

".k; ˛/ n.k; ˛/: (6.356)

We now obtain for the partition function of a grand canonical system (cf. (6.53))

Y.T; V; �/ D
X

fn.k;˛/g
e�ˇŒ.E.fn.k;˛/g/��N.fn.k;˛/g/�: (6.357)

The summation extends over all possible particle numbers for all states. If there is
no conservation of the total particle number, as is the case for phonons and photons,
we formally have to set � D 0.

The evaluation of this partition function then leads to the equations of state and
to expressions for the response functions. In particular, we obtain for the average
occupation number of the quasi-particle state .k0; ˛0/:

hn.k0; ˛0/i D 1

Y

X

fn.k;˛/g
n.k0; ˛0/e�ˇŒE.fn.k;˛/g/��N.fn.k;˛/g/�:

Written more explicitly, the numerator of the right-hand side is

Y

i;ki¤k0

"
X

n.ki ;˛i /

e�ˇ.".ki ;˛i /��/n.ki ;˛i /
#
X

n.k0;˛0/

n.k0; ˛0/e�ˇ.".k0;˛0/��/n.k0;˛0/;

(6.358)
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and the denominator Y can also be written as

Y

i;ki¤k0

"
X

n.ki ;˛i /

e�ˇ.".ki ;˛i /��/n.ki ;˛i /
#
X

n.k0;˛0/

e�ˇ.".k0;˛0/��/n.k0;˛0/; (6.359)

so that we finally obtain

hn.k0; ˛0/i D
P

n ne�ˇ.".k0;˛0/��/n
P

n e�ˇ.".k0;˛0/��/n : (6.360)

For the Fermi gas, we get in this manner

hn.k0; ˛0/i D e�ˇ."��/

1C e�ˇ."��/
D 1

eˇ."��/ C 1 (6.361)

and for the Bose gas

hn.k0; ˛0/i D e�ˇ."��/ C 2e�ˇ."��/ �2 C 3e�ˇ."��/ �3 C : : :
1C e�ˇ."��/ C e�ˇ."��/ �2 C e�ˇ."��/ �3 C : : : ; (6.362)

which, with � D ˇ." � �/ as shorthand notation, can be written as

hn.k0; ˛0/i D � d

d�
log .1C e�� C e�2� C e�3� C : : :/

D d

d�
log .1 � e�� / D 1

eˇ."��/ � 1; (6.363)

as expected.
The total number of particles in the system is then given by

N.T; V; �/ D
X

fk;˛g
hn.k; ˛/i; (6.364)

and for the energy of the system we obtain

E.T; V; �/ D
X

fk;˛g
".k; ˛/hn.k; ˛/i : (6.365)

The (possible) dependence of the energy on � may be replaced by a dependence on
N by solving, as usual, the equation for N.T; V; �/ with respect to � or z D eˇ�

and inserting the resulting expression for � into E.T; V; �/.
Two equations shall be cited for the case of response functions. The heat capacity

CV for constant volume is given by

CV D @E.T; V;N /

@T
D
X

fk;˛g
".k; ˛/

@hn.k; ˛/i
@T

; (6.366)
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and for the magnetization of a system in a constant external magnetic field B in
z-direction we find:

m D � 1
V

@E.T;B;N /

@B
D � 1

V

X

fk;˛g
".k; ˛/

@hn.k; ˛/i
@B

: (6.367)

In the following two sections we shall briefly introduce two important phenomeno-
logical fields where the concept of quasi-particles is successful namely, magnetism
and superfluidity. Further elaborations on this concept would lead us deep into the
realm of quantum fluids and solid state physics and extend beyond the scope of this
book.

6.9.1 Models for the Magnetic Properties of Solids

In Chap. 4 we studied spin models as special examples of random fields. We saw
that such models arise from general mathematical considerations, but we have not
yet explained how such models can be derived on the basis of physical ideas about
the interactions in a solid.

An important role in the description of the magnetic properties of solids are
played by the Heisenberg models. We will first present these models and then
discuss how they can be derived from physical arguments. We will see that the
Hamiltonian operators of these models again describe the lowest-lying energy states
of many-particle systems, which therefore allows the introduction of quasi-particles,
now called magnons, as the excitation quanta.

We denote the spin operator at lattice site R by S .R/. The eigenvalue of S 2.R/

shall be s.s C 1/ and the usual commutation relations for spin operators shall
hold, e.g.,

ŒSx.R/; Sy.R0/� D iS z.R/ıRR0 : (6.368)

The Hamiltonian operator for the isotropic Heisenberg model in an external field B
now reads

H D �1
2

X

R;R0R¤R0

J.R �R0/S .R/ 	 S .R0/ � g�BB
X

R

S z.R/ : (6.369)

J.R � R0/ are called the exchange coupling constants. Often they are chosen in
such a way that

J.R �R0/ ¤ 0 only if R and R0 are nearest neighbors. (6.370)

A further restriction results if we set all J.R�R0/ to be equal to one constant J : In
this case one writes
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H D �1
2
J
X

nn

S .R/ 	 S .R0/� g�BB
X

R

S z.R/ ; (6.371)

where ‘nn’ now stands for nearest neighbor, i.e., the sum extends over all R, and
for a given R over all nearest neighbors. The model is called isotropic because of
the rotationally invariant coupling S .R/ 	S .R0/. An anisotropic variant for the case
B D 0 would be

H D �1
2

X

nn

.Jx S
x.R/Sx.R0/C Jy Sy.R/Sy.R0/C Jz S

z.R/S z.R0//

(6.372)
or

H D �1
2
J
X

nn

S .R/ 	 S .R0/CA
X

R

.S z.R//2 : (6.373)

Since the operator S .R/ acts on a .2sC 1/-dimensional space H0, the Hamiltonian
H may be represented by a matrix in the .2s C 1/N -dimensional space

H0 ˝H0 ˝ : : :˝H0

„ ƒ‚ …
N

: (6.374)

For spin s D 1=2 and N D 10 one is already confronted with a a 1; 024 � 1; 024
matrix. If only Jz ¤ 0 in (6.372), such that the Hamiltonian only depends on the
commuting operatorsJz.R/, one speaks of an Ising model (named after the physicist
Ising (1925), cf. Sect. 4.5).

Why are such Hamiltonians for spin systems formulated? What can be explained
by these models? To find an answer to these questions we first consider a very
small lattice of atoms: the hydrogen molecule, i.e., a system of two protons and
two electrons. The protons shall be fixed at the positions R1 and R2, the position
vectors of the electrons shall be r1 and r2. Then the Hamiltonian reads

H D H1 CH2 CH 0; (6.375)

where

Hi D p2i
2me

� e2

jr i �Ri j ; i D 1; 2 ; (6.376)

H 0 D e2

jr1 � r2j C
e2

jR1 �R2j �
e2

jr1 �R2j �
e2

jr2 �R1j : (6.377)

In the so-called Heitler–London approximation (see e.g. McQuarrie 1983) one
obtains for the electron states corresponding to the two lowest energy eigenvalues

 s=t.r1; r2/ D .
2.r1/
1.r2/˙ 
1.r1/
2.r2//�s=t : (6.378)
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Here, 
i.r/ are the ground state eigenfunctions of

Hi D p2

2me

� e2

jr �Ri j ; (6.379)

i.e., they describe the single-electron states with smallest eigenvalue in the potential
of a proton at position Ri . �s=t are the eigenfunctions of .S 1CS 2/

2 and .S 1CS 2/z,
where S 1; S 2 are the spin operators for the electrons. �s describes a singlet state
and is an antisymmetric function, while �t describes a triplet state and is symmetric.
Taking into account the Pauli principle, the corresponding real space wavefunction
has to be antisymmetric or symmetric, respectively.

Using these approximate solutions one obtains for the energy eigenvalues:

Es=t D h s=tjH j s=ti (6.380)

D
Z

d3r1 d3r2 .
2.r1/
1.r2/˙ 
1.r1/
2.r2//� (6.381)

�H.
2.r1/
1.r2/˙ 
1.r1/
2.r2// : (6.382)

It turns out that Es > Et. Despite the absence of an explicit spin–spin interaction
term in the Hamiltonian, the total spin of the two electrons has an influence on the
energy eigenvalues due to the Pauli principle.

The first excited states of the electrons are of the order 1 eV' 10,000 K, i.e., at
normal temperatures they are of no importance. Neglecting, therefore, the states of
higher energy one is dealing with only two energy levels, Es; Et, but four states,
which may be characterized by the total spin.

To reproduce these energy levels, one can define an ‘effective’ Hamiltonian
operatorHeff in spin space by

Heff D �JS 1 	 S 2; (6.383)

because now

Heff D �J
2
..S 1 C S 2/

2 � S 2
1 � S 2

2/ (6.384)

D �J
2

�
s.s C 1/� 3

4
� 3
4

�
(6.385)

D
8
<

:
� J
2

�
1
2

� D � 1
4
J for s D 1

� J
2

�� 3
2

� D C 3
4
J for s D 0;

(6.386)

i.e.,Heff describes an energy difference between the singlet and the triplet state given
by J , and we may choose J D Es � Et. The splitting of the energy eigenvalues is
therefore controlled by the exchange integral J . If J were zero, the ground state
would be fourfold degenerate.
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Heisenberg generalized this idea to a system of N atoms fixed to the sites of a
crystal lattice, in order to reproduce the energy spectrum for the lowest lying states
of this system by the energy spectrum of a spin Hamiltonian, such as (6.372). The
Heisenberg model therefore describes the splitting of the ground state in a crystal,
which for J � 0 would be .2s C 1/N -fold degenerate.

Due to the isotropy in spin space (no interaction among the spins of the electrons)
one thus obtains the isotropic Heisenberg model. If, e.g., a spin–orbit coupling were
also included, this would give rise to anisotropic effects in the model Hamiltonian.
The spin quantum number s of the model is determined by the spin s of the ground
state of the atom with respect to its valence electrons.

The justification for Heisenberg’s generalization is highly nontrivial and requires
many complicated approximations (see also Herring 1966).

In some cases both the ground state of the Hamiltonian as well as the first
excited states can be computed explicitly. For instance, in the Heisenberg model
of a ferromagnet the ground state jF i is the state for which all spins point upwards.
The superpositions of states where just one spin points downwards, more precisely

jki D 1p
2NS

X

R

eik�R S�.R/jF i; (6.387)

where
S�.R/ D S1.R/� iS2.R/;

turn out to be the first excited eigenstates of the Hamiltonian. The state jki describes
a spin wave or magnon. Magnons are therefore quasi-particles like phonons. In the
spin-wave approximation the solid is considered as an ideal gas of magnons. Of
course, this approximation is justified only for low temperatures (see Ashcroft and
Mermin 1976).

The application of spin Hamiltonians of the Heisenberg type has been quite
fruitful in the description of magnetic, nonconducting systems. In general, one
distinguishes magnetic systems of the following types:

Ferromagnets

These exhibit a macroscopic magnetization at sufficiently low temperatures, even
when the external field B has been turned off, i.e., below a critical temperatureTc the
interaction causes the spins to align predominantly in one direction. The tendency
to disorder due to thermal agitation is overridden by the tendency to order due to the
interaction. This magnetization at B D 0 is also called spontaneous magnetization,
and the critical temperature is referred to as the Curie temperature. For ferromagnets
the exchange coupling in the Hamiltonian is positive, J > 0. Some examples of
ferromagnets are listed in Table 6.3.

Ferromagnets exist also in two or even in one space dimension. In this case the
interaction between different planes, respectively chains of atoms is much smaller
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Table 6.3 Examples of
ferromagnets

Conductors Insulators which
may be described by
Heisenberg models

Substance Tc Substance Tc

Fe 1,043 CrBr3 37
Co 1,388 EuO 77
Ni 627 EuS 16.5

Table 6.4 Examples of
antiferromagnets (Tc is the
Néel temperature)

Space dimension Material Tc Type

d D 3 MnO 122
FeO 198
NiO 600 Insulator
Cr 311

d D 2 RbFeF4 Insulator

d D 1 CsCoCl3 Insulator
CsNiCl3 Insulator

than the interaction within the plane or chain. Examples for ferromagnets in two
space dimensions are CrBr3 or K2CuF4 and in one space dimension CsCuCl3,
CsNiF3.

Antiferromagnets

Antiferromagnets (see Table 6.4) also exhibit an ordered structure for T < Tc, but
it is not accompanied by a spontaneous magnetization. This structure is most easily
visualized as two mutually penetrating sublattices, where both sublattices have a
spontaneous magnetization, but in opposite directions. The exchange constant in
the Hamiltonian is negative, J < 0.

Ferrimagnets

If the spins associated with the different sublattices are not of the same size, one can

imagine an ordered structure along a chain of the following kind , so that
there is always a net spontaneous magnetization present.

For the modeling of ferrimagnetic structures one has to use a generalized
Heisenberg Hamiltonian with different spin operators. Table 6.5 lists examples of
ferrimagnetic substances.

Remarks.

• The description of magnetic conductors, such as Ni or Fe, is complicated and
remains a subject of present-day research.
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Table 6.5 Examples for
ferrimagnets

Substance Tc

Fe3O4 858
CoFe2O4 793
Y3Fe4O12 560

• The domain structure in ferromagnets (known as Weiss domains) is a conse-
quence of the hitherto neglected magnetic dipole interactions among the spins,
which energetically favors the splitting into domains. Although this interaction
is much weaker than the exchange interaction, it is long-ranged. In the presence
of sufficiently many spins it therefore becomes important. The hysteresis effect
is also explained only by this interaction (see also Ashcroft and Mermin 1976).

6.9.2 Superfluidity

Superfluidity denotes the flow of a fluid without viscosity. This phenomenon can be
observed, e.g., in liquid 4He at low temperatures (1–2 K). That there exists a liquid
phase of He at these low temperatures at all is a phenomenon which itself is worthy
of discussion. In the present context, however, we will study superfluidity as an
example of the successful application of the concept of quasi-particles.

The lowest excitations of liquid 4He are found by neutron scattering at low
temperatures. Their energy is similar to the energy transferred from the neutrons
to the system. The same holds for the momentum. From these experiments one
obtains a dependence of the energy ".k/ on k as shown in Fig. 6.13. Close to
kD 0 one finds the usual phonon spectrum, ".k/D„kc, and close to a value

k0

�
k0 D 1:92˙ 0:01 Å

�1�
, the energy ".k/ exhibits a minimum. Excitations

with k � k0 may be treated as special quasi-particles, which are called rotons.
A minimum energy� is required to create a roton. The roton massm� can be found
by expanding ".k/ around k0 in the form

".k/ D �C „
2.k � k0/2
2m�

C : : : : (6.388)

For temperatures below a critical temperature T�, the fluid may be described
approximately as an ideal gas of two kinds of quasi-particles, the phonons and
the rotons. The heat capacity of each gas is easily determined. For phonons one
obtains

Cphonon D kBN
2�2v.kBT /

3

16„3c3 (6.389)
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Fig. 6.13 Energy spectrum
of the elementary excitations
in liquid 4He (From Huang
(1987), reprinted by
permission of John Wiley &
Sons, Inc.)

and for rotons

Croton D kBN
2
p
m�k20�2ve��=kBT

.2�/3=2„.kBT /3=2
: (6.390)

The heat capacity of the fluid is given by the sum of these two terms. For
temperatures below 0.7 K the phonon part dominates; above this temperature the
roton part is larger. The experimental results agree quite well with these estimates.

The gas of quasi-particles constitutes the so-called ‘normal’ component of the
superfluid. The superfluid component, however, is a pure superfluid. The total fluid
may be treated in a two-fluid model as a mixture of both phases. At low temperatures
the normal component consists almost exclusively of phonons, whose number drops
further with decreasing temperature. An object with sufficiently small velocity
can be pulled through such a fluid without any friction. The dissipation may be
neglected, because on the one hand the energy transfer by scattering with phonons
is negligible due to their small number, and on the other hand there is not enough
energy present to generate new phonons.

For descriptions of the effects observed in superfluids and a more detailed
theoretical treatment we refer to textbooks on statistical mechanics (see e.g. Huang
1987).

If the flow of charge carriers is free of viscosity, one speaks of superconductivity.
In superconductors, like 3He, at sufficiently low temperatures, a current flows
practically without resistance. In this case too, it is the properties of quasi-particles
that play the dominant role.



Chapter 7
Changes of External Conditions

In the previous chapters we have dealt with systems in thermodynamic equilibrium,
i.e., with systems being and remaining in a state of maximum entropy. The external
conditions were kept constant and the systems were adapted to these external
conditions. It was for this situation that we formulated the equations of state
expressing the relations among the system variables.

We now want to discuss what happens when the external conditions are modified.
We will to study how the system reacts to such a modification with a change of state,
i.e., a change of its state variables.

7.1 Reversible State Transformations, Heat, and Work

Let fjnig be the possible microscopic states of a system and %n be the probability
that a system is in the state jni. For a canonical system in thermal equilibrium we
have

%n D 1

Z
e�ˇEn ; (7.1)

where En is the energy of the state jni, and

Z D
X

n

e�ˇEn (7.2)

denotes the partition function. The entropy is given by

S D �kB

X

n

%n ln%n; (7.3)

and for the energy of the system, which is equal to the expectation value of the
Hamiltonian, we obtain
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E D
X

n

En%n: (7.4)

We now consider infinitesimal transformations of the state (the particle number
should remain constant). Extrinsic system variables, such as the volume V or the
temperature T , may change. This leads to a change in energy, dE, which we may
decompose as

dE D
X

n

dEn%n C
X

n

End%n; (7.5)

i.e., either the energy eigenvalues for the individual states jni change, or the
probabilities %n, or both. We will investigate each term separately. The term

ıQ D
X

n

En d%n (7.6)

is called heat, and the term
ıW D

X

n

dEn %n (7.7)

is referred to as work.
Let us first examine the heat term. A change of d%n, as in ıQ, also has an

influence on the entropy:

dS D �kB

X

n

d%n ln%n � kB

X

n

%n d.ln%n/: (7.8)

However, since

d.ln%n/ D 1

%n
d%n; (7.9)

and because
P

n %n D 1, we get:

X

n

%n d.ln%n/ D
X

n

d%n D d
X

n

%n D 0: (7.10)

The second term in (7.8) thus vanishes, leaving us with

dS D �kB

X

n

d%n ln %n: (7.11)

For a system in equilibrium (i.e., a state of maximum entropy) relation (7.1) holds
and therefore

ln%n D � 1

kBT
En � lnZ; (7.12)

hence

dS D 1

T

X

n

En d%n D ıQ

T
; (7.13)
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i.e., the term ıQ may also be expressed through dS as

ıQ D T dS: (7.14)

The contribution ıW is due to a change of the energy eigenvalues, while the
probabilities remain fixed. The eigenvalues of the Hamiltonian depend, among
others, on the volume of the system, i.e., the energy eigenvalues in general change
if the volume of the system or other external extensive parameters are modified. For
a change in volume, for example, we obtain

ıW D
X

n

@En

@V
%n dV D �p dV; (7.15)

with

p D �
X

n

@En

@V
%n: (7.16)

We can thus conclude that, when one or more external state variables of a system
are changed infinitesimally, the change in energy can be written in the form

dE D ıQC ıW: (7.17)

ıQ is the contribution correlated with a change in entropy, while ıW is determined
by the change of the energy eigenvalues of the system. We will soon discuss state
transformations for which one of these two contributions vanishes.

Heat ıQ and work ıW are energy contributions which the system exchanges
with its environment. They are defined as positive, if they represent an increase of
the system energy. If work is done by the system, ıW is negative. Furthermore, an
exchange of heat, ıQ, always accompanies an exchange of entropy, dS .

Infinitesimal transformations of the state of a system, which thereby remains
in equilibrium, are called reversible. For such transformations of systems in
equilibrium the contribution ıQ to the energy change is related to the change in
entropy by (7.14), because ln %n is given by (7.12). Furthermore, work done by the
system only results in a change of the energy eigenvalues, not in a change of the
probabilities %n.

An infinitesimal transformation of the state of a system through nonequilibrium
states is called irreversible. In this case, the relation ıQ D T dS does not hold, but
instead

dS >
ıQ

T
D
X

n

En

T
d%n; (7.18)

because the system always tends towards its equilibrium state, i.e., the state of
maximum entropy, and therefore entropy is created spontaneously. After the change
of state, the system will contain, in addition to the exchanged entropy dSex related
to ıQ, also created entropy dSc > 0.
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Furthermore, for an irreversible state transformation due to a change in the
external extensive parameters, i.e., one for which ıW is not zero, the probabilities
%n also change, again because the system spontaneously tends towards the state of
maximum entropy and therefore the entropy increases.

7.1.1 Finite Transformations of State

Up to now we have discussed infinitesimal transformations of state which start
from equilibrium states. Now we will combine many of these transformations in
succession to obtain finite transformations of state.

A finite process will be called quasi-static if the system is transformed from an
initial state to a final state through a continuous succession of equilibrium states.
During such a process the probability distribution is at any moment given by the
maximum entropy principle. In practice, the change of the macroscopic system
variables has to be so slow that the deviation from equilibrium can be neglected,
and it must take place in so many steps that there is always enough time to reach a
new equilibrium state before the next change of state follows.

A quasi-static process may therefore also be called a reversible process.
Of course, such a reversible process is the ideal limiting case of a general

irreversible process, where the individual changes follow each other so rapidly that
there is not enough time for the system to relax into an equilibrium state.

Let us investigate some important transformations of state:

Heating The simplest process consists of the reversible ‘heating’ of a system.
No work is done and energy is added only in the form of heat, i.e., the volume is
kept constant and for each temperature (which changes during the heating process)
we have

dE D ıQ D T dS and ıW D 0: (7.19)

The energy needed to change the temperature by dT is

CV D dE

dT
D T dS

dT
: (7.20)

Adiabatic process A process is called adiabatic if no heat is exchanged during the
whole process. An adiabatic reversible process is a particularly simple reversible
process. In this case the probabilities %n remain constant, and only the energy
eigenvalues change. Therefore, ıQ D 0 and dE D ıW .

Let us determine the adiabatic reversible expansion of an ideal classical gas.
In this case E D 3

2
NkBT , i.e., dE D 3

2
NkB dT . On the other hand,

dE D ıW D �p dV D �NkBT

V
dV; (7.21)
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and therefore
3

2

dT

T
C dV

V
D 0; (7.22)

or
d ln.T 3=2V / D 0: (7.23)

Hence, we obtain:

T 3=2V D const. or pV 5=3 D const.: (7.24)

For the change in energy we find

�E D E2 � E1 D 3

2
NkB .T2 � T1/ where T

3=2
2 V2 D T 3=21 V1: (7.25)

Reversible isothermic expansion Another important reversible process is the
reversible isothermic expansion of an ideal gas in contact with a heat bath
(infinitesimally realizable by a small external negative pressure such that the gas
may expand slowly). In this case the energy eigenvalues En and the probabilities
change in such a way that throughout the process

%n D 1

Z
e�ˇEn (7.26)

remains valid.
SinceED 3

2
NkBT , the constancy of temperature implies dE D 0, and therefore

dE D ıQC ıW D 0; (7.27)

where now

ıW D �
Z V2

V1

p dV D �NkBT

Z V2

V1

dV

V
D �NkBT ln

�
V2

V1

�
: (7.28)

ıW is negative because the gas loses the energy jıW j. On the other hand, the gas
gains energy in the form of heat

ıQ D
Z S2

S1

T dS D T .S2 � S1/: (7.29)

For an ideal gas S D NkB lnV C f .N; T /, and we obtain

ıQ D NkBT ln

�
V2

V1

�
: (7.30)

Hence we have confirmed that the energy received from the heat bath in the form of
heat is exactly balanced by the loss of energy due to the work done.
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Spontaneous expansion Finally, we examine an irreversible process: The process
of spontaneous expansion. Consider an isolated system of volume V2, which has no
exchange whatsoever with its environment. The gas is initially in a subvolume V1,
separated by some partition from the remaining volume. If this partition is suddenly
removed, the gas will expand and occupy the total volume V2. We now compare
the initial state of the system, state 1, where the partition has just been removed
but where the gas still occupies the volume V1, with state 2, where the gas has
expanded to fill the whole volume V2 and is again in equilibrium. The first state is
obviously an extremely unlikely state and was only realized because the system had
been prepared this way using the partition. The system tends towards the most likely
state, the equilibrium state. Although there is no exchange with the environment, one
of the system variables, the entropy, changes. For an ideal gas

�S D S2 � S1 D NkB ln

�
V2

V1

�
: (7.31)

Hence, entropy is created. In this case, however, the increase of entropy is not due
to exchange, but solely due to creation.

Of course, the energy is conserved, i.e.,

E D
X

n

En %
1
n D

X

n

En %
2
n; (7.32)

where %1n denotes the probability density for the state 1, which is not in equilibrium,
and %2n denotes the probability density for the equilibrium state 2. Of all possible
densities, f%2ng is simply the one possessing maximum entropy under the supple-
mentary condition (7.32).

7.2 Cyclic Processes

We first examine the reversible isothermal expansion of a gas using a p–V diagram
and a T –S diagram. The initial and final state of this process correspond to the
points 1 and 2 (Fig. 7.1).

The work done in this process may be represented by the area under the curve in
the p–V diagram. In order to be able to do this work, energy has to be brought into
the system in the form of heat. The amount of heat ıQ D T .S2�S1/ is equal to the
area under the horizontal isotherm 1! 2 in the T –S diagram.

A simple reversal of this process, i.e., the process 2! 1, would lead us back to
the initial state 1. However, the work previously done by the system now has to be
done on the system, and the entropy has to be returned completely. Hence, in order
to produce some net work done by the system we have to return to state 1 along
a different path in the p–V diagram, for instance, by an adiabatic change of state
2 ! 3, followed by an isothermal reversible compression 3 ! 4, and finally by
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1

2

p

VV 1 V 2

1 2

S1 S2

T

S

Fig. 7.1 Isothermal expansion (1 ! 2) on a p–V and a T –S diagram

1

2

3
4

p

V

1 2

34

T

S

Fig. 7.2 Cyclic processes on a p–V diagram and a T –S diagram. The variables T; S; V and p
are brought back from state 2 to their values in state 1 by an adiabatic expansion followed by an
isothermal compression and an adiabatic compression

an adiabatic compression 4 ! 1 back to 1. In doing this we run through a cyclic
process, which may be repeated arbitrarily many times (see Fig. 7.2).

For each cycle, the entropy �S D S2 � S1 added to the system during the
isothermal expansion has to be exported again. This, however, may be done at a
lower temperature, for which only part of the work done before has to be returned.

Let us compute the contributions of the work done and the heat in more detail.
Proceeding from the Gibbs fundamental form

dE D T dS � p dV; (7.33)

the energy balance along the cycle reads

0 D
I

dE D
I
T dS �

I
p dV; (7.34)

where
H

denotes the integral around the complete cycle. In particular,

W D
I
p dV (7.35)

is the work done, i.e., the area enclosed by the cycle in a p–V diagram represents
the work done during such a process. Furthermore,
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S1 S2

T 2

T 1

•a • b

γ c
1

γ1

γ c
2

γ2

Fig. 7.3 An arbitrary cycle
with T1 and T2 as the
maximum and minimum
temperatures (solid line) and
the corresponding Carnot
cycle (dotted curve)

Q1 D
Z

1!2

T dS D T1.S2 � S1/ (7.36)

is the quantity of heat absorbed by the system during the isothermal expansion, and

Q2 D
Z

3!4

T dS D �T2.S2 � S1/ (7.37)

corresponds to the quantity of heat emitted during the isothermal compression. The
area enclosed by the cycle in a T –S diagram is equal to Q1 CQ2 D W .

Finally, for the efficiency �, defined as the ratio of the work done to the heat
absorbed,Q1, we obtain

� D W

Q1

D Q1 CQ2

Q1

D 1C Q2

Q1

D 1 � T2
T1
: (7.38)

The above described cycle is known as a Carnot cycle and the efficiency � is
called Carnot efficiency.

It is easy to prove that the Carnot efficiency is the maximum efficiency achievable
for a process which operates between the temperatures T1 and T2. For this we
consider an arbitrary reversible cycle along the lines �1 and �2 in the T –S diagram,
where T1 and T2 denote the maximum and minimum temperatures, respectively.

For this cycle shown in Fig. 7.3 (solid line)

Q1 D
Z b

a;�1

T dS (7.39)

is the heat absorbed by the system. If we construct the corresponding Carnot cycle,
(Fig. 7.3, dotted line) the heat absorbed in this cycle is

Qc
1 D

Z b

a;�c
1

T dS (7.40)

As the integrals agree with the areas under the curves �1 and � c
1 , respectively, it is

evident that
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Q1 � Qc
1: (7.41)

Similarly,

Q2 D
Z a

b;�2

T dS and Qc
2 D

Z a

b;�c
2

T dS (7.42)

are the quantities of heat emitted during the two processes. Obviously,

jQ2j � jQc
2j: (7.43)

Therefore,
jQ2j
Q1

� jQ
c
2j

Qc
1

; (7.44)

and we find for the efficiency of the process .�1 [ �2/

� D 1 � jQ2j
Q1

� 1 � jQ
c
2j

Qc
1

D 1 � T2
T1
: (7.45)

Finally let us consider an irreversible Carnot cycle. Then entropy is created and
must be transferred to the environment. This e.g. increases jQ2j and the efficiency
� D 1� .jQ2j=Q1/ becomes smaller than the Carnot efficiency.

Remarks.

• One may also proceed around a cycle in the reverse direction. In this case work
is done on the system, which is now used to withdraw energy from a heat bath
at lower temperature and to add this energy to a heat bath at higher temperature.
This is the principle of a heat pump.

This process is also never completely reversible in reality. Hence, the notion
of irreversibility does not refer to the direction of a process, but to the creation
of entropy. It is the creation of entropy which cannot be reversed, since entropy
cannot be annihilated. Therefore, the entropy created has to be transferred to the
environment if the system is to return to its original state after a cycle.

• An engine operating around the reversible Carnot cycle may also be used as a
device for measuring the temperature. As (cp. (7.36) and (7.37))

Q1

T1
C Q2

T2
D 0; (7.46)

we also have

T1 D T2 Q1

jQ2j : (7.47)

Hence, the measurement of ratios of temperatures has been reduced to the
measurements of energies (heat). The definition of the unit for the temperature
scale is a matter of convention: To a particular, well-defined state of a certain
substance a value is assigned for the temperature. This special state is, following
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a convention from 1954, the triple point of water, the point where ice, liquid
water, and vapor are simultaneously in equilibrium in a completely closed vessel.
This triple point exists at a pressure of 6:1 � 102 Pa and a temperature defined to
be T0 D 273:16K (the numerical value has historical reasons). Remember, the
temperature at the melting point of water at the standard pressure 1; 013� 102 Pa
is defined as 0ıC, the triple point is then at 0:0098ıC.

For an ideal gas at this temperature T0, we must have

pV D NkBT0: (7.48)

Measuring p,V , and N , one determines the value of Boltzmann’s constant kB.
• The so-called ‘principal laws’ (or simply ‘laws’) of thermodynamics should

not remain unmentioned. They summarize some of the most relevant results
about energy and entropy within the framework of statistical mechanics. In phe-
nomenological thermodynamics they form the starting point from which many
conclusions may be derived.

The first law is essentially the conservation of energy: ‘Energy cannot be
created or annihilated’. The second law, however, states: ‘Entropy may be
created, but can never be annihilated’. A decrease of entropy in one system
always implies an export of entropy beyond the borders of the system.

If entropy is again interpreted as a lack of information, the second law may
also be stated as: Information never increases by itself, a decrease of the lack of
information can only be accomplished by an import of information.

Finally, the third law states that the entropy vanishes at the absolute zero of
temperature. This statement is also a consequence of the results we found in the
previous chapters. More precisely, we may say that at T D 0 the system is in its
ground state, and thus we obtain for the entropy

S D kB ln g; (7.49)

where g is the degeneracy of the ground state. Indeed, for g D 1 we find S D 0,
and even if g ¤ 1 we never will have S D O.N/. Therefore, the entropy at
T D 0 is practically equal to zero compared to the entropy at T ¤ 0, where it is
of the order N .

7.3 Exergy and Relative Entropy

In the discussion of the Carnot cycle we found that the energy absorbed by a system
during a cycle can only partly be transformed into work done by the system. On
the other hand, the same amount of energy, added to the system in the form of,
say, an electric current, may be transformed into work completely. The various
types of energy are therefore different with respect to the relative amount which
may be transformed into work. The maximum fraction of an energy form which
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(in a reversible process) can be transformed into work is called exergy. The
remaining part is called anergy, and this corresponds to the waste heat. A heat
engine, i.e., an engine which transforms heat into work, will inevitably generate
a certain amount of waste heat. During an irreversible realization of the process,
which is more or less always the case, even more waste heat is generated than this
theoretically unavoidable amount, and part of the exergy is not transformed into
work but into anergy.

Let us discuss the exergy in more detail. Consider a system with volume V ,
energyE, and entropy S . We now ask the question: How much work can be done by
this system if it is brought into contact with a heat and volume bath of temperature
TB and pressure pB . This contact partly leads to an exchange of heat with the bath,
and partly to work being done. Exactly how much work is done depends on the
realization of the contact, but there is an upper limit for the fraction of energy E of
the system which can be transformed into work, and this we now shall determine.

Let dE , dV , and dS be the respective changes of energy, volume, and entropy
of the system, and dEB , dVB , and dSB shall be the corresponding quantities for the
bath. Then the following balance relations hold:

dV C dVB D 0 (7.50a)

dS C dSB � 0; (7.50b)

where the equality sign holds for a reversible process, and

dE C dEB D �dW; (7.51)

where dW is the work done in an infinitesimal step of the process. Due to its size
the bath remains in thermal equilibrium, therefore

dSB D 1

TB
.dEB C pB dVB/; (7.52)

and thus also
dEB D TB dSB � pB dVB: (7.53)

Hence, the work done in an infinitesimal step of the process is

dW D �dE � dEB D �dE � TBdSB C pB dVB (7.54)

D �dE C TB dS � pB dV � TB.dSB C dS/ (7.55)

� �dE C TB dS � pB dV; (7.56)

where again the equality sign refers to a reversible process, for which dSCdSB D 0.
We now introduce the quantity

� D E � E0 � TB.S � S0/C pB.V � V0/ ; (7.57)
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where E0, S0, and V0 are the values of the state variables of the system after it has
settled into equilibrium through the contact with the bath, i.e., after is has assumed
the values TB for the temperature and pB for the pressure. Obviously, in this case
� D 0. According to (7.56), the decrease �d� of � before the system has reached
the equilibrium state satisfies

dW � �d� : (7.58)

It thus corresponds to the maximum work done, i.e., the work done in a reversible
step. Hence, � � 0, and � is exactly the amount of energy of the system which
can be transformed into work if the system is brought into contact with a bath of
temperature TB and pressure pB .

Therefore� corresponds to the exergy. This quantity represents a kind of ‘work-
account’ of a system, i.e., the maximum amount of energy which can be transformed
into work. Of course, one always has to specify the kind of bath the system is
brought into contact with in order to achieve this gain in work. In the above case
we considered a bath with temperature TB and pressure pB . If we only permit the
contact with a heat bath and allow no exchange of volume, we find

� D E �E0 � TB.S � S0/ : (7.59)

This expression resembles the free energy F D E � TS (in the same way as �
in (7.57) resembles the free enthalpy). However, we have to bear in mind that, in
contrast to F , the exergy depends on the energies and entropies of two states of the
system, but only on one temperature, the temperature TB , which finally results for
the system in equilibrium with the heat bath.

We will now show that, up to a factor, the exergy corresponds to the relative
entropy, i.e.,

� D kBT0 Tr .% ln% � % ln%0/ : (7.60)

We start by noticing that the above expression is equivalent to

� D kBT0

h
Tr .% ln %/ � Tr .%0 ln %0/ � Tr .% � %0/ ln %0

i
: (7.61)

With

%0 D 1

Z0
e�ˇ0.HCp0V / D eˇ0.F0�H�p0V / (7.62)

it follows in particular that

Tr ..% � %0/ ln %0/ D Tr
�
.% � %0/ˇ0.F0 �H � p0V /

�
(7.63)

D 1

kBT0

�
�.E � E0/� p0.V � V0/

�
; (7.64)

and therefore, since kB Tr .% ln %/ D �S ,

� D �T0.S � S0/C .E � E0/C p0.V � V0/ ; (7.65)

which agrees with (7.57). (Note that T0 D TB and p0 D pB in equilibrium.)
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In order to have a measure for the irreversibility of a process, one introduces the
exergy efficiency by

� D �out

�in
; (7.66)

where �out is the work done by the system, i.e., the exergy emerging from the
system, and �in is the exergy entering the system.

For a reversible Carnot cycle, we therefore obtain � D 1, and for a irreversible
process, � < 1 is a measure for the exergy transformed into anergy, i.e., the exergy
wasted.

For further applications of the notion of exergy, see, e.g., Baehr (1996).

7.4 Time Dependence of Statistical Systems

Using the master equation introduced in Sect. 5.2, we now want to describe the
evolution in time of a microcanonical system with an energy in the interval
.E;E C �E/. The state jni is now the realization of a random variable and the
set of functions f%n.t/; n D 1; : : :g represents for each time t a probability: %n.t/
denotes the probability that the system is in the state jni at time t . This, of course,
is identically zero if En is not in the interval .E;EC�E/. The transition rates wnn0

correspond exactly to those quantities which are computed in quantum mechanics,
e.g., by using Fermi’s golden rule. The invariance under time reversal, which is
fundamental in the framework of quantum mechanics, implies (cf. van Kampen
1985) that the matrix of these transition rates is symmetric, i.e.,

wnn0 D wn0n for En; En0 2 .E;E C�E/ : (7.67)

Of course, for a canonical system one obtains different transition rates. We shall
denote them by wCnn0 . It can be shown that they satisfy the following relation:

wCnn0 e�ˇEn0 D wCn0n e�ˇEn : (7.68)

These two relations for the transition rates may be combined as

wnn0 %e
n0 D wn0n %

e
n; (7.69)

where %e
n is the equilibrium probability distribution known from statistical mechan-

ics, i.e., for a microcanonical system

%e
n D

(
const. ¤ 0; if En0 2 . E; E C�E /
0 otherwise ;

(7.70)

and for a canonical system
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%e
n D

1

Z
e�ˇEn : (7.71)

Relation (7.69) is nothing other than the equation of detailed balance, which
we already have met in Sect. 5.2. It guarantees that the equilibrium distributions
f%e
n; n D 1; : : :g, computed in the statistical mechanics of equilibrium systems,

are stationary solutions of the master equation. This follows, because the master
equation implies for the density f%stat

n ; n D 1; : : :g the condition

X

n0

wnn0 %stat
n0 D

X

n0

wn0n %
stat
n ; (7.72)

and f%e
n; n D 1; : : :g satisfies this condition even term by term.

Hence, the equilibrium densities are also stationary solutions of the master
equation.

Remark. The interpretation given makes it plausible that the validity of the condi-
tion of detailed balance is related to invariance under time reversal. A simple system
for which neither detailed balance nor the invariance under time reversal holds is the
following: Consider a system with three states. The stationary probabilities for the
states are equal, and the transition rates are w12 >w21, w23 >w32, w31 >w13. Hence,
detailed balance is not fulfilled. But we also see that the cycle 1 ! 2 ! 3 ! 1 is
more likely than the cycle 1 ! 3 ! 2 ! 1. Invariance under time reversal does
not hold: A video film of such a process, running backwards, would show the less
probable cycle more frequently.

We shall now prove that every solution %n.t/ of the master equation in the limit
t ! 1 tends to the stationary solution f%stat

n0 g, for which (7.72) holds. This is the
equilibrium distribution resulting from the master equation.

For this purpose we consider a system with nonequilibrium probability density
f%n.t/; n D 1; : : :g. These probabilities shall satisfy a master equation which also
admits a stationary density f%stat

n ; n D 1; : : :g as a solution.
We study the relative entropy

Srel.t/ D �kB

X

n

%n.t/ ln

�
%n.t/

%stat
n

�
: (7.73)

It not only satisfies Srel.t/ � 0, which every relative entropy does, but we will show
that, furthermore,

d

dt
Srel.t/ � 0; (7.74)

i.e., the relative entropy increases monotonically or remains constant.

Proof. We write Srel.t/ in the form

Srel.t/ D �kB

X

n

%stat
n f

�
%n.t/

%stat
n

�
; (7.75)
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with f .x/ D x ln x. f .x/ is a convex function for x > 0, i.e., f 00.x/ > 0 for
x > 0.

Defining xn D %n.t/=%stat
n , we have

d

dt
Srel.t/ D �kB

X

n

f 0.xn/
X

n0

.wnn0 %n0 � wn0n %n/ (7.76)

D �kB

X

nn0

wnn0 %stat
n0 .f

0.xn/ xn0 � f 0.xn0/ xn0/ : (7.77)

For arbitrary f�ng we obtain from (7.72)

X

nn0

wnn0 %stat
n0 �n D

X

nn0

wn0n %
stat
n �n (7.78)

D
X

nn0

wnn0 %stat
n0 �n0 ; (7.79)

and therefore also for �n D f .xn/� xn f 0.xn/

0 D �k
X

nn0

wnn0 %stat
n0 .f .xn/� f .xn0/� xn f 0.xn/C xn0 f 0.xn0// : (7.80)

Adding this equation to (7.77) yields

d

dt
Srel.t/ D �kB

X

nn0

wnn0 %stat
n0 .f .xn/� f .xn0/C f 0.xn/.xn0 � xn// :

(7.81)

Now, for 0 � ı � 1,

f .xn0/ D f .xn/C f 0.xn/.xn0 � xn/

C1
2
f 00.xn C ı.xn0 � xn//.xn0 � xn/2 ;

and thus, since f 00.x/ > 0 for all x > 0,

f .xn/ � f .xn0/C f 0.xn/.xn0 � xn/

D �1
2
f 00.xn C ı.xn0 � xn//.xn0 � xn/2 < 0 :

Therefore
d

dt
Srel.t/ > 0 ; (7.82)
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unless xn D xn0 for all pairs .n; n0/ for which wnn0 ¤ 0, which would also imply
that xn assumes the same value for all states which are accessible by transitions
from some given state. In general this set includes all states, since otherwise the
set of states decomposes into disjoint subsets among which there are no transitions,
and the system will always remain in one of these subsets. This case will not be
considered here.

Hence, Srel.t/ increases permanently, but can never become positive. It therefore
has to tend towards a limit value for which d

dt Srel.t/ D 0, and thus xn D %n.t/=%stat
n

has the same value for all n in this limit, i.e.,

lim
t!1 %n.t/ D ˛ %stat

n : (7.83)

Normalization tells us that ˛ D 1 and therefore limt!1 %n.t/ D %stat
n .

We have shown therefore that for large times every solution %n.t/ tends towards
the stationary solution %stat

n .
In Sect. 7.3 we have seen that the relative entropy agrees with the exergy to within

a constant factor. We found

�.t/ D �kBT0 Srel.t/ ; (7.84)

where T0 is the temperature of the system after it has reached equilibrium. Therefore

d

dt
�.t/ � 0 ; (7.85)

where the equality only holds for the equilibrium state. We found for an isolated
system

�.t/ D �T0.S.t/ � S0/I (7.86)

for a system which is brought into in contact with a heat bath of temperature T0

�.t/ D E.t/ � E0 � T0.S.t/ � S0/I (7.87)

and for a system approaching equilibrium by contact with a heat and volume bath

�.t/ D E.t/ �E0 � T0.S.t/ � S0/C p0.V .t/ � V0/ : (7.88)

If, therefore, for systems not in equilibrium, we define

• The entropy S.t/ D �kB
P

n %n.t/ ln%n.t/
• The free energy F.t/ DPn En %n.t/ � T0 S.t/
• The free enthalpy G.t/ D F.t/C p0 V.t/,
where T0 and p0 are the corresponding state variables after the system has finally
reached equilibrium, then the monotonic decrease of�.t/ until equilibrium implies
that the entropy increases monotonically, the free energy and the free enthalpy
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decrease monotonically, until in equilibrium they assume their maximum and
minimum values, respectively.

We conclude that, provided the temporal behavior of a system can be described
by a master equation, one can derive the statement of the second law of thermo-
dynamics, i.e., that the entropy can only increase or remain constant, but never
decrease.

Remark. A function H.t/ with H.t/ � 0 and dH.t/=dt � 0 is called a Lyapunov
function. The properties of such a function imply that it converges to a constant
for t ! 1. The exergy, or the negative relative entropy, is therefore a Lyapunov
function.

From the relative entropy we can derive a second Lyapunov function. Following
(Jiu-li et al. 1984), the time derivative of Srel may also be written as

dS

dt
D dSc

dt
C dSex

dt
; (7.89)

where
dSc

dt
D 1

2

X

nn0

Œwnn0%n0.t/� wn0n%n.t/� ln

�
wnn0%n0.t/

wn0n%n.t/

�
(7.90)

corresponds to the entropy production and

dSex

dt
D �1

2

X

nn0

Œwnn0%n0.t/� wn0n%n.t/� ln

�
wnn0

wn0n

�
(7.91)

to the flow of entropy. In the stationary case, i.e., when 	n.t/ � 	e
n satisfies detailed

balance, both contributions vanish by construction. In general one obtains for the
entropy production alone

dSc

dt
� 0 : (7.92)

Furthermore, it can be shown that in all cases

d

dt

�
dSc

dt

�
� 0 ; (7.93)

i.e., the time derivative of the entropy production is also a Lyapunov function.
Now consider the case where a system is forced to remain in a state of

nonequilibrium by some supplementary condition such that entropy is continuously
produced. This nonequilibrium state must be of such a form that the production
of entropy is minimum, because, according to (7.93), this quantity gets smaller
and smaller and will assume its minimum value in the stationary nonequilibrium
state.

This is called the principle of minimum entropy production (see also Nicolis and
Prigogine 1977).



Chapter 1
Statistical Physics: Is More than
Statistical Mechanics

It is a general belief that physics is a science where fundamental laws of nature
are established. One expects these laws to have a deterministic character. A student
being introduced to physics first encounters the fundamental theories, for instance
Newtonian mechanics, electrodynamics, and the theory of relativity, and sees in
these the ideals of a scientific theory.

Entering quantum mechanics and its statistical interpretation the student is
confronted – often for the first time – with concepts of probability theory. For
practical applications of quantum mechanics this is of no major relevance; he or
she learns to get the solution by solving a differential equation.

But in statistical mechanics it seems that statistics has to be taken serious.
However, when one inspects textbooks on statistical mechanics to see how they
present the concepts of probability theory, one finds, with the exception of a few
recent mathematically inclined books, that they get along with only a few of
these notions. And, where mentioned at all, they are presented in such a limited
and specialized way that the reader can merely guess their significance for other
applications. However, a physicist who is confronted with the interpretation of
experimental results for a thesis, or who wishes to analyze the effects of complex
systems in his or her later profession, will almost inevitably find that this cannot be
done without the application of statistical methods. Limited information about the
dynamics of a system and uncontrollable influences on the system often mean that is
can only be considered as a statistical system. And apart from that, when analyzing
experimental data, one always has to take into account that any measured value has
an uncertainty expressed by its error. One should not only expect limited knowledge
but one should also know how to deal with it. One has to be acquainted with
mathematical tools allowing one to quantify uncertainties both in the knowledge
about a system to be modeled as well as in the knowledge that can be inferred from
experimental data of a system. These tools are probability theory and statistics.

Statistics plays a special role in the description and analysis of complex systems;
a physicist will need statistics not only in the context of statistical mechanics. For
this reason the present book ‘Statistical Physics – An Advanced Approach with
Applications’ introduces more concepts and methods in statistics than are needed

J. Honerkamp, Statistical Physics, Graduate Texts in Physics 38,
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2 1 Statistical Physics Is More than Statistical Mechanics

for statistical mechanics alone. In particular, it includes methods from mathematical
statistics and stochastics which are important in the analysis of data. It is hoped that
the reader will learn to appreciate the usefulness and indispensability of statistical
concepts and methods for the modeling and the analysis of general complex systems.

The six chapters (Chaps. 2–7) that constitute Part I of this book, ‘Modeling of
Statistical Systems’, will present statistical mechanics from a probabilistic point of
view so that one can recognize the general character of the concepts and methods
used. Chapter 2 introduces important fundamental notions and methods which will
be relevant for any study of a statistical system, for example, random variables,
the large deviation property and renormalization transformations. In the subsequent
chapters the reader will meet more and more complex random variables or densities.
Random variables in the state space of classical mechanics are the background
for the statistical mechanics of classical fluids in Chap. 3, random variables on a
lattice the background for spin systems and images in Chap. 4. With time dependent
random variables one can formulate (Chap. 5) the dynamics of statistical systems.
The case where the random variable is a quantum state of a system leads to quantum
statistics. This is treated in Chap. 6, where we will concentrate on ideal gases and
systems that can be successfully described as an ideal gas of quasiparticles. This is
traditionally the central part of statistical mechanics. The very interesting topic of
quantum fluids and quantum stochastic processes, however, is beyond the scope of
this introduction to statistical physics. In Chap. 7 the connection to thermodynamics
is established.

Part II is concerned with the analysis of statistical systems, a topic which does
not traditionally belong to theoretical physics. But really it should! In three chapters
the concept of an estimator is introduced and developed. Typical estimators for
inferring parameters or distributions from experimental data, e.g. least squares,
maximum likelihood, and regularization estimators for inverse problems, are given a
sound statistical basis. There is a great ignorance among many scientists about these
methods and a sharp contrast between the effort that goes into generating data on
the one hand and analysing it on the other. The student should learn these methods
and the corresponding concepts in a theoretical course. One should be careful attach
enough importance to this: The average physicist is more likely to be confronted
with an inverse problem than with the need to solve a problem by renormalization
group methods.

The selection of topics for a textbook is always a difficult problem. Opinions
on what a student really needs to know are, apart from an undisputed core, quite
diverse. The selection made in this book results from many years of experience in
collaboration with colleagues both in physics and in various neighboring disciplines
which physicists are traditionally likely to enter. This book aims to provide a
broad and precise fundamental knowledge in statistical physics, designed to prepare
the student for his or her work in a modern and continuously evolving research
landscape.
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Analysis of Statistical Systems



Chapter 8
Estimation of Parameters

In Chap. 2 we introduced random variables, their corresponding densities, and
quantities characterizing these densities. We have also seen how to compute with
random variables.

Up to now, we have avoided a discussion about the interpretation of the
probability density. Of course, what we always had in mind is the so-called
relative frequency interpretation of the probability density: One assumes that many
realizations of the random variable exist. Then a histogram where the relative
frequencies of the measured values in so-called bins, i.e., small intervals, are
plotted against the intervals themselves, should converge with increasing number
of realizations to the probability density.

But one can also conceive situations for which repeatable realizations do not
exist. In this case the probability density has to be interpreted as something like a
belief function. It seems reasonable to postulate the applicability of the Kolmogorov
axioms also for such apparently subjective functions, since these axioms really just
represent the rules for common sense guessing.

In this context, however, it will almost always taken for granted that frequent
realizations of a random variable are possible, i.e., that the relative frequency
interpretation will be appropriate. Only in the case of an unknown systematic error
will we have to interpret a density as a belief function (cf. the final remark at the end
of Sect. 8.2).

Therefore, we will assume in the following thatN observations have been made,
and that their results may be considered as realizations of a random variable. The
random character stems from the fact that every measurement is affected at least
by an experimental error. This error can be modeled by a random variable, whose
probability density has to be chosen consistent with the statistics of the experimental
error. We thus always have in mind that an observation x is a realization of a random
variable X , and writing

X D hXi C �; (8.1)
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318 8 Estimation of Parameters

we decompose this random variable into its mean, which could be viewed as the true
value of the observed quantity, and its deviation from the mean, �, which carries the
statistical properties of X . The standard deviation � D p

Var.�/ is therefore often
called the standard error of the observation.

In the first Sects. 8.1–8.4 we will assume that the observations are obtained under
constant external conditions. A first task then is to find, for example, the true value
hXi and the standard error from a number of observations. We will also illustrate
in Sect. 8.4 how one can deduce a density from the statistical properties of the
observations. In Sect. 8.5 we then treat the case where one parameter (or more) are
changed during the experiment and where one is interested in how the experimental
result depends on this parameter. The information provided by the observations will
then be used to establish a model of the dependence.

8.1 Samples and Estimators

A set of N realizations of a random variable X is called a sample of size N . The
determination of quantities characterizing the density %X.x/, such as the mean hXi,
the variance, or even the density itself, on the basis of such a sample is referred
to as an ‘estimation’. In this context we will only be concerned with so-called
point estimations, where, instead of whole densities or distributions, only single
parameters are estimated.

How well the estimated values agree with the true values depends, of course, on
the type of sample and the estimation method.

Sample theory is a subject of mathematical statistics, which we cannot enter here
in more detail, but see, e.g., Hartung et al. (1986). For the moment we will assume
that each realization xi from the sample fx1; : : : ; xng of a random variable may also
be considered as a realization of a random variable Xi , where the Xi all have the
same density as X ; i.e., the random variables Xi are all ‘copies’ of the random
variableX . Furthermore, we will first assume that the Xi are mutually independent,
i.e., the realization xi is independent of the other realizations of X . Under these
conditions one also speaks of a random sample.

An estimator Z for a quantity to be estimated from the realizations of the fXig
is a function of these fXig, i.e., it is also a random variable whose realizations
depend on the form of this function as well as the realizations of the fXig. The
density of Z will also depend on the functional form and should have the property
that the realizations of Z scatter as little as possible around the quantity to be
estimated.

These statements are illuminated more clearly by the first example in Sect. 2.5:
The random variable

Z D 1

N

NX

iD1
Xi (8.2)
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may serve as an estimator for the expectation value hXi. Indeed, as we have
shown in Sect. 2.5.3, the density of Z has the mean value hXi and the variance
1
N

Var.X/. With N !1 the density of Z approaches a Gaussian distribution with
a smaller and smaller variance around hXi. For sufficiently large values of N ,
there is a large probability that any realization of Z will be close to hXi (we will
make this statement more precise when we introduce the concept of confidence
intervals).

The quantity to be estimated, for example, hXi, will be denoted in the following
by � and the corresponding estimator by O�. Therefore, O� � O�.X1; : : : ; XN / is a
random variable with realizations O�.x1; : : : ; xN /, and � is a number.

We now describe some particular types of estimator and their application.
An estimator O�.X1; : : : ; XN / for � is called unbiased if

h O�.X1; : : : ; XN /i D �: (8.3)

Estimators which are not unbiased are said to possess a bias, defined by

Bias . O�/ D h O�i � �; (8.4)

which is then different from zero.
Hence, Z, as defined in (8.2), is an unbiased estimator for hXi, because

h O�i D hZi D 1

N

NX

iD1
hXii D hXi � �: (8.5)

An estimator O�.X1; : : : ; XN / for � is called consistent, if the probability that the
distance between a realization of O� and the true value � is larger than an ">0, tends
to zero for increasing sample size, i.e., if

P
�
j O�.x1; : : : ; xN /� � j > "

�
! 0 for N !1: (8.6)

Thus, the more observations are available, the better is the estimation of � .
The quantityZ, as defined in (8.2), is also a consistent estimator for hXi, because

Var.Z/ D 1
N

Var.X/.
The mean squared error, MSE, is defined by

MSE. O�; �/ D
�� O� � �

�2�
: (8.7)

We have

MSE. O�; �/ D Var. O�/C
�

Bias. O�/
�2
; (8.8)
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since
�� O� � �

�2� D h O�2i � 2� h O�i C �2 (8.9a)

D
�
h O�2i � h O�i2

�
C
�
h O�i � �

�2
: (8.9b)

Examples. We will examine three estimators for the variance of a random variable.
We first examine the estimator

O�1.X1; : : : ; XN / D 1

N � 1
NX

iD1

�
Xi � OXN

�2
; (8.10)

where OXN is the estimator for the expectation value hXi,

OXN � Z D 1

N

NX

iD1
Xi : (8.11)

In order to determine h O�1i, we first consider an individual summand in (8.10):
D�
Xi � OXN

�2E D
D �
.Xi � hXi/� . OXN � hXi/

�2E

D Var.Xi/� 2
˝
.Xi � hXi/ . OXN � hXi/

˛C Var. OXN/

D Var.X/� 2 1
N

Var.X/C 1

N
Var.X/

D N � 1
N

Var.X/; (8.12)

since

D
.Xi � hXi/ . OXN � hXi/

E
D 1

N

NX

jD1

˝
.Xi � hXi/ .Xj � hXi/

˛

D 1

N

˝�
Xi � hXi

�2˛

D 1

N
Var.X/: (8.13)

Therefore,

h O�1.X1; : : : ; XN /i D 1

N � 1
N � 1
N

NX

iD1
Var.X/ D Var.X/: (8.14)

Hence, this estimator is unbiased.
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Had we made the same calculation for the estimator

O�2.X1; : : : ; XN / D 1

N

NX

iD1

�
Xi � OXN

�2
; (8.15)

we would have obtained:

h O�2.X1; : : : ; XN /i D N � 1
N

Var.X/; (8.16)

and therefore

Bias. O�2/ D � 1
N

Var.X/: (8.17)

On the other hand, suppose the expectation value hXi is known, then

O�3.X1; : : : ; XN / D 1

N

NX

iD1

�
Xi � hXi/2 (8.18)

is an unbiased estimator for the variance of X , as may easily be seen from the
computation (8.12).

It can be shown (e.g. Honerkamp 1994) that O�1 is also a consistent estimator. In
particular, when X is normally distributed, we find

Var
� O�1.X1; : : : ; XN /

� D 2
�
Var.X/

�2

.N � 1/ : (8.19)

8.1.1 Monte Carlo Integration

Numerical methods play an important role in statistical physics. When the realiza-
tions of random variables are simulated, the names for the methods are often given
the name Monte Carlo, alluding to the famous casino.

In Monte Carlo integration the integral to be calculated is interpreted as the
expectation value of a certain function of some random variable. This expectation
value is then estimated by some sample. There are various versions of Monte Carlo
integration, see e.g. Binder (1979) and Honerkamp (1994). These methods differ
according to how the integral to be calculated is represented as an expectation value.

Let x be an arbitrary vector in R
n and G some domain in R

n. The integral

I D
Z

G

dx f .x/ (8.20)

shall be determined. To do this we proceed as follows:
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We can reformulate the integral as

I D
Z

G

dx
f .x/

%.x/
%.x/ D hF.X/i; (8.21)

with

F.X/ D f .X/

%.X/
IG.X/; (8.22)

where IG.x/ D 1, if x 2 G, and IG.x/ D 0 otherwise. The density %.x/ has to
be chosen suitably. Let X 1; : : : ;XN be independent random variables, distributed
according to %.x/. Then an estimator for I is given by

OI D 1

N

NX

iD1
F.X i /; (8.23)

with variance

Var. OI / D 1

N
Var

�
F.X/

�
; (8.24)

where

Var
�
F.X/

� D
Z

G

dx

�
f .x/

%.x/

	2
%.x/ � I 2: (8.25)

The density %.x/ may be chosen in various ways, for example:

• %.x/ D const: in G. This corresponds to the simplest method. In general it is not
difficult to generate random numbers which are uniformly distributed in some
domain. This method is called the standard method.

• %.x/ is large where f .x/ is large, and small where f .x/ is small. In this case,
however, one has to know how to generate random numbers distributed with
respect to such a density. The integrals appearing in statistical mechanics often
contain a density function such as

%.x/ D 1

Z
e�ˇH.x/: (8.26)

This method of Monte Carlo integration, which is also referred to as the method
of importance sampling, therefore finds its natural application in this field. The
essential advantage of this method is that the variance of OI for a suitably chosen
density may be much smaller than the variance of an estimator based on a
constant density.
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An alternative way of determining I is to extend the spatial dimension by one
and rewrite the integral in the form

I D
Z

G

dx

Z f .x/

0

dy

D
Z

G

dx

Z max
�
f .x/

�

0

dy
�
�
f .x/ � y�

%.x; y/
%.x; y/

D hF.X ; Y /i; (8.27)

with

F.X ; Y / D �
�
f .X /� Y �

%.X ; Y /
; (8.28)

where %.x; y/ is some suitable density and�.x/ denotes the Heaviside step function
(cf. (3.6)). A realization Oı of the estimator OI is now given by

Oı D 1

N

NX

iD1yi�f .xi /

1

%.xi ; yi /
; (8.29)

where f.xi ; yi /; i D 1; : : : ; N g are realizations with respect to %.x; y/. For the
variance we obtain

Var. OI / D 1

N

"Z

G

dx

Z f .x/

0

dy
1

%.x; y/
� I 2

#
; (8.30)

which may be estimated similarly. This is called the scoring method.
The three estimators for the integral I presented above are all unbiased by

construction, but they differ with respect to their variance. For practical applications
one usually favors the estimator which in a given time leads to the estimation with
smallest variance. The faster the corresponding random numbers can be generated,
the larger the sample size that can be chosen.

Examples.

• We consider the function yDf .x/, given by the parametrization yD cos', x D
sin ', 0 � ' � �=2. It describes the upper right quarter of a circle with radius 1
around the origin. The area below the curve of this function is equal to �=4. We
want to estimate the integral yielding this area using the scoring method.

We choose the density for which %.x; y/D 1 in the unit quadrant 0�x; y � 1,
generateN random numbers uniformly distributed in this unit quadrant (Fig. 8.1)
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Fig. 8.1 Unit quadrant and
quarter of the unit circle

and count those numbers for which x2 C y2 � 1. Let their number be N 0. The
estimation for �=4 is now

Oı D N 0

N
: (8.31)

For the variance we find

Var. OI / D 1

N

�
I � I 2�: (8.32)

• As a second example, we wish to determine the integral

I D 1p
2�

Z b

�b
dx e�x2=2: (8.33)

Let us consider two approaches:

1. We generate random numbers uniformly distributed in the interval Œ�b; b�.
The standard method now yields

Oı D 2b

N

NX

iD1

1p
2�

e�x
2
i =2: (8.34)

2. We choose %.x/D 1p
2�

e�x2=2, i.e., we use random numbers normally distributed
around x D 0 with variance 1 and rewrite the integral I in the form

I D
Z 1

�1
g.x/ %.x/ dx (8.35)
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where

g.x/ � f .x/

%.x/
D
(
1 in Œ�b; b� ;
0 otherwise.

(8.36)

Now

Oı D 1

N

NX

iD1
g.xi / D N 0

N
; (8.37)

where N 0 counts the normal random numbers in the interval Œ�b; b�.
In order to compare the variances of the above two methods, we have to compute,

according to (8.25), the two integrals

2b

Z b

�b
1

2�
e�x2 dx (8.38)

and

Z b

�b
1p
2�

e�x2=2 dx: (8.39)

For sufficiently large b the first integral is larger than the second and method (2)
leads to a smaller variance. The critical value for b is roughly

b0 D
Z 1

�1
1p
2�

e�x2=2 dx



2

Z 1

�1
1

2�
e�x2 dx D p�: (8.40)

For further methods of variance reduction, see Rubinstein (1981) and Hengartner
and Theodorescu (1978).

Compared to other integration methods (Press et al. 2007), Monte Carlo integra-
tion is competitive only for higher dimensional integrals. For more than about 20
dimensions Monte Carlo integration is the only possible method.

8.2 Confidence Intervals

An estimator O�.X1; : : : ; XN / for a quantity � generally yields a different number for
each sample fx1; : : : ; xN g. We have already seen that the realizations of a consistent
estimator O� show less scatter around � as the sample becomes larger. We can make
such a statement more precise by specifying an interval such that the true value of
the quantity � lies within this interval with a probability of .1 � ˛/ 100%. We shall
see in a moment how to choose ˛ suitably.



326 8 Estimation of Parameters

0

0.1

0.2

0.3

0.4

0−x
1−α/2

x
1−α/2

0

0.1

0.2

0.3

0.4

zz−z
1−α/2

z+z
1−α/2

Fig. 8.2 Left: Y has approximately a standard normal distribution, i.e., 100 .1 � ˛/% of the
realizations of Y lie in the interval .�x1�˛=2; x1�˛=2/. Right: The true value therefore lies within

the interval .z � z1�˛=2; z C z1�˛=2/, where z1�˛=2 D �Xx1�˛=2=
p
N , with a probability of

100 .1� ˛/%

Let us again begin by studying the case where Z is the estimator of hXi as
defined in (8.2). If the density of Z were exactly a Gaussian distribution with mean
hXi and variance 1

N
Var.X/ � 1

N
�2X , the quantity

Y D pN Z � hXi
�X

(8.41)

would be standard normally distributed. For such a random variable, .1 � ˛/ 100%
of the realizations are inside the interval .�x1�˛=2; x1�˛=2/, where x1�˛=2 is the
.1 � ˛=2/-quantile of the standard normal distribution, and x˛=2 D �x1�˛=2 is the
˛=2-quantile. Hence, also .1� ˛/ 100% of the realizations z of the estimator Z fall
within the interval (cf. Fig. 8.2, left):

�x1�˛=2 �
p
N

z � hXi
�X

� x1�˛=2: (8.42)

As (8.42) is equivalent to

z � 1p
N
�X x1�˛=2 � hXi � zC 1p

N
�X x1�˛=2; (8.43)

we may also say that for a given realization z the quantity to be estimated, hXi, lies
inside the interval

�
z � 1p

N
�X x1�˛=2; zC 1p

N
�X x1�˛=2

�
(8.44)

with a probability of .1�˛/ 100% (Fig. 8.2, right). This is called the .1�˛/ 100%
confidence interval for the estimator O�.X1; : : : ; XN /DZ, defined by (8.2).
An alternative notation for a confidence interval is z˙ 1p

N
�Xx1�˛=2.
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Usually ˛ is chosen such that x1�˛=2 D 1; 2, or 3, i.e., the result is stated in the
form z˙ 1p

N
k �X ; k D 1; 2, or 3. One speaks in this case of a one-, two-, or three-

sigma error, and .1 � ˛/ 100% is 68%, 95%, or 99%, respectively. For example,
there is a 68% probability that the true value lies within the one-sigma confidence
interval. In the representation of experimental data or estimated quantities the size of
the confidence intervals is usually marked by an error bar of the appropriate size.

In general, such a statement holds for every unbiased estimator O�.X1; : : : ; XN /
whose density is asymptotically normal, so that one can define a quantity Y as in
(8.41), namely

Y D
O� � �
� O�

(8.45)

which, for large values of N , may also be regarded as normally distributed.
In many cases �2O� is not known explicitly and an estimated value has to be

inserted instead. If the size N of the sample is sufficiently large (say, N > 30),
this is a good approximation, as we shall see in a moment. For smaller samples one
has to be more precise. Let us discuss this for � D hXi, where �2O� D �2X=N .

According to (8.10), the estimator for �2X is O�1. The quantity

Y 0 D .N � 1/ O�1
�2X

; (8.46)

which we may define using this estimator, is �2-distributed with N � 1 degrees of
freedom, since it may also be written as the sum of squares of N � 1 independent
standard normal random numbers

Zi D 1

�X
p
i.i C 1/.X1 C : : :CXi � iXiC1/; i D 1; : : : ; N � 1: (8.47)

Hence, the quantity

T D Yp
Y 0=.N � 1/ D

p
N
Z � hXiq
O�1

; (8.48)

which we obtain when we replace �X in Y (cf. (8.42)) by its estimation, is a quotient
of the form (2.162) and thus a t-distributed random number with N � 1 degrees of
freedom. For small sample sizes N , one now considers this quantity T instead of
the quantity Y given by (8.41), and therefore in (8.42) and the subsequent equations
one has to replace x1�˛=2 by the .1�˛=2/-quantile t1�˛=2 of a t-distributed random
variable.

As already remarked, for large N , say, larger than about 30, this makes almost
no difference, since the density of a t-distribution becomes closer and closer to a
standard normal distribution for increasing N .
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Fig. 8.3 Two examples of 12 measurements of some quantity. In each case about one third of the
error bars giving the one-sigma interval do not contain the true value, denoted by the straight line

Remarks.

• Because the true value lies within the one-sigma interval with 68% probability,
the result of, say, 12 measurements of some quantity has to resemble those in
Fig. 8.3: About one third of the error bars do not contain the true value, denoted
by the straight line.

• Up to now we have considered only the confidence interval resulting from a
statistical error. In many cases, however, a systematic error is also present. If its
size is known, it may easily be taken into account in the computation of the
expectation value. If it is not known, its influence on the expectation value and
the confidence interval may also be determined using the concepts of probability
theory: For this purpose one defines a suitable probability density based on
knowledge about the systematic error. This density is not to be interpreted in the
sense of relative frequency, but rather in the sense of a belief function. As long
as the definition of such a function is also based on the Kolmogoroff axioms, we
may include them in our computations in the same way as the densities with the
relative frequency interpretation. The systematic error is then treated as a further
random variable and the variances and confidence intervals may be calculated
according to the laws of probability theory.

8.3 Propagation of Errors

In many cases, the results of measurements are used for subsequent calculations
to compute other quantities. For instance, the values of certain parameters of a
mathematical model often have to be deduced from experimental data, as we
will discuss in Sect. 8.5. The uncertainty of the data has to show up again in
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the uncertainty of the quantities derived from them. If we consider the data as
realizations of random variables, the quantities derived from them are also random
variables. Both their expectation values and their variances may be determined.

We denote the outcomes of the measurements by xi ; i D 1; : : : ; n and the quantity
to be derived from these values by y. Of course, we no longer assume that the
random variables Xi; i D 1; : : : ; n, which we associate to each measurement xi ,
are copies of one specific random variable. The fXig in general belong to different
measurable quantities and usually differ in mean and variance. We assume, however,
that the mean value, hXii, is the true value of the quantity of the i th measurement,
so that

Xi D hXii C �i ; (8.49)

where the random variable �i represents the experimental error.
In the context of the problem another quantity y may be defined as a function of

the measurable quantities. We have to formulate such a function as

y D F.hX1i; : : : ; hXni/; (8.50)

because such a relation is usually derived from theoretical arguments, and thus only
holds for the true values. We are looking for an estimator of y.

An obvious choice is

OY D F. OX1; : : : ; OXn/; (8.51)

where OXi is an unbiased estimator for hXii, i.e., h OXii D hXii. However, only if the
relation F is linear may we conclude that

h OY i � hF. OX1; : : : ; OXn/i D F.h OX1i; : : : ; h OXni/ � F.hX1i; : : : ; hXni/; (8.52)

i.e., that OY is an unbiased estimator for y.
In general h OY i will differ from F.hX1i; : : : ; hXni/. The bias may be computed

as follows: We take

OXi D h OXii C Ei D hXii C Ei; (8.53)

with hEii D 0 and Cov.Ei ; Ej / D �2ij . We now obtain

OY D F.hX1i; : : : ; hXni/C
nX

iD1
Ei

@F

@hXii C
1

2

nX

i;jD1
EiEj

@2F

@hXii@hXj i C : : : ;

(8.54)
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and therefore approximately

h OY i D F.hX1i; : : : ; hXni/C 1

2

nX

i;jD1
�2ij

@2F

@hXii@hXj i : (8.55)

If Oxi is a realization of OXi , we take as an estimation of y the realization of OY ,
i.e., we set

Oy D F. Ox1; : : : ; Oxn/; (8.56)

but we have to take into account a bias, which may be approximated by

Bias. OY / D 1

2

nX

i;jD1
�2ij

@2 Oy
@ Oxi @ Oxj : (8.57)

The uncertainty of this estimation, measured by the standard error � OY follows
from the variance of OY . Proceeding from (8.54), again neglecting the terms
hEiEjEki as well as the terms of higher order, and replacing the expectation
values hXii by the measured values Oxi , we finally obtain

�2OY D
nX

iD1
�2i i

�
@ Oy
@ Oxi

	2
C

nX

i;jD1i¤j
�2ij

�
@ Oy
@ Oxi

	�
@ Oy
@ Oxj

	
: (8.58)

8.3.1 Application

We want to determine the volume V of a rectangular parallelepiped by measuring
the length of the edges. Suppose we have found the values Oa; Ob; Oc with measurement
errors �a; �b; �c , then we obtain for the volume

O	 D Oa Ob Oc; (8.59)

and for uncorrelated errors of measurement we find for the variance �2	 , i.e. for the
square of the measurement error of V :

�2	 D �2a
� Ob Oc�2 C �2b

� Oa Oc�2 C �2c
� Oa Ob�2: (8.60)

Therefore,

�2	
O	2 D

�2a
Oa2 C

�2b
Ob2 C

�2c
Oc2 : (8.61)

In this case the bias vanishes. This would not be true for correlated errors.
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8.4 The Maximum Likelihood Estimator

Up to now we have discussed estimators for the expectation value or the variance
of a random variable. Sometimes we also want to estimate other parameters of a
density. Let %.x j �/ be a family of densities parametrized by � , where � represents
one or more parameters. The question that we now want to address is how to
formulate an estimator for � , given an independent sample fx1; : : : ; xN g.

The probability that a realization yields a value in the interval Œx; x C dx� is,
for some given value of � , just %.x j �/ dx and the probability for an independent
sample fx1; : : : ; xN g is then determined by

L.�/ D
NY

iD1
%.xi j �/: (8.62)

L.�/ is also called the likelihood or likelihood function of the sample.
For a sample with realizations of dependent random variables the likelihood can

also be stated if the joint density %.x1 : : : ; xN j �/ is known. In this case we simply
have L.�/ D %.x1; : : : ; xN j �/.

The likelihood is thus determined from the probability density: One inserts a
realization and considers the resulting quantity as a function of the parameter.
The expression ‘likelihood’ refers to the fact that this function originates from a
probability density.

The maximum likelihood estimate (ML estimate) O�ML for the parameter � is
defined as the value of � which maximizes the likelihood. The probability for the
sample under consideration is maximum for this value.

Often one considers the log likelihood function

L.�/ D ln
�L.�/� D

NX

iD1
ln
�
%.xi j �/

�
; (8.63)

and maximizes this function with respect to � . This yields the same value for � ,
since the logarithm is a monotonic function.

The ML estimate O�ML depends on the sample and may be regarded as the
realization of an estimator O�ML.X1; : : : ; XN /. Hence, O�ML is the realization of a
random variable and in order to find the properties of the estimator we have to study
its distribution.

With help of Bayes’ theorem and under the assumption that the a-priori
probability distribution for the parameter � is given by a constant density, say
%�.�/D const., the likelihood can be considered to be proportional to the a
posteriori probability distribution %.� j x1; : : : ; xN /, because

%.� j x1; : : : ; xN / D %.x1; : : : ; xN j �/%�.�/
%.x1; : : : ; xN /

/ L.�/ : (8.64)
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The maximum likelihood estimate O�ML is then just the maximum of the probability
distribution for � , given the data x1; : : : ; xN . Of course, this definition does
work only, if there exists exactly one maximum. If, furthermore, this a posteriori
distribution for � near its maximum can be approximated by a normal distribution,
then the variance of the likelihood estimator O�ML can be shown to be given by the
negative inverse of the second derivative of L.�/ at O�ML:

�2O�ML
D � 1

@2L.�/=@�2
j O�ML

: (8.65)

The use of the ML estimator is quite common and in many cases yields good
results for the estimation. However, there may also be problems connected with its
application:

• There may exist several maxima, or even none, as already considered as possible.
• The ML estimator is not always unbiased. For example, the ML estimator for the

variance turns out to be the biased estimator O�2 that we met in Sect. 8.1.

However, in general the bias is of order 1=N , where N is the size of the sample.
Furthermore, if there is only one maximum, this estimator can be shown to be
consistent, i.e., the estimation error becomes smaller with increasing sample size.
For a detailed discussion of the properties of the ML estimator see Lehmann (1991).

Examples.

• We consider the random variable K from example (c) in Sect. 2.1.3, i.e., we are
given a random variableX with possible realizations x1 and x2 and the respective
probabilities p and .1 � p/. Then the density

B.n; pI k/ D
 
n

k

!
pk.1 � p/n�k (8.66)

is equal to the probability of obtaining in n realizations of X the event x1 exactly
k times. Suppose p is unknown, and an experiment with n realizations yields k
times the result x1. Intuitively we would expect for p:

Op D k

n
: (8.67)

The same result also follows for the ML estimator. Take, for example, n D n1
and a single realization k1 for K , then

L.p/ D lnB.n1; pI k1/ D ln

 
n1

k1

!
C k1 lnp C .n1 � k1/ ln.1 � p/; (8.68)
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and from

@

@p
lnB.n1; pI k1/ D k1

p
� .n1 � k1/

.1 � p/ D 0 (8.69)

we obtain

k1.1 � p/ D .n1 � k1/p or p D k1

n1
: (8.70)

• Suppose we measure the lifetime of certain objects (elementary particles,
lightbulbs, etc.) For the density function we assume the form

%.t j 
/ D 1



e�t=
 ; t > 0; (8.71)

i.e., %.t j 
/ dt is the probability that we observe a lifetime in the interval Œt; t C
dt �. The parameter 
 is also the expectation value of the lifetime.

From a series of data t1; : : : ; tN for the lifetimes we obtain the likelihood
function

L.
/ D
NY

iD1

1



e�ti =
 (8.72)

or

L.
/ D ln
�L.
/� D

NX

iD1

�� ln.
/ � ti =

�
: (8.73)

The maximum O
 of L.
/ is determined from

@L.
/

@

D

NX

iD1

�
�1


C ti


2

	
D 0; (8.74)

from which we obtain

O
 D 1

N

NX

iD1
ti : (8.75)

For this value of 
 we also have

@2L.
/

@
2

ˇ̌
ˇ̌
O

D
 
N
1


2
� 2 1


3

NX

iD1
ti

! ˇ̌
ˇ̌
O

D N


3

 

 � 2

N

NX

iD1
ti

! ˇ̌
ˇ̌
O

D �N


2

ˇ̌
ˇ̌
O

;

(8.76)
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which is negative as required for a maximum. The quantity O
 in (8.75) therefore
represents a maximum likelihood estimate for the expectation value of the
lifetime of the objects. It is identical to the usual estimate, the mean value.
Furthermore the variance of the estimator is O
2=N , i.e., as usual of the order
of 1=N .

• Suppose we measure some quantity with different experimental devices; then we
will in general find different results. If the deviation �i of the experimental error
is known for each device and if this error in each case is normally distributed,
then the density for the distribution of the data around the true mean value � for
the i th device is given by

%i .�; �
2
i I x/ D

1p
2��i

exp

�
� 1

2�2i
.x � �/2

	
: (8.77)

The likelihood function for the experimental data xi obtained with the experi-
mental devices i D 1; : : : ; N then reads:

L.�/ D
NY

iD1
%i .�; �

2
i I xi / D

NY

iD1

1p
2��i

exp

�
� 1

2�2i
.xi � �/2

	
: (8.78)

It is maximum for

� D O� D
NX

iD1

xi

�2i

 
NX

iD1

1

�2i

!�1
; (8.79)

i.e., for the weighted average of the data. The larger the deviation of the data for
one device, the less the value obtained with this device enters in the final result O�
for the quantity to be determined.

The variance of � may be now computed also according to the laws of error
propagation (cf. Sect. 8.3). One obtains

�2� D
0

@
NX

jD1

1

�2j

1

A
�2

NX

iD1

1

�2i
D
0

@
NX

jD1

1

�2j

1

A
�1

: (8.80)

As an illustration, suppose that the value of some fundamental constant ˛
has been determined independently by various experimental methods. After
all imaginable systematic errors have been taken into account, the six results
shown together with their statistical errors in Fig. 8.4(left) have been obtained.
The ‘world average’ may then be determined from (8.79) and (8.80), and it is
represented in Fig. 8.4 by the error bar on the right.
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Fig. 8.4 Simulation of outcomes of different independent experiments and the resulting average,
denoted as ‘world average’. The corresponding errors are given as one-sigma intervals

• In some cases the maximum likelihood estimator may be useless, as can be
seen from the following example: We attempt to estimate the parameter � of
the Cauchy density (cf. (2.70), we take 
 D 1)

%.x j �/ D 1

�

1

.x � �/2 C 1 (8.81)

on the basis of a sample fx1; : : : ; xN g using the maximum likelihood estimator.
Maximizing the log likelihood

L.�/ D �
NX

iD1
ln ..xi � �/2 C 1/�N ln� (8.82)

leads to the equation

f .�/ �
NX

iD1

� � xi
.xi � �/2 C 1 D 0: (8.83)

If we can assume that .xi ��/2� 1 is satisfied for all i , we obtain as an
approximate solution

� D 1

N

NX

iD1
xi : (8.84)

This approximation is obviously valid when all xi are close to each other and
therefore also close to �. For the case N D 2 we can easily see what happens if
the observed values xi are farther apart. For jx1 � x2j < 2 the function f .�/ has
only one zero close to .x1 C x2/=2, for jx1 � x2j > 2, however, there are three
zeros and L.�/ has two maxima (Fig. 8.5).
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Fig. 8.5 The function f .�/ and the log likelihood L.�/ for jx1�x2j < 2 (left ) and jx1�x2j > 2
(right ). In the second case the maximum likelihood estimator is useless, because there is more than
one maximum

8.5 The Least-Squares Estimator

A situation that frequently occurs in physics is the following:
In the course of an experiment one parameter x is changed systematically, i.e., the

experiment is performed at different settings xi ; i D 1; : : : ; N for this parameter,
and for the value xi the result of the measurement is yi .

The observed data fy1; : : : ; yN g can be regarded as realizations of random
variables fY1; : : : ; YN g which, however, do not have the same distributions, in
contrast to the case for a random sample. The mean and the variance of Yi will
be functions f and �2 of xi :

hYii D f .xi / (8.85a)

Var.Yi / D �2.xi / � �2i : (8.85b)

The random variables fYig may even depend on each other such that in general the

covariances

Cov.Yi ; Yj / D Cij (8.86)

are nonzero for i ¤ j .
In the following we write

Yi D f .xi /C Ei (8.87)

for such a case, whereEi are random variables whose realizations correspond to the
errors of measurement, and f .xi / represents the mean value of yi for the parameter
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value xi . For Ei we therefore assume hEii D 0. Furthermore, Var.Ei/ D �2i ,
or more generally

Cov.Ei ; Ej / D Cij : (8.88)

The particular context often suggests the use of certain parametric functions f .x/
and �.x/ as models for the dependence on the parameter x. A very simple model
would be:

f .x/ D f .x j a; b/ D ax C b; �2.x/ D �20 ; Cij D 0 for i ¤ j; (8.89)

where a, b, and �0 are parameters still to be determined. This model implies that the
observed data depend linearly on the values x apart from the errors of measurement,
which themselves are assumed to be independent of the setting x. In this case one
speaks of a constant absolute error of measurement.

A more general parametric model for f .x/ is

f .x j a1; : : : ; aM / D
MX

˛D1
a˛X˛.x/; (8.90)

where fX˛.x/g are given functions which may be nonlinear. The model is linear,
however, with respect to the parameters fa˛g.

A more general model for the errors of measurement is

�i D �.xi / D �0f .xi / D �0hYii; Cij D 0 for i ¤ j (8.91)

i.e., the error of measurement is proportional to the measured value. In this case one
speaks of a constant relative error of measurement.

Equation 8.87 together with some parametrization of the functions f .x/ and
�.x/ such as (8.90) and (8.91), respectively, constitutes a model for the dependence
of the measured quantities on x. In order to specify this model completely, one has
to determine the parameters. This can be done by estimating them on the basis of
the data fy1; : : : ; yng.

In the more general case one may want to estimate the matrix elements fCij g and
the parameters appearing in an ansatz such as (8.90) for f .x/. Here, however, we
will only be concerned with an estimator for the parameters a1; : : : ; aM of (8.90)
assuming that Cij is known. Of course, we also assume that the number N of data
is larger than the numberM of parameters to be estimated.

The most appropriate estimator for the parameters fa˛g is the least-squares
estimator. If we combine the fa˛g into a vector a D .a1; : : : ; aM /, this estimate
Oa is defined as the set of values for the parameters for which the quadratic form

q2.a/ D
NX

i;jD1

�
yi � f .xi j a/

��
C�1

�
ij

�
yj � f .xj j a/

�
(8.92)



338 8 Estimation of Parameters

is minimum. If the errors of measurement are independent, the weighted sum of the
squared deviations reduces to

q2.a/ D
NX

iD1

1

�2i

�
yi � f .xi j a/

�2
: (8.93)

Remark. If the errors of measurement feig are realizations of Gaussian random
variables fEig, then the random variables Yi are also Gaussian with

hYii D f .xi j a/ (8.94)

and

Cov.Yi ; Yj / D Cov.Ei ; Ej / D Cij ; (8.95)

and for the joint density we obtain from (2.24)

%.y1; : : : ; yN j a/ D 1p
.2�/N det C

(8.96)

� exp

2

4�1
2

X

i;j

�
yi � f .xi j a/

��
C�1

�
ij

�
yj � f .xj j a/

�
3

5 :

The likelihood function of the sample results if we replace the variables in the
density by the special values of the sample (which shall be denoted here by the
same symbols). So we get

L.a/ D ln%.y1; : : : ; yN j a/

D �1
2

X

i;j

�
yi � f .xi j a/

��
C�1

�
ij

�
yj � f .xj j a/

�

� 1
2

ln det.C/� N
2

ln.2�/: (8.97a)

For given C the maximization ofL is equivalent to the minimization of the quadratic

form in (8.97), which is now identical to the quantity q2.a/ in (8.92). In this case
the least-squares estimator is equal to the maximum likelihood estimator.

We now will turn to the solution of the optimization problem in order to find
an explicit expression f OA˛g for the least-squares estimator. For simplicity we shall
assume that the random variables fYig are mutually independent.
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We minimize q2.a/ as given in (8.93) for given f�ig and for a given model (8.90).
Since the parameters to be determined appear only linearly in these models, q2.a/
is a quadratic form:

q2.a/ �
NX

iD1

1

�2i

 
yi �

MX

˛D1
a˛X˛.xi /

!2
(8.98a)

D
NX

iD1

 
bi �

MX

˛D1
Ki˛a˛

!2
; (8.98b)

with

Ki˛ D 1

�i
X˛.xi /; bi D yi

�i
i D 1; : : : ; N; ˛ D 1; : : : ;M : (8.99)

The minimum of this quadratic form is easily determined and one is led to a linear
system of equations for fa˛g. Alternatively we may also introduce theN �M matrix
K with components Ki˛, regarded as a mapping from the M -dimensional space of
parameters into the N -dimensional space of the realizations of fYig, (N > M ), and
reformulate the minimization problem of q2.a/ in the following form: Find a vector
a such that the norm

q2.a/ D kb � K ak2 (8.100)

is minimum. Here, b D .b1; : : : ; bN / is the N -dimensional vector with components
bi D yi=�i and the norm is the standard quadratic norm in R

N .
The matrix K maps the M -dimensional space of parameters, R

M , onto an
M -dimensional subspace of R

N . Although the data b are in R
N , they are not

necessarily in the image of RM . The difference e D b � K a assumes its minimum
norm for just that vector a for which Ka equals the projection of b onto the image
of RM in R

N (see Fig. 8.6).
From numerical mathematics (see, e.g., Press et al. 2007) it is known that this

projection operator is given by the pseudo-inverse

KC D �KTK
��1

KT: (8.101)

From the singular value decomposition of the N � M matrix K one can find an
orthonormal system of basis vectors fv
 ; 
 D 1; : : : ;M g in R

M and a corresponding
orthonormal system fu
 ; 
 D 1; : : : ;M g in the image of RM in R

N such that

K D
MX


D1
w
 u
 ˝ v
 : (8.102)



340 8 Estimation of Parameters
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Fig. 8.6 Let the image space
of K be spanned by e1 and e2.
The difference vector b� K a

has minimum norm if Ka is
equal to the projection of b

onto the image space, i.e., if
a D Oa

Here, the tensor product u
 ˝ v
 is a matrix with

u
 ˝ v
 � a D u
 .v
 � a/

and

a � u
 ˝ v
 D .a � u
 /v
 :
(Sometimes the tensor product is also written in the form u
 vT


 instead of u
 ˝ v
 .)
The diagonal elements fw
 ; 
 D 1; : : : ;M g are called singular values, the quantities
fw2
 ; 
 D 1; : : : ;M g are also the eigenvalues of the M �M matrix

KTK � D D
MX


D1
w2
 v
 ˝ v
 : (8.103)

For KC we now obtain

KC D
MX


D1

1

w

v
 ˝ u
 (8.104)

and also have

KCK D I in R
M (8.105)

and

K KC D
MX


D1
u
 ˝ u
 D P; (8.106)

where P is the projection operator in R
N onto the image of RM .
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The minimum of q2.a/ is therefore assumed for

Oa D KCb D
MX


D1

1

w

v

�
u
 � b

�
with bi D yi

�i
: (8.107)

Hence, the explicit form of the least-squares estimator (LS estimator) is

OA˛ D
NX

iD1

�
KC
�
˛i

Yi

�i
; ˛ D 1; : : : ;M: (8.108)

In the remainder of this section we detail some relevant properties of least-
squares estimators.

Bias From

hYii D f .xi j a/ � �i
MX

ˇD1
Kiˇaˇ (8.109)

and (8.105) it follows that

h OA˛i D
NX

iD1

�
KC
�
˛i

hYii
�i
D a˛; ˛ D 1; : : : ;M: (8.110)

The LS estimator is thus unbiased.

Covariance With Cov.Yi ; Yj /D �2i ıij we find for the covariances of the parameter
estimators

Cov. OA˛; OAˇ/ D
NX

iD1

�
KC
�
˛i

�
KC
�
ˇi
D
�
KC
�
KC
�T
�

˛ˇ

D
X 1

w2


�
v
 ˝ v


�
˛ˇ
� �D�1�

˛ˇ
: (8.111)

From this result we draw the following two conclusions:
Firstly, since

.D/˛ˇ D .KTK/˛ˇ D
NX

iD1

1

�2i
X˛.xi / Xˇ.xi /; (8.112)

with �i � �0 or �i � �0hYii, the quantity Cov. OA˛; OAˇ/D .D�1/˛ˇ is also propor-
tional to �20 , i.e., the error of estimation is proportional to the error of measurement.
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(We cannot expect that the errors of estimation tend to zero for N ! 1, because
the realizations of Yi were obtained for different xi .)

Secondly, if fYi ; i D 1; : : : ; N g are Gaussian random variables, so also are
the LS estimators f OA˛g. The expectation values and covariance matrix are given
by (8.110) and (8.111). The joint density function for the realizations of f OA˛g is
therefore the M -dimensional Gaussian density

% OA1;:::; OAM .a/ D
.2�/�M=2

.det D�1/1=2
exp

2

4�1
2

MX

˛;ˇD1
.a � h OAi/˛D˛ˇ.a � h OAi/ˇ

3

5 :

The hypersurfaces in a-space for a given value of %.a/ are ellipsoids centered
around h OAi. In particular, the boundary of the region inside which 100p% of all
vectors a are to be expected is described by the equation

� D
MX

˛;ˇD1
ıa˛D˛ˇıaˇ D

MX


D1
w2
 .�
 � ıa/2 D

MX


D1

.�
 � ıa/2
1

w2


; (8.113)

with ıa D a � h OAi, where the constant � still has to be determined for a given p.
The confidence region for the confidence level 100p% around Oa will be an equally
large region, whose boundary is also described by (8.113), where now, however,
ıa D a � Oa. This confidence region therefore corresponds to the interior of an
ellipsoid around Oa, whose principal axes are directed towards �
 and have the lengthp
�=w
 (Fig. 8.7).
How do we determine � � �.p/? By definition, the interior of the ellipsoid

E.�/, whose boundary is characterized by (8.113), has the volume p, i.e., (with
x˛ D ıa˛)

Z

E.�/

.2�/�M=2


det.D�1/

� 1
2

exp

0

@�1
2

MX

˛;ˇD1
x˛D˛ˇxˇ

1

A dMx D p: (8.114)

A transformation to the principal axes �
 and a rescaling by the factor w
 yields for
the left hand side of (8.114):

˝M.2�/
�M=2

Z p

�

0

rM�1 e�r2=2 dr

D 2�M=2

� .M=2/
.2�/�M=2

Z p

�

0

rM�1 e�r2=2 dr (8.115)

D P.M=2;�=2/: (8.116)
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Fig. 8.7 Confidence regions
in two-dimensional space.
The true value lies with
68.3% probability inside the
68.3% region and with 90%
inside the 90% region

Table 8.1 �.p/ for various values of 100p% and M

M 100p% 1 2 3 4 5 6

68.3 1:00 2:30 3:53 4:72 5:89 7:04

90 2:71 4:61 6:25 7:78 9:24 10:6

95.4 4:00 6:17 8:02 9:70 11:3 12:8

99 6:63 9:21 11:3 13:3 15:1 16:8

99.73 9:00 11:8 14:2 16:3 18:2 20:1

99.99 15:1 18:4 21:1 23:5 25:7 27:8

Here,˝M D 2�M=2=� .M=2/ is the surface of a sphere in anM -dimensional space
and the incomplete gamma function P.a; x/ is defined (Press et al. 2007) by

P.a; x/ D 1

� .a/

Z x

0

ta�1 e�t dt: (8.117)

Hence,�.p/ is determined by the equation

P.M=2;�=2/ D p: (8.118)

Table 8.1 lists the values� for selected values of M and p.
On the other hand, the standard deviation s˛ to be derived from

s2˛ � Cov. OA˛; OA˛/ D Var. OA˛/ (8.119)

is the confidence interval for Oa˛ , irrespective of the results for the other Oaˇ , ˇ ¤ ˛,
because, e.g.,

Var. OA1/ � h. OA1 � h OA1i/2i D
Z

dMa .a1 � h OA1i/2% OA1;:::; OAM .a1; : : : ; aM /

D
Z

da1 .a1 � h OA1i/2% OA1.a1/ ; (8.120)
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with

% OA1.a1/ D
Z

da2 : : : daM% OA1;:::; OAM .a1; : : : ; aM /; (8.121)

which is the density distribution for OA1 irrespective of the realizations for the other
OAˇ, ˇ ¤ ˛,

If fyi g are normally distributed, then so are f Oa˛g, and with 68% probability the
true value lies within the interval

Œ Oa˛ � s˛; Oa˛ C s˛�: (8.122)

Similarly, one may define confidence intervals for other confidence levels.

Distribution of q2. Oa/ The weighted sum of the squared deviations,

q2. Oa/ D e2 with e D b� K Oa (8.123)

is the realization of a �2-distributed random variable withN�M degrees of freedom
if fYi ; i D 1; : : : ; N g are independent Gaussian random variables.

This can be shown as follows: The singular value decomposition supplies us with
a basis fu
 ; 
 D 1; : : : ;M g of the image of the parameter space. If we extend this
basis by fu
 ; 
 D M C 1; : : : ; N g to a complete basis of RN , the vector e, which
is orthogonal to the image of the parameter space in R

N , may be expanded with
respect to this basis as

e D
NX


DMC1
e0
u
 ; (8.124)

with

e0
 D u
 � e; 
 DM C 1; : : : ; N: (8.125)

Since u
 � K D 0 for 
 DM C 1; : : : ; N , we also have

e0
 D u
 � b: (8.126)

The components fe0
 ; 
 DM C 1; : : : ; N g are therefore realizations of the ran-
dom variable

E 0
 D
NX

iD1

�
u

�
i

�
Yi

�i
� .K OA/i

	
�

NX

iD1

�
u

�
i

Yi

�i
; (8.127)


 D M C 1; : : : ; N (8.128)
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and satisfy

hE 0
 i D 0; and Cov.E 0
 0 ; E
0

 00/ D ı
 0
 00 : (8.129)

Hence, E 0
 ; 
 D M C 1; : : : ; N are uncorrelated and thus, being Gaussian, also
independent.

Since

q2. Oa/ D e2 D
NX


DMC1
e

02

 ; (8.130)

we see that q2. Oa/ is the sum of N � M squares of independent standard normal
random variables and therefore the realization of a corresponding �2-distributed
random variable.

Estimation of � 2
0

If the value for �0 in the model for the error, �i D �0, is unknown,
it can be estimated from the data. An unbiased estimator for �20 is

OS2 D 1

N �M
�
Y � K OA�2; (8.131)

where K and OA now have to be determined for the value �0 D 1. The realizations of
OS2 can also be written as:

Os2 D �20
N �M q2. Oa/: (8.132)

We have seen above that q2. Oa/ is the realization of a �2-distributed random
variable with N �M degrees of freedom, and since for such a random variable
the expectation value is equal to the number of degrees of freedom (cf. Sect. 2.5),
we get

h OS2i D �20
N �M .N �M/ D �20 : (8.133)

Ill-posed problems The lengths of the principal axes within the confidence regions
are proportional to 1=w
 . Hence, if a singular value is very small, the confidence
region is elongated in the corresponding direction and the associated estimated value
is determined only poorly. If some of the singular values happen to be zero, the
matrices D and K are singular. Let M 0 be the number of nonvanishing singular
values, then

Ki˛ D
M 0X


D1
w
 .u
 /i .v
 /˛; (8.134)
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and the vector Oa with components

Oa˛ D
M 0X


D1

1

w

.v
 /˛.u
 � b/C

MX


DM 0C1
�
v
 ; (8.135)

minimizes q2.a/, where �
 ; 
 DM 0C 1; : : : ;M may be arbitrary. Evidently there
are now many solutions to the minimization problem.

In practice this is also the case when some of the w
 are very small (compared
to the largest value w1). In this case the matrix K is called ill-conditioned, and the
problem of fitting fa˛g to the data is called also ill-conditioned, or also sometimes
called ‘ill-posed’ (cf. Sect. 11.4).

Hence, we can see from the singular values w
 whether the problem of
minimizing q2.a/ is ‘ill-posed’. It is evident from (8.107) that the reciprocal values
of w
 enter into the determination of Oa˛ . If some w
 become too small, small
changes in bi may cause large changes in Oa˛ . However, since in general bi are
measured data and therefore subject to uncertainties, this case may lead to large
standard errors (cf. (8.111)) for Oa˛ such that their determination becomes useless.
Furthermore, a computation with single precision may yield completely different
values compared to the same computation with double precision.

Problems in which matrices with extremely widely spread singular values occur
are therefore called ‘ill-posed’. In this case the least-squares estimator is not a good
estimator for the parameters and the information from the data is obviously not
sufficient for a given model (8.90) to determine the parameters with an adequately
small confidence region.

There have been many attempts to determine Oa˛ with acceptable standard errors,
even though the matrix K is ill-conditioned. One possibility consists in finding a
proper regularization (Miller 1974; Delves and Mohamed 1985); another is to set
equal to zero those singular values which are too small, and to determine the f Oa˛g
only within the subspace of eigenvectors belonging to the remaining, nonvanishing
singular values (Press et al. 2007). Other approaches introduce special principles
for the determination of Oa˛ , e.g., the maximum entropy principle (Papoulis 1984;
Levine and Tribus 1979).

All these methods use certain additional information about the estimated values.
The estimators defined by these methods can thus be interpreted as so-called Bayes
estimators, which exploit a priori knowledge about the distribution of the parameters
(cf. Chap. 11).



Chapter 9
Signal Analysis: Estimation of Spectra

In Chap. 5 we introduced stochastic processes. When a stochastic processes is
observed, the result of a measurement can only be recorded for discrete times, e.g.,
t; t C�t; t C 2�t; : : :. The time step �t is called the sampling time and 1=�t the
sampling frequency. A sampling frequency of, say, 1 kHz implies that a value is
registered 1,000 times a second, i.e., each millisecond. If we choose the unit of time
such that �t D 1, the sampling times are t; t C 1; : : : or t D 1; : : : ; N . Hence,
we will always write for a time series Y.t/; t D 1; : : : ; N . The finite time series
is the result of an observation, and therefore we should denote the values by small
letters y.t/, since they are to be considered as realizations of random variables. For
later purposes, however, we will use the random variable Y.t/ associated with each
observation y.t/.

Observations of stochastic processes thus always result in time series. This
suggests that one also considers discrete-time processes of the form fY.t/I
t D : : : ;�1; 0; 1; : : :g. The sequence of these random variables may in principle
be infinitely long. Observations, however, always consist of a finite number of
realizations.

In this chapter we will present methods for the transformation of time series.
These transformations often serve as a first inspection or a visualization of the data.
In the center is the estimation of the spectrum of the process which gives rise to a
given time series. In the first section we will discuss the spectrum of such stochastic
processes itself, which will serve as a guide for the estimation of the spectrum when
given only the times series.

9.1 The Spectrum of a Stochastic Process

Björn Schelter

The interdependences of the random variables of a process fY.t/g for different times
constitute an essential property of the process. A measure for these interdependences

J. Honerkamp, Statistical Physics, Graduate Texts in Physics 38,
DOI 10.1007/978-3-642-28684-1 9, © Springer-Verlag Berlin Heidelberg 2012
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Fig. 9.1 Two typical covariance functions C.�/

is the covariance (see e.g. Sects. 5.1 or 5.6, in the following we always assume that
hY.t/i � 0)

C.t; �/ D hY.t C �/Y.t/i (9.1)

D
Z

dy1 dy2 y1y2 %2.y1; t C � Iy2; t/

D
Z

dy1 dy2 y1y2 %2.y1; t C � jy2; t/ %1.y2; t/ :

For a temporally homogeneous process the conditional probability %2.y1; tC� jy2; t/
does not depend on t , and if the system is in its stationary state, %1.y2; t/ is identical
to %stat.y2/. The covariance C.t; �/ � C.�/ then depends only on � .

Obviously, in this case we also have

C.��/ D hY.t/Y.t � �/i D hY.t C �/Y.t/i D C.�/ : (9.2)

The covariance C.�/, considered as a function of � , is also referred to as the
covariance function. A white noise, for instance, with variance �2 has the covariance
function C.�/ D �2ı�;0, i.e., C.�/ vanishes for � ¤ 0. In other cases we may see
from the behavior of C.�/ for � > 0 how the dependences decrease with increasing
time difference.

Typical shapes of the function C.�/ are shown in Fig. 9.1. Thus it might happen
that C.�/ falls off exponentially (or like a sum of exponentially decreasing terms),
but C.�/ may also oscillate with a decreasing amplitude.

For a process at discrete times, fY.t/; t D : : : ;�1; 0; 1; : : :g, the covariance
function is only defined for integer values of � . Its Fourier transform has the form

QC.!/ D
C1X

�D�1
C.�/ei!� : (9.3)
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The Fourier transform of the process fY.t/g with discrete times reads

QY .!/ D 1p
2�

1X

tD�1
Y.t/e�i!t ; ! 2 Œ��; ��; (9.4)

and the inverse is

Y.t/ D 1p
2�

Z �

��
d! QY .!/ei!t : (9.5)

Then one may show that

h QY .!/ QY �.!0/i D 1

2�

X

t;t 0

hY.t/ Y.t 0/ie�i!tei!0t 0 (9.6)

D hˇ̌ QY .!/ˇ̌2iı.! � !0/ D QC.!/ı.! � !0/ : (9.7)

QC.!/ is called the (also power spectrum or spectral density function) spectrum of
the process fY.t/g.

Thus the spectrum can be calculated either by the Fourier transformation of the
covariance function or by building the second moments of the Fourier transform of
the stochastic process in time.

Analogous relations can be found for a stochastic processes for which the time
variable is continuous. The Fourier-transformation of the covariance function is now
defined as in (5.175)

QC.!/ D
Z 1

�1
d� C.�/ei!� : (9.8)

Introducing the Fourier transform of a stochastic process with continuous time
variable as

QY .!/ D 1p
2�

1Z

tD�1
Y.t/e�i!tdt ; ! 2 Œ�1;1�; (9.9)

the spectrum QC.!/ can also be read off from the second moment of the Fourier
transformed stochastic process

hˇ̌ QY .!/ QY .!0/ˇ̌i D hˇ̌ QY .!/ˇ̌2iı.! � !0/ D QC.!/ı.! � !0/: (9.10)

We note here, that the rigorous mathematical definition of the Fourier transformation
for stochastic processes is complicated and we refer the interested reader to
Brockwell and Davies (1987) for more details on this aspect.

Examples. As an example for a continuous stochastic process we consider a linear
first order Langevin process , the model for the ‘red’ noise, already discussed in
Sect. 5.6.1

PX.t/ D aX.t/C �.t/ with �.t/ /WN.0; �2/ : (9.11)
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Fig. 9.2 Spectrum of a Langevin process of first order with ˛ D 0:6 and �2 D 1

Applying the Fourier transformation to all terms in this equation, especially with

QPX.!/ D 1p
2�

1Z

tD�1
PX.t/e�i!tdt (9.12)

D i!p
2�

1Z

tD�1
X.t/e�i!tdt D i! QX.!/ (9.13)

we obtain

i! QX.!/ D ˛ QX.!/C Q�.!/ : (9.14)

QX.!/ represents a stochastic process in the frequency domain. Considering the
second moment of this stochastic process, we find

QC.!/ D hˇ̌ QX.!/ˇ̌2i D 1

!2 C ˛2 hj Q�.!/ij
2
: (9.15)

By using C.�/ D �2ı�;0 for a white noise we get

hj Q�.!/j2i D �2 ; (9.16)

and finally for the spectrum of the solution of the linear Langevin equation ((9.11),
compare (5.18))

QC.!/ D �2

!2 C ˛2 : (9.17)

This spectrum is shown in (Fig. 9.2).
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As an example for a spectrum of a discrete stochastic process we consider the
spectrum of an autoregressive moving average process, discussed in (5.260) in
Sect. 5.9.4

X.t/ D
pX

kD1
˛kX.t � k/C �.t/C

qX

kD1
ˇk�.t � k/ (9.18)

�.t/ / WN.0; �2/ ;

To this end, the autoregressive moving average process should be rewritten as

X.t/ �
pX

kD1
˛kX.t � k/ D �.t/C

qX

kD1
ˇk�.t � k/ (9.19)

Applying the Fourier transformation on both sides of the equation we obtain

.1 �
pX

kD1
˛ke�i!k/ QX.!/ D .1C

qX

kD1
ˇke�i!k/ Q�.!/ (9.20)

so that also

ˇ̌
ˇ̌
ˇ.1�

pX

kD1
˛ke�i!k/

ˇ̌
ˇ̌
ˇ

2

hˇ̌ QX.!/ˇ̌2i D
ˇ̌
ˇ̌
ˇ.1C

qX

kD1
ˇke�i!k/

ˇ̌
ˇ̌
ˇ

2

hj Q�.!/j2i : (9.21)

As again hj Q�.!/j2i D �2, we get for the spectrum

QC.!/ D hˇ̌ QX.!/ˇ̌2i D
ˇ̌Pq

kD0 ˇke�i!k
ˇ̌2

ˇ̌Pp

kD0 ˛ke�i!k
ˇ̌2 �

2 D
ˇ̌
ˇ.e�i!/

ˇ̌2

j˛.e�i!/j2 �
2 (9.22)

with

˛.z/ D 1 �
pX

kD1
˛kzk

and

ˇ.z/ D 1C
qX

kD1
ˇkzk :

The autoregressive part in the signal causes peaks in the spectrum (see Fig. 9.3) as
the denominator can obtain values close to zero, while the moving average part in
the signal leads to dips in the spectrum, as the numerator can obtain values close to
zero. The order of the respective parts decides about the number of peaks and dips
in the spectrum. This characteristics of the autoregressive moving average processes
becomes important when we discuss filters below.
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Fig. 9.3 Spectrum of various ARMA processes, ARMA[1,0] with a1 D 0:9, ARMA[2,0] with
a1 D 1:9, and a2 D �0:96, and ARMA[2,1] with a1 D 1:9, a2 D �0:96, and b1 D 1:2. For all
spectra �2 D 1

Please note that the spectrum of the AR(1) looks very similar to the spectrum of
the red noise for small !. This is not a surprise: As shown in Sect. 5.9, the AR(1)
process is the discrete version of the linear stochastic differential equation for the red
noise; for small frequences i.e. large wavelength the discretisation of the time does
not matter any more. This can also be seen formally: The spectrum of the AR(1)
process reads

QC.!/ D �2

j1 � ˛1e�i! j2 D
�2

1 � 2˛1 cos! C ˛21
(9.23)

and for small ! we can approximate cos! by 1� 1
2
!2, thus the denominator is also

a linear function of !2 as the in the expression of the spectrum of the red noise.
As it becomes important later on, we include here also the discussion of multi-

variate spectra. If the autoregressive moving average process was an n-dimensional
vector-valued process X.t/ with components .X1.t/; X2.t/; : : : ; Xnt/T , the vector
autoregressive moving average process can be defined as

X.t/ D
pX

kD1
˛kX.t � k/C �.t/C

qX

kD1
ˇ
k
�.t � k/ (9.24)

�.t/ / WN.0;†/ :

The .�/ stresses that .�/ is a matrix, i.e.

˛k D

0
BBB@

˛11 ˛12 : : : ˛1n
˛21 ˛22 : : : ˛2n
:::

: : :
:::

˛n1 ˛n2 : : : ˛nn

1
CCCA

k
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and analogously for ˇ
k
. A similar derivation as for the spectrum of an one-

dimensional autoregressive moving average process leads to the so-called spectral
matrix for the n-dimensional vector autoregressive moving average process

QC.!/ D
�
1�

pX

kD1
˛ke�i!k

��1�
1C

pX

kD1
ˇ
k
e�i!k

�
†
��

1C
pX

kD1
ˇ
k
e�i!k

��
1�

pX

kD1
˛ke�i!k

��1�H
;

(9.25)

where .�/H denotes Hermitean transposition and 1 the n-dimensional identity
matrix.

Considering autoregressive processes without the moving average part, the
spectral matrix reads

QC.!/ D �1 �
pX

kD1
˛ke�i!k

��1
†
��

1 �
pX

kD1
˛kei!k

��1�H
: (9.26)

We note that the autoregressive coefficients enter the spectrum and spectral
matrix only inversely.

9.2 The Fourier Transform of a Time Series
and the Periodogram

Let us now consider a given time series fY.t/; t D 1; : : : ; N g. In order to estimate
the spectrum of the underlying process from these observations we first have to
define an estimator for the covariance function. A simple estimator is

OCN .�/ D 1

N

N�j� jX

tD1
Y.t/Y.t C �/ ; � D 0;˙1; : : : ; N � 1 : (9.27)

The next step would normally be to write down the Fourier transform of this
estimator. However, we will first introduce a Fourier transform for the time series
fY.t/; t D 1; : : : ; N g itself. It is defined as

QYN .!/ D 1p
N

NX

tD1
Y.t/e�i!t : (9.28)

The inverse of this Fourier transformation is

Y.t/ D 1p
N

NX

lD1
QYN .!l/ei!l t ; (9.29)
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with

!l D 2�l

N
: (9.30)

In the framework of Fourier transformation we only need to know QYN .!/ for
! D !l ; l D 1; : : : ; N . This sounds plausible, because the Fourier transformation
can only be an invertible mapping, if we think of it as a mapping from the set of
N -tuples (whose elements are denoted by fY.t/I t D 1; : : : ; N g) into the set of N -
tuples (with elements f QYN.!l /; l D 1; : : : ; N g).

Notice that the Fourier representation (9.29) defines Y.t/ for all t . However, it
satisfies the relation Y.t CN/ D Y.t/.

Let us investigate which of the N numbers of the set f QYN .!l/; l D 1; : : : ; N g)
are independent. From

QYN .! ˙ 2�/ D QYN .!/ (9.31)

we find
QYN .!l˙N / D QYN .!l/ : (9.32)

Since Y.t/ is real, we obtain

QY �N .!l / D QYN .�!l/ D QYN .!�l / (9.33)

and therefore also
QY �N .!l / D QYN .!N�l / : (9.34)

In particular,
QYN .0/ � QYN .!0/ D QYN .!N / (9.35)

is real.
If N is even, then from

QY �N .!N=2/ D QYN .�!N=2/ D QYN .!N=2/ (9.36)

we also find that QYN .!N=2/ is real. Hence, in this case,

QYN .!0/; QYN .!1/; : : : ; QYN .!N=2�1/; QYN .!N=2/ (9.37)

represent 2C2.N=2�1/DN independent values of the set f QYN .!l /; l D 1; : : : ; N g.
If N is odd, we have

QYN .!.NC1/=2/ D QY �N .!.N�1/=2/ ; (9.38)

and
QYN .!0/; : : : ; QYN .!.N�1/=2/

represent 1C 2.N�1
2
/ D N independent values.
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Let us consider for simplicity only the case N even. In this case the time
series fY.t/; t D 1; : : : ; N g is mapped into its Fourier transform with frequencies
!l D 2�l=N , l D 0; : : : ; N=2.

We observe two characteristic features of this Fourier transform: Firstly, since the
time series is finite we also obtain the Fourier transform only for discrete values of
frequencies. The distance between two neighboring points on the frequency axis is

!lC1 � !l D 2�

N
; (9.39)

i.e., it becomes smaller for increasing length N of the time series. In the limit
N ! 1 we obtain a continuum of frequencies in the interval Œ0; ��.

Secondly, the maximum frequency! appearing in the independent set of Fourier
components is

!c D !N=2 D 2�l

N
jlDN=2 D � (9.40)

or

fc � !c

2�
D 1

2
: (9.41)

This result holds for a sampling time �t equal to 1. For general�t we find

fc D 1

2�t
D 1

2
f ; (9.42)

where f denotes the sampling frequency. fc is also called the Nyquist frequency
(after the Swedish-American electrical engineer H. Nyquist, born 1889). All signals
with a frequency higher than fc appear, under the sampling with frequency f D 1

�t
,

as a signal with a frequency smaller than fc (see the remark at the end of this section
and Fig. 9.5).

We now define a so-called periodogram by

QIN .!/ D j QYN .!/j2 : (9.43)

It thus is easily computed for an arbitrary time series by a Fourier transformation.
Furthermore, we only have to determine the periodogram for frequencies f < fc .
For frequencies between fc and 2fc, i.e., for � < ! < 2� , the contributions follow
from relation (9.34), which corresponds to a reflection of the periodogram in the
line f D fc .

It turns out that the periodogram agrees with the discrete Fourier transform of the
estimator of the covariance function, defined as

QOCN .!/ D
N�1X

�D�.N�1/
OCN .�/ei!� (9.44)



356 9 Signal Analysis: Estimation of Spectra

because:

OIN .!l / � QYN .!l / QY �N .!l / (9.45)

D 1

N

NX

tD1

NX

t 0D1
Y.t/e�i!l tY.t 0/ei!l t 0 (9.46)

D
N�1X

�D�.N�1/

1

N

N�j� jX

tD1
Y.t/Y.t C �/ei!l � (9.47)

D
N�1X

�D�.N�1/
OCN .�/ei!l � (9.48)

D QOCN .!l / : (9.49)

This relation between QOCN .!l / and the periodogram is known as the Wiener–
Khinchin theorem.

Hence, the periodogram is an estimator for the spectrum of the process realized
by the time series fY.t/; t D 1; : : : ; N g. This estimator may therefore be determined
in two ways: Either we first estimate the covariance function and compute its Fourier
transform according to (9.44), or we first transform the time series and form the
product according to (9.43).

Estimators are used to determine the expectation value of a stochastic quantity on
the basis of a sample. As we saw in Sect. 8.1, there is a whole catalog of desirable
properties for an estimator, and in general there are several estimators for the same
quantity which meet these requirements to different degrees.

It turns out that the periodogram OIN .!l/ D QOCN .!l/ is not a good estimator for
the spectrum QC.!/, because it is not a consistent estimator. The variance of OIN .!l /
does not tend towards zero with increasing lengthN of the time series, but is actually
independent of N (see e.g. Schlittgen and Streitberg 1987).

Example. Let fY.t/; t D : : : ;�1; 0; 1; : : :g be a white noise with variance �2. Then

C.�/ D hY.t/Y.t C �/i D �2ı�;0 (9.50)

and

QC.!/ D
C1X

�D�1
C.�/ei!� D �2 : (9.51)

Hence, the spectrum is independent of frequency (which is the reason for the
expression ‘white’ noise). We now consider a realization of this process for a
finite number of instants, i.e., a time series fy.t/; t D 1; : : : ; N g, where each y.t/
is a realization of a normal random variable with variance �2. We compute the
periodogram OIN .!l/ according to (9.43). The result is represented in Fig. 9.4 for
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Fig. 9.4 Periodograms of time series of a white noise. The length of the time series is N D 1;028

(above) and N D 4;096 (below). The horizontal line corresponds in each case to the spectrum of
the process. The frequency is given in units of the Nyquist frequency and shown is not OIN itself,
but 10 log10 OIN (See remark at the end of Sect. 9.4)

N D 1;024 and N D 4;096. Obviously the variance does not decrease for larger
values of N .

This can also be seen by direct analytical calculation. The Fourier transform of
the white noise at some frequency

Q�N .!/ D 1p
N

NX

tD1
�.t/e�i!t D 1p

N

NX

tD1
�.t/

�
cos.!t/C i sin.!t/

�
: (9.52)

is a complex number, where the real part

1p
N

NX

tD1
�.t/ cos.!t/ (9.53)

as well as the imaginary part

i
1p
N

NX

tD1
�.t/ sin.!t/ (9.54)
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are normal random variables with mean zero and variance �2=2 as sin2.!t/ C
cos2.!t/ D 1. The periodogram at some frequency therefore is, as a sum of 2
Gaussian distributed random variables, a 	2 distributed random variable with 2
degrees of freedom and with mean �2. The distribution is independent on N .

For a very general class of stochastic processes one will find a similar result using
the central limit theorem stating that the sum of independently distributed random
variable with finite first and second order moments is asymptotically Gaussian
distributed. As most processes actually follow a distribution with finite first and
second order moment, the central limit theorem guarantees hat the periodogram is
	2 distributed with 2 degrees of freedom times the true spectrum.

It should be mentioned here that the above derivation is only true for
!¤ ; 0; �; 2�; : : : . In cases where ! assumes one of these values we find
a 	2 distribution with one degree of freedom, as can be seen from the sum
1=
p
N
PN

tD1 �.t/e�i!t in those cases.

We may construct a consistent estimator of the spectrum by starting, however,
with the periodogram. Consistency can be achieved by applying a special so-called
smoothing filter on it. Before we discuss this we will introduce filters in the next
section, and we will take up the subject of spectral estimation again in Sect. 9.4.

Remark. If we consider the time series resulting from sampling the continuous
signals sin..! C 2m�/t/;m D 0;˙1; :: with a sampling time �t D 1, we find
that all these signals yield the same discrete time series (Fig. 9.5).

In a general signal all Fourier contributions of this type are present. The discrete
time series cannot resolve these contributions and its Fourier transform is therefore
falsified. But as these Fourier contributions in general decrease rapidly as a function
of the frequency, this effect is most important just below the Nyquist frequency,
as here the influence of the contributions from just above the Nyquist frequency is
largest.

This effect is also referred to as the ‘aliasing effect’. This aliasing effect can be
reduced if, before the actual sampling, the contributions from higher frequencies are
suppressed by an electronic device, known as an anti-aliasing filter.

9.3 Filters

The Fourier transformation is a special, frequency dependent transformation of a
process or a time series. Other linear transformations include the so-called filters.
We will first discuss filters for stochastic processes. If we denote the transformed
quantities by Z.t/, then the most general filter, applied to a time series fY.t/g, is
given by

Z.t/ D
pX

kD1
˛kZ.t � k/C

qX

kD�s
ˇkY.t � k/ : (9.55)
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Fig. 9.5 The signals sin!t , sin .! � 2�/t , and sin .! C 2�/t yield the same time series for a
sampling time �t D 1. In a general signal all Fourier contributions of this type are present. The
discrete time series thus cannot resolve these contributions and its Fourier transform is therefore
falsified (aliasing)

If s D 0, only values of Y.t/ from the present and the past have an influence on the
value of Z.t/. In this case the filter is called causal. An ARMA process (Sect. 5.9)
is thus a filtered white noise, i.e., Y.t/ D �.t/ /WN.0; 1/.

Using the formal shift operator B defined by

BkY.t/ D Y.t C k/ ; (9.56)

the filter may also be written as

˛.B/Z.t/ D ˇ.B/Y.t/ ; (9.57)

where ˛ and ˇ now are polynomials of the form

˛.B/ D 1 � ˛1B�1 � : : : � ˛pB�p (9.58)

ˇ.B/ D ˇ�sBs C : : :C ˇqB�q : (9.59)

Hence, formally we may also write

Z.t/ D ˇ.B/

˛.B/
Y.t/ : (9.60)

A filter should be stable. That is, a process Y.t/ which always takes finite values is
transformed into a process Z.t/ which is finite in the same sense. The realizations
of Z.t/ therefore may not diverge for increasing t . It can be shown that a filter is
stable if all zeros of the polynomial ˛.z/ are inside the unit circle. As we have seen
(Sect. 5.9), this is also the condition for the corresponding ARMA process to be
stable.
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9.3.1 Filters and Transfer Functions

Let us investigate how the Fourier transforms of fY.t/g and fZ.t/g are related. For
this purpose we first consider

X

t

B�kZ.t/e�i!t D
X

t

Z.t � k/e�i!.t�k/e�i!k (9.61)

D �
e�i!�k QZ.!/ : (9.62)

If we write in general
Z.t/ D

X

t 0

h.t 0/Y.t � t 0/ ; (9.63)

this immediately leads to
QZ.!/ D Qh.!/ QY .!/ ; (9.64)

with
Qh.!/ D

X

t 0

h.t 0/e�i!t 0 : (9.65)

The inverse of this relation reads

h.t/ D 1

2�

Z �

��
d! Qh.!/ei!t : (9.66)

The function Qh.!/ is called the transfer function. We find from (9.60) to (9.62)

Qh.!/ D ˇ
�
ei!
�

˛ .ei!/
: (9.67)

The transfer function may also be represented as

Qh.!/ D r.!/ei
.!/; r.!/ � 0 : (9.68)

Here r.!/ is called the gain of the filter and 
.!/ the phase. The gain amplifies
or weakens the corresponding Fourier components of QY .!/, depending on whether
r.!/ is larger or smaller than 1, respectively. Setting r.!/ D 0 for ! � !0 one
speaks of an (ideal) low-pass filter, which permits only frequencies lower than !0
to pass through. We will see that in reality the best one can expect is that r.!/ falls
off sharply at ! D !0 such that r.!/ may be more or less neglected for ! � !0.
A high-pass filter is defined correspondingly. A band-pass filter only transmits

frequencies within a band !1 � ! � !2; only in this interval is r.!/ essentially
different from 0. In a band-stop filter the gain vanishes for frequencies inside such
an interval, which is then also called a stop-band, while the gain is close to 1 outside
this interval.
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Fig. 9.6 Time series (solid line) filtered with a low-pass filter Qh.!/ (� � � ), exhibiting a phase such
that a time shift results. The same time series filtered with Qh�.!/Qh.!/ (��) has an identically
vanishing phase and therefore no time shift. The smaller gain, however, is revealed in a weaker
amplitude

A low-pass filter is also always a smoothing filter, because it filters out the high
frequencies. For instance, the moving average,

Z.t/ D 1

2p C 1 ŒY.t C p/C (9.69)

: : :C Y.t C 1/C Y.t/C Y.t � 1/C : : :C Y.t � p/� ;
is a simple smoothing filter. However, it has a bias e.g. at local maxima of the
function, because Z.t/ can be considered as the fit of the function within the
moving window .t � p; t C p/ by a constant and at a local maximum this constant
will certainly lie below the maximum. A better approximation would be a fit
within the window by a polynomial of order, say, two or four. This will lower the
bias considerably. Such a filter is called a Sawitzky-Golay smoothing filter (see
also Press et al. 2007).

A phase 
.!/¤ 0 changes the phase relation between different frequency
contributions. However, a phase 
.!/ / ! only leads to a time shift of the total
signal. Indeed, with Qh.!/ D e�i!d we obtain

Z.t/ D 1p
N

NX

lD1
QZN .!l/ei!l t D 1p

N

NX

lD1
e�i!l d QYN .!l /ei!l t (9.70)

D 1p
N

NX

lD1
QYN .!l/ei!l .t�d/ D Y.t � d/ : (9.71)

Time shifts may be avoided if one uses the filter with the transfer function

Qh2.!/ D Qh�.!/ Qh.!/ D jr.!/j2 ; (9.72)

which obviously has the phase 
.!/ � 0 (see Fig. 9.6).
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Fig. 9.7 Typical dependence of gain (left) and phase (right) of a low-pass filter (Nyquist
frequency = 1)

On the other hand, filtering with the transfer function Qh�.!/ implies that

Z.t/ D ˇ.B�1/
˛.B�1/

Y.t/ ; (9.73)

and therefore

Z.t/ D ˛1Z.t C 1/C : : :C ˇ0Y.t/C ˇ1Y.t C 1/C : : : ; (9.74)

i.e., the filtering is backwards in time. Such a filter is called acausal. It can only be
used off-line, i.e., when the total time series Y.t/ is at hand, not when it is generated.

Figure 9.7 shows the gain r.!/ and the phase 
.!/ of a typical low-pass filter.
We distinguish the following cases:

• When ˛.z/ � 1, i.e., p D 0, the filter is called an FIR filter (FIR stands for
Finite Impulse Response). Other names for such a filter include: ‘nonrecursive’,
‘moving average’, and ‘all-zero’ (the transfer function Qh.!/ has only zeros, no
poles). Certain symmetry relations among the coefficients h.t/ of an FIR filter
may lead to a linear phase. If, e.g., h.�t/ D ˙h.t/, then Qh.!/ is real or purely
imaginary. In either case the phase is constant. If the coefficients h.0/; : : : ; h.N /
of a causal FIR filter satisfy the relation h.N � t/ D ˙h.t/, we obtain for the
phase


.!/ D �N
2
! C const : (9.75)

• When ˛.z/ ¤ 1, i.e., p ¤ 0, the filter is called an IIR filter (IIR stands for
Infinite Impulse Response). Other names are: ‘recursive’ and ‘autoregressive’. If
in addition q D 0, this filter is also referred to as an ‘all-pole’ filter (the transfer
function possesses only poles, no zeros).

If p and q are both different from zero, the filter is a general IIR filter, and it
is called an autoregressive moving-average filter.
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Fig. 9.8 Application of an IIR filter of order 3 to an AR(2) process, with two different sets of
initial values. The transient time is clearly larger than the order of the filter

In the filtering of time series one encounters the problem of startup transients.
For t D 1, e.g., we need the ‘initial values’ Z.0/;Z.�1/; : : : ; Z.1 � p/ and
Y.0/; Y.�1/; : : : ; Y.1 � q/, which are not given. Often the filtered time series is
defined as if these initial values were equal to zero. A different choice, however,
would lead to different values for Z.t/, at least for a certain transient time. For an
FIR filter this transient time is in any case surpassed for t > q; for an IIR filter this
transient time in principle never ends, although the influence of the initial values
becomes smaller and smaller with increasing time and is soon negligible (Fig. 9.8).

9.3.2 Filter Design

For given polynomialsˇ.z/ and ˛.z/, the properties of a filter can easily be analysed.
But in practice one is usually confronted with the reverse problem. One has an
idea about the ideal shape of the gain and the phase of the filter and wants to
determine appropriate polynomials ˇ.z/ and ˛.z/. Of course, for a finite order of
the polynomials the ideal shape can only be approximated. The different types of
filter differ with respect to the features emphasized in this approximation.

The construction of a filter with certain qualities is treated extensively in many
textbooks on electrical engineering and signal analysis (Rabiner and Gold 1975;
Oppenheimer and Schafer 1989). Here we will present only a brief survey.

FIR Filter Design

FIR filters are particularly simple to design. In addition, they are always stable; it
is easily arranged for them to have a linear phase (choose h.N � t/ D ˙h.t/);
and also the hardware may be constructed without major effort. The disadvantage,
however, is that a very high filtering order q is often required to obtain the desired
features. As an example we will demonstrate how to construct a low-pass filter with
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Fig. 9.9 Ideal gain r.!/ (left), gain of the filter Qh0.!/ for various values of M : demonstration of
the Gibbs phenomenon (middle) and approximation by Qh00.!/ (right) (Nyquist frequency = 1)

a cut-off frequency at ! D !0, i.e., with an idealized shape of the gain as shown in
Fig. 9.9(left). Then

h.t/ D 1

2�

Z �

��
Qh.!/ei!t d! D 1

2�

Z !0

�!0
ei!t d! (9.76)

D !0

�
sinc

�!0
�
t
�
; (9.77)

where the sinc function is defined by

sinc.x/ D sin�x

�x
: (9.78)

In this form h.t/ thus corresponds to an IIR filter. A finite filter may be obtained by
taking

h0.t/ D h.t/w.t/ ; (9.79)

where w.t/ is a so-called window function, which vanishes for jt j larger than a
suitably chosen t0 D M . We first choose a simple rectangular window, i.e.,

w.t/ � wR
M .t/ D

(
1 for jt j < M
0 otherwise :

(9.80)

We thereby obtain a filter whose transfer function Qh0.!/ differs, of course, from
Qh.!/ (Fig. 9.9, middle). This cutting off of the filter h.t/ has the effect that ripples
appear in the gain in the vicinity of the cut-off frequency!0. For larger values ofM
these ripples do not get smaller, but they move closer together. The amplitude of the
last ripple before the discontinuitiy of the ideal filter always amounts to about 9%
of the height of this discontinuity.
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The appearance of these ripples is known as the Gibbs phenomenon. A smooth-
ing of the ripples may be achieved by letting a smoothing filter act on Qh0.!/, which
involves a convolution. For h0.t/ this implies multiplication by a second window
function, or, in other words, the choice of a different window function right from
the beginning. Window functions which have proved to be suitable are

• The Hamming window, defined by

wM .t/ D ˛ C .1 � ˛/ cos
� 2�t

2M C 1
�
; �M � t �M; (9.81)

with, e.g., ˛ D 0:5,
• The Bartlett window, defined by

wM .t/ D 1 � jt j
M

; �M � t �M : (9.82)

Figure 9.9(right) shows the gain of the filter

h00.t/ D h.t/wM .t/ ; (9.83)

where wM .t/ is the Hamming window. Obviously, the ripples have almost vanished
at the cost of a reduction of the edge steepness.

There are further methods to approximate a given shape of the gain function
for an FIR filter. One possibility is to minimize the integral over the quadratic
discrepancy between ideal and actual shape of the gain function (least-squares FIR
filter). The discrepancy may be additionally weighted by a frequency-dependent
function. One can also minimize the maximum of this discrepancy over the whole
frequency range. This leads to a so-called equiripple filter, where all ripples have
the same height.

IIR Filter Design

For the construction of an IIR filter one has to approximate the given shape of the
gain function j Qh.!/j by a rational function jˇ.ei!/=˛.ei!/j. In comparison to an
FIR filter, a much lower order of the polynomials ˇ.z/ and ˛.z/ is in many cases
sufficient to obtain the necessary quality for the approximation. The phase often
shows a nonlinear dependence; however, in an off-line filtering one can always
achieve a zero-phase filtering by using the transfer function Qh�.!/ Qh.!/.

The specifications of IIR filters may be given in several ways:

• One may state only the order of the filter and the lower and upper frequencies of
the pass-bands. (i.e. the frequency ranges for which r.!/ should be as close to 1
as possible.)



366 9 Signal Analysis: Estimation of Spectra

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

1.2

1.4

10−Rp/20(=0.945)

10−Rs/20(=0.055)

Wp Ws

r(ω)

ω

Fig. 9.10 Parametrization of the amplitudes of the ripples in the pass-band and the stop-band
by Rp and Rs, respectively, and of the transient range by Wp;Ws for a low-pass filter (Nyquist
frequency = 1)

• One may specify the maximum amplitudes of the ripples (parametrized by two
numbers Rp;Rs for the pass-band and the stop-band, respectively) as well
as the maximum size of the transient range ŒWp;Ws� (Fig. 9.10). Hence, four
parameters characterize each switch between a pass-band and a stop-band.

• One may also specify the general shape of the gain function and the phase
function and make a suitable fit for the function Qh.!/.
Other types of IIR filters are distinguished by the way the adaptation to a given

specification is realized (Fig. 9.11).

• Butterworth filters exhibit an optimal flat shape of r.!/ in the pass-band and the
stop-band. This leads, however, to a weaker steepness of the jumps in frequency
space and a nonlinear phase dependence.

• In Tschebyshev filters emphasis is placed on a good approximation in the stop-
band (type I filter) or the pass-band (type II filter), while the respective other band
may have ripples of size equal to some given amplitude.

• The elliptic filters have a transient range which is as narrow as possible. On the
other hand, ripples of a certain given amplitude are permitted in both the stop-
band and the pass-band.

• Bessel filters exhibit a linear dependence of the phase in those ranges where
r.!/ is large. With respect to the time evolution after the filtering this leads
to a minimum ‘overshooting’ for steplike shapes of the signal. However, this
advantage is accompanied by a very poor steepness of the jumps.
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Fig. 9.11 Dependence of the gain r.!/ on the frequency (Nyquist frequencyD 1) for various IIR
filters of fifth order: Butterworth filter (solid line), Tschebyshev filter (---), elliptic filter (. . . ) and
Bessel filter (-�-�) (Nyquist frequencyD 1)

9.4 Consistent Estimation of Spectra

Having discussed different types of filters in the previous section, in particular
smoothing filters, we now come back to the estimation of the spectrum of a time
series.

One method extensively studied in the literature (Schlittgen and Streitberg 1987;
Priestley 1981) to obtain a consistent estimator for the spectral density simply
involves smoothing the periodogram by some window function. This method has
also been applied in the previous section for smoothing the ripples in an FIR filter.

For the smoothing we introduce some weight function or spectral window
KM.!/, depending on some extra parameter M D M.N/, where N denotes again
the length of the time series.

The estimator for the spectrum eC.!/ of a time series of length N is defined by

beC.!j / D
X

jkj�M
KM.!kCj /bIN .!kCj / ; (9.84)

where bIN .!/ is the periodogram defined in Sect. 9.2. For example, the simplest
smoothing is achieved by the moving average

beC.!j / D 1

2M C 1
X

jkj<M
bIN .!kCj / : (9.85)

(The corresponding window function which in this case multiplies the covariance
function is called the Daniell window.) The conditions for the smoothing filter,
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which are to be imposed in order for the estimate beC.!j / to be consistent, are
(Brockwell and Davies 1987)

M !1 and M=N ! 0 as N !1 (9.86)

KM.�!k/ D KM.!k/I KM.!k/ � 0 for all k; (9.87)
X

jkj�M
KM.!k/ D 1; (9.88)

and X

jkj�M
K2
M.!k/! 0 for N !1 : (9.89)

For the variances we obtain

Var.beC.!j // / beC.!j /2
X

jkj�M
K2
M.!k/ ; (9.90)

which for N !1 tends to zero because of (9.89). Thus consistency is achieved.

Furthermore, one can show that beC.!j / is unbiased in the limit N !1 and that

Cov
�beC.!/;beC.!0/

�
! 0 for N !1 ; (9.91)

provided that !; !0 are not too close to each other, i.e., provided j! � !0j is larger
than the width of the window. Hence, the estimators for different frequencies are
also uncorrelated if the frequencies are sufficiently far apart in the above-mentioned
sense.

Figure 9.12 shows different estimates of the spectrum of an AR(2) process. The
exact spectrum is shown in each subfigure as a solid line. In the two figures in
the left column, the window width M is increased as

p
N (M � 0:4

p
N ). The

variance obviously decreases with N . In the middle column, M is held fixed when
N is increased. The factor

P
jkj�M K2

M.!k/ then stays constant, and the variance
does not decrease. In the right column, a higher value of M is chosen, which leads
to better smoothing (compare it with the other upper figures where the same N is
chosen). The smoothing is, however, too strong for the peak, where a large bias is
observed. Only if we enlarge the sample size N , the peak is again reconstructed
appropriately.

There is a trade-off between unbiasedness and smoothness. The discussion of
criteria for an optimum choice of the parameter M , for given N , goes beyond the
scope of this textbook. In the literature, one also finds methods for a local, i.e.,
frequency dependent choice of the smoothing parameterM . In the neighborhood of
peaks, a smallerM is preferred; outside of the peaks, stronger smoothing is achieved
with higher values of M .

Though the estimator of the spectrum discussed so far is asymptotically unbiased,
the bias for a finite time series may be large. The bias can be reduced considerably



9.4 Consistent Estimation of Spectra 369

0 0.5 1
−20

0

20

40

N=512 N=512 N=512

M increasing as sqrt(N)

0 0.5 1
−20

0

20

40

N=4096 N=4096 N=4096

0 0.5 1
−20

0

20

40

fixed M, increasing N

0 0.5 1
−20

0

20

40

0 0.5 1
−20

0

20

40

larger M

0 0.5 1
−20

0

20

40

Fig. 9.12 In the two figures in the left column, the window width M is increased as
p
N (M �

0:4
p
N ). The variance obviously decreases withN . In the middle column,M is held fixed whenN

is increased. The variance does not decrease. In the right column, a higher value of M is chosen,
which leads to better smoothing. The smoothing is, however, too strong for the peak, where a
large bias is observed. Only if we enlarge the sample size N , the peak is again reconstructed
appropriately. The exact spectrum is shown in each subfigure as a solid line

by a procedure which is called “taper” or “data windowing”. This is achieved
by multiplying the data fY.t/; t D 1; : : : ; N g by a window function fw.t/; t D
1; : : : ; N g. Using such data windowing, one may construct the modified Fourier
transform

QY 0

.!/ D 1p
N

NX

tD1
w.t/Y.t/e�i!t (9.92)

and the modified periodogram

I
0

N .!i / D
1

W
j QY 0

.!i /j2 ; (9.93)

where

W D
NX

tD1
w.t/2; (9.94)

which has to be smoothed again by a spectral window KM.!/ to get a consistent
estimator for the spectrum eC .!i /.
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Fig. 9.13 Fourier transform of the boxcar window (upper left) and of the Hamming window
(upper right). Below these are correspondingly presented: the windowed times series, the
histogram of the phases of the Fourier transform of the windowed data, and the times series of
the phases

That such data windowing decreases the bias can be seen as follows: The
observed times series has to be regarded as a segment which has been cut out
of a much longer realization of a stochastic process. Thus, taking the observed
time series as it is, corresponds to multiplying the longer realization by a so-called
boxcar data window fw.t/ � 1; t D 1; : : : ; N; w.t/ D 0; otherwiseg. The Fourier
transform of the time series thus is a convolution of the exact Fourier transform (of
the longer realization) with the Fourier transform of the boxcar window. In Fig. 9.13
the Fourier transform of the boxcar window is shown in the upper left subfigure.
One observes that this window will mix the frequencies over a long range. In the left
column of this figure, furthermore, are shown the time series itself and the histogram
of the phases of the Fourier transform of the time series. According to the theory,
these phases should be equally distributed, but they are apparently not, because of
this mixing. The time series of these phases in the last subfigure below also shows
this strange behavior. In the right column of Fig. 9.13 the same is shown for the
Hamming data window (see (9.81)), now given by

w.t/ D ˛ � .1� ˛/ cos
�
2�

t � 1
N � 1

�
; 1 � t � N ; (9.95)
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Fig. 9.14 Estimate of the spectrum of an AR(2) process without a data window (left) and with a
Hamming window as a taper

so that the location of the maximum of the window is now, e.g. for odd N , at t D
.N C 1/=2. There are no ripples for higher frequencies, the “windowed data” look
like the original data fading in and fading out, but the distribution of phases of the
Fourier transform of the time series is comparable with a constant distribution, and
also the time series of the phases is inconspicuous.

Thus already the Fourier transform and the periodogram of the time series are
heavily deformed because of the ugly Fourier transform of the boxcar window. This
is another version of the Gibbs phenomenon. Because one cannot avoid any window,
one has to use a window with better properties in the frequency domain, e.g., the
Hamming window. Then the bias of the periodogram and of the estimate of the
spectrum is also reduced (see Fig. 9.14).

The ugly Fourier transform of the boxcar window is also the reason for the
sidelobes of the spectrum, which appear in the spectrum, e.g., of a deterministic time
series with a definite frequency, if the sampling window does not cover a complete
number of cycles. The Fourier transform of the finite time series is the convolution
of the Fourier transform of the boxcar window with the Fourier transform of the
harmonic wave (one contribution only). The influence of the Fourier transform of
the boxcar window on the spectrum then vanishes only if a complete number of
cycles fits into the sampling window.

Other possible ways of constructing consistent estimators for the spectral density
eC.!/ are the following:

• The given time series is split intoK successive segments, which are now regarded
asK realizations of a time series of lengthN=K . For each segment one computes
the periodogram and then takes the average over the resulting K periodograms.
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The variance so obtained is smaller by a factor of 1=
p
K. On the other hand, one

obtains the spectral density only for the points

!j D 2�j

N�t=K
; j D 0; 1; : : : ; N

2K
: (9.96)

The different segments may also be overlapping.
• Further methods include the maximum entropy method (MEM) or MUSIC.

Details may be found, e.g., in the manual of MATLAB 5, Signal Processing
Toolbox.

• In Sect. 5.9 we met ARMA.p; q/ processes. The spectrum of these ARMA
processes can be computed explicitly. If a given time series is fitted to an ARMA
process, this also determines the spectrum of the time series.

Remarks.

• For the variance one always obtains

Var
�beC.!/

� / eC2.!/ : (9.97)

Therefore it is advantageous to study lnbeC.!/ rather than beC.!/. The distribution

of lnbeC.!/ is closer to a normal distribution. It can be shown that

E
�
lnbeC.!/

� D lneC.!/ ; (9.98)

and that the variance is given by (Brockwell and Davies 1987)

Var
�
lnbeC.!/

� � g2
X

jkj�M
K2
M.!k/ : (9.99)

where g D 1 for no data windowing and

g2 D q4

q22
(9.100)

with

qJ D 1

N

NX

tD1
wJ .t/ : (9.101)

for the data window fw.t/; t D 1; : : : ; N g (Bloomfield 1976).
Hence, the approximate 95% confidence bounds for lneC.!k/ are given by

lnbeC.!k/˙ 1:96
�
g2

X

jkj�M
K2
M.!k/

�1=2
:



9.4 Consistent Estimation of Spectra 373

0 0.2 0.4 0.6 0.8 1
−20

−10

0

10

20

30

40

ω

P
ow

er
 s

pe
ct

ru
m

 (
dB

)

Fig. 9.15 Estimation of the
spectrum of an AR(2) process
and the 95% confidence
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Recall that for the standard normal random variable the probability for a
realization to be in the interval Œ�1:96; 1:96� is just 0:95.

Figure 9.15 shows the spectrum of an AR(2) process as well as the confidence
intervals.

In applications one often uses the logarithm to the base 10 and introduces the
quantity

n.!/ D 10 log10

 beC.!/
C0

!
: (9.102)

Here C0 represents some reference quantity such that n is dimensionless.
However, in order emphasize that n is given by the logarithm of the ratio of
2 physical quantities with the same dimension it has been given the dimension
decibel (dB, a dB is a tenth of a bel, named after A. G. Bell).

• Since the autocovariance function bC.k/ and the spectrum beC.!/ are connected by
a Fourier transformation, bC.k/ can also be calculated by first transforming the
time series fY.t/; t D 1; : : : ; N g (using the fast algorithm FFT), determining the
periodogram, and finally calculating the autocovariance function via an inverse
Fourier transformation (FFT) according to

bC.k/ D 1p
2N � 1

N�1X

pD�.N�1/
bIN .!0p/ei!

0

pk; k D 0;˙1; : : : ;˙.N � 1/;
(9.103)

with !0p D 2�p=.2N � 1/. Here one requires the periodogram at the points

!0p D 2�p=.2N � 1/ instead of !p D 2�p=N , since bC.k/ is to be defined at
the .2N � 1/ points k D �.N � 1/; : : : ; .N � 1/. The time series fY.t/; t D
1; : : : ; N g must be completed by setting fY.t/ D 0 for t D N C 1; : : : ; 2N � 1g.
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Fig. 9.16 Estimations of the covariance function of an AR(1) process (above) and an AR(2)
process (below), obtained by the inverse Fourier transform of the periodogram (solid line) and by
the inverse Fourier transform of the periodogram, smoothed by some spectral window (broken line)

This procedure is a particularly fast way to determine the autocovariance function
for a long time series. Figure 9.16 shows the covariance function, estimated in
this way, for an AR(1) process (above) and an AR(2) process (below) together
with their corresponding exact analytical results (dotted lines), which is

C.�/ D �2

1 � ˛1 e� ln˛1 (9.104)

for the AR(1) process Y.t/ D ˛1Y.t � 1/C ��.t/; � � WN.0; 1/, and

C.�/ D �2

1 � 2r2 cos2 
 C r4 cos 2

e� ln r cos �
 (9.105)

for the AR(2) process Y.t/ D ˛1Y.t � 1/ C ˛2Y.t � 2/ C ��.t/; � �
WN.0; 1/; ˛1 D 2r cos
; ˛2 D �r2, where T D 2�=
 is the period of
the stochastic oscillator. The determination of the estimation errors is very
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cumbersome (see, e.g., Brockwell and Davies 1987), but it is obvious, that they
are comparably large when the covariance function is nearly zero.

On the other hand, if we calculate the inverse Fourier transform of the
smoothed periodogram, then we obtain an estimate of the covariance function,
which is shown as the broken line in Fig. 9.16. The fluctuations for larger
values of � , where the covariance function is actually nearly zero, are now
strongly damped. This can be understood easily: Smoothing in the frequency
domain by a convolution with a spectral window means multiplication of bC.�/
by a function �.�/, the Fourier transform of the spectral window, and this
multiplication by a factor, which turns out to be less than one, damps the
fluctuating estimation errors. Thus we understand that these fluctuations are
responsible for the problems of the periodogram and their damping smoothes
the periodogram and makes it into a decent estimator for the spectrum.

9.5 Cross-Spectral Analysis

Björn Schelter

Filtering is closely related to cross-spectral analysis, which is concerned with the
estimation of interactions between different processes. We have characterized the
filters by the relation between the input and the output of the filter. In this chapter we
briefly generalize this concept to investigate relations between processes in general.

To this end, we utilize the spectral matrix

QC.!/ D
"

1 �
pX

kD1
˛kei!k

#�1
˙

"
�
1 �

pX

kD1
˛kei!k

�H
#�1

: (9.106)

for an n-dimensional vector autoregressive process of order p (cf. Sect. 9.1)

X.t/ D
pX

kD1
˛kX.t � k/C �.t/ (9.107)

�.t/ / WN.0; ˙/:

Hermitean transposition is denoted by .�/H .
This concept can be generalized to arbitrary stationary stochastic processes Y.t/

defining the spectral matrix as

QC.!/ D h QY.!/ QYH.!/i D

0
B@

QC11.!/ : : : QC1n.!/
:::

:::
QCn1.!/ : : : QCnn.!/

1
CA (9.108)
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with

QY.!/ D 1p
2�

1X

tD�1
Y.t/e�i!t D 1p

2�

1X

tD�1

0

B@
Y1.t/
:::

Yn.t/

1

CA e�i!t ; ! 2 Œ��; �� :

(9.109)
The off-diagonal elements of the spectral matrix QCij .!/ with i ¤ j , also called the
cross-spectrum , quantify the strength and the type of the interaction between the
different processes. The normalized quantity

Cohij .!/ D
ˇ̌ QCij .!/

ˇ̌
q
QCii .!/ QCjj .!/

2 Œ0; 1� ; i; j D 1; : : : ; n ; i ¤ j (9.110)

is called the coherence, while the argument


ij .!/ D arg. QCij .!// 2 Œ��; �/ ; i; j D 1; : : : ; n ; i ¤ j (9.111)

is the phase spectrum between the components i and j of the vector-process Y.t/.
The coherence spectrum quantifies the strength of the interaction. As a normal-

ized value between Œ0; 1�, it assumes a value of 1 if the two components of the
process are perfectly linearly related. A value of zero is assumed if there is no linear
interaction between the processes.

The phase spectrum provides information about the type of interaction. A pure
delay between the two processes Yj .t/ D Yi.t � �/ leads to a phase spectrum

.!/ D �!. Filters typically show a nonlinear phase spectrum as shown in the
following example.

Example. For the coherence between a first order IIR filtered signal X.t/ and the
input signal Z(t)

X.t/ D aX.t � 1/CZ.t/ (9.112)

we get

QX1.!/ D aei! QX1.!/C QX2.!/ (9.113)

QX2.!/ D Z.!/ (9.114)

and we obtain for the spectral matrix

QC.!/ D

0
BB@

hjZ.!/j2i
j1� aei! j2

hjZ.!/j2i
1 � aei!

hjZ.!/j2i
1 � ae�i!

hjZ.!/j2i

1
CCA : (9.115)



9.5 Cross-Spectral Analysis 377

The coherence between X.t/ and Z.t/ is equal to one for all frequencies and the
phase spectrum reads


XZ.!/ D arctan

�
a sin!

1 � a cos!

	
: (9.116)

Remarks.

• If the delay between the processes is zero, the phase spectrum is zero. This
is only possible if QCij .!/ is real-valued. Based on this knowledge, it has
been suggested that the cross-spectrum should be separated into a real and an
imaginary contribution

QCij .!/ D R ˚ QCij .!/

C I ˚ QCij .!/



: (9.117)

The real-valued part originates from non-delayed interactions between the two
components i and j of the vector-process Y.t/. Example, common noise
influences occurring in several applications will be reflected in the real-part. As
identical noise contributions onto the two components are not reflecting a true
interaction between the processes, it was suggested to analyze only the imaginary
part, defining the imaginary coherence (Nolte et al. 2004)

ICohij .!/ D
ˇ̌I ˚ QCij .!/


ˇ̌
q
QCii .!/ QCjj .!/

: (9.118)

This imaginary coherence enables the investigation of interactions that are
subject to a nonzero time lag. This is particularly interesting when real-world
signals are analyzed, in which one actually expects input/output relations with
a certain time lag. Coherence might potentially be influenced by common noise
contribution as they occur for instance in cross-talk during data acquisition.

• The spectral matrix consists of the spectra on the diagonal and the cross-spectra
as the off-diagonal entries. In Sects. 9.2 and 9.4 we have discussed various ways
to estimate the spectrum. For the cross-spectrum between the components i and
j of Y.t/, the estimation procedure works similar to spectral estimation. Similar
to (9.46), we define the cross-periodogram between components i and j by

QIij;N .!/ D QYi;N .!/ QY Hj;N .!/ i; j D 1; : : : ; n (9.119)

with .�/H denoting hermitean transposition. Based on the definition of the cross-
periodogram, the consistent estimation works as for the spectra.

• In cross-spectral analysis it is essential that consistent estimators for the spectral
matrix are derived. If instead of the cross-spectral and auto-spectral estimates, the
cross- and auto-periodograms were used in (9.118), the coherence would always
be one.
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For an n-dimensional autoregressive process

X.t/ D
pX

kD1
˛kX.t � k/C �.t/ (9.120)

�.t/ / WN.0; ˙/

of order p it is possible to decide whether components i and j interact directly by
checking for ˛ij;k ¤ 0 for any k. Whenever more than two processes are involved
and enter the analysis it is, however, an interaction can also only be an indirect one.
In such a case the interaction from component j onto i might be mediated by some
component l , i.e. ˛il;k˛lj;k ¤ 0. A corresponding autoregressive process could for
instance be

X1.t/ D ˛12;1X2.t � 1/C �1.t/;
X2.t/ D ˛23;1X3.t � 1/C �2.t/;
X3.t/ D ˛33;1X3.t � 1/C �3.t/ : (9.121)

Here ˛13;1 D ˛31;1 D 0, but ˛12;1˛23;1 ¤ 0. The influence from process X3.t/ onto
X1.t/ is mediated by X2.t/.

An example, which shows a quite different structure of dependence is

X1.t/ D ˛11;1X1.t � 1/C �1.t/;
X2.t/ D ˛22;1X2.t � 1/C �2.t/;
X3.t/ D ˛31;1X1.t � 1/C ˛32;1X2.t � 1/C �3.t/ : (9.122)

Both X1 and X2 exert influence on X3 (and on itself) at the next time step, but there
is no interaction between X1 and X2; the coherence X1.t/ and X2.t/ is zero. This
situation is called ‘marrying parents of a joint child’: the two ‘parents’ X1 and X2
share a common child.

A useful notion in such situations is the so called partial spectral matrix, which
for an n-dimensional autoregressive process (9.120) reads

QPC.!/ D �1 �
pX

kD1
˛kei!k�H˙�1

�
1 �

pX

kD1
˛kei!k� : (9.123)

Here, the coefficient matrices of the vector autoregressive process enter non-
inversely. The normalized quantity is the so-called partial coherence

PCohij.!/ D
ˇ̌ QPCij .!/

ˇ̌
q
QPCi i .!/ QPCjj .!/

; i; j D 1; : : : ; n ; i ¤ j : (9.124)
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The partial coherence simplifies if the covariance matrix of the driving noise

˙ D

0

BBB@

�211 0 : : : 0

0 �222 : : : 0
:::

: : :
:::

0 0 : : : �2nn

1

CCCA

is diagonal. This assumption is often fulfilled. We note that it presents only a
simplification of the argument and is not crucial for the conclusions drawn next;
for details about the general case we refer the interested reader to Dahlhaus (2000).

For a diagonal noise covariance matrix˙ we get for the partial coherence

PCohij.!/ D
ˇ̌ QPCij .!/

ˇ̌
q
QPCi i .!/ QPCjj .!/

; i; j D 1; : : : ; n ; i ¤ j (9.125)

D
ˇ̌
ˇ
Pn

mD1.ımi �
Pp

kD1 ˛mi;ke�i!k/ 1
�2mm

.ımj �Pp

kD1 ˛mj;kei!k/
ˇ̌
ˇ

r
Pn

mD1
ˇ̌
ˇımi �Pp

kD1 ˛mi;kei!k/ 1
�mm

ˇ̌
ˇ
2Pn

mD1
ˇ̌
ˇımj �Pp

kD1 ˛mj;kei!k/ 1
�mm

ˇ̌
ˇ
2

i; j D 1; : : : ; n ; i ¤ j :

The partial coherence does not vanish if

1. ˛ij;k or ˛j i;k are not zero for at least one k, i.e. there is a direct interaction
between the two processes. In this case also the coherence function does not
vanish,
or

2. ˛mi;k and ˛mj;k are both nonzero for at least one k and one m, i.e. components
i and j exert an influence on a process m. This happens in the model which is
called ‘marrying parents of a joint child effect’, but now the coherence function
vanishes.

The case in which the interaction is mediated by another process as in (9.121)
the partial coherence function vanishes, but the coherence function is nonzero.

Thus by means of a coherence and partial coherence analysis one can discrimi-
nate between the three different settings: direct interaction between processes i and
j (Coherence and partial coherence are nonzero), ‘marrying parents of a joint child
effect’ (only partial coherence is nonzero). In the case where process i and j interact
only mediated by another process (i.e. there is no additional ‘marrying’ effect) only
the coherence is nonzero.

The partial phase spectrum can be defined via the argument

P
ij .!/ D arg. QPCij .!// :
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If no autoregressive representation is available for the processes, partial coher-
ence and partial phase spectrum can be defined for arbitrary processes by using the
following definitions of the spectral matrix

QC.!/ D h QY.!/ QYH.!/i ; (9.126)

where QY.!/ denotes the Fourier transform of Y.t/, and the inverse, the partial
spectral matrix is

QPC.!/ D QC�1.!/ : (9.127)

Estimation of the partial spectral matrix can numerically efficiently be performed
by inverting the spectral matrix for every frequency !.

We like to note that the coherence as well as the partial coherence are symmetric
measures of the strength of interaction, as Cohij .!/ D Cohj i .!/ and PCohij .!/ D
PCohj i .!/. The phase spectrum changes its sign, i.e. 
ij .!/ D �
j i .!/ and
P
ij .!/ D �P
ji .!/. This is in particular remarkable as the coefficient matrices
of the autoregressive process enter the definition for the partial spectral matrix
(9.123). The not necessarily symmetric coefficient matrices are symmetricized in
the equation (9.123), rendering the investigation towards the direction of infor-
mation flow impossible. This will be discussed further in the Section on Granger
causality.

9.6 Frequency Distributions for Nonstationary Time Series

In the previous sections we defined the spectrum of a stationary stochastic process
fY.t/g and introduced the periodogram as a first, albeit inconsistent, estimator. In
Sect. 9.4 we then derived a consistent estimator for the spectrum by filtering the
periodogram.

In the case of a nonstationary time series we may proceed as follows: We split the
time series into small segments such that the time dependence within each segment
can be neglected. For each segment we estimate the spectrum and thereby obtain a
first insight into the time dependence of the spectrum. The shorter these segments
are, the better fulfilled is the assumption of stationarity within each segment.
However, the number of frequency points on which the estimation of the spectrum
is based naturally becomes smaller. If the segments are chosen to be strongly
overlapping, one obtains a relatively smooth time dependence of the spectrum. If
the time-dependent spectrum of a nonstationary time series is determined by this
method, one also speaks of a spectrogram. Figure 9.17d shows such a spectrogram.
The original signal is a sine curve with an oscillating frequency between 1,000 and
4,000 Hz. Figure 9.17a shows the frequency as a function of time, and in Fig. 9.17b,
c two segments from the signal are reproduced.
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Fig. 9.17 Frequency of the signal as a function of time (a); two segments from the time series
(b, c); spectrogram (d): The frequency dependence is plotted vertically, the intensity is a measure
for the height of the spectrum. The maximum of the spectrum varies in time in the same way as the
frequency (Even if a white noise with variance 1 is superimposed on the time series, this variation
of the maximum will be still evident)

The spectrogram may be considered as a special case of a more general time–
frequency distribution. In order to introduce such a generalized time-frequency
distribution, we define the covariance for a stochastic process fY.t/g in a sym-
metrized form by

C.t; �/ D hY.t � �/Y.t C �/i : (9.128)

In the stationary case, which we always have in mind as the limiting case, we
might replace t ! t C � to obtain C.t; �/ D hY.t/Y.t C 2�/i. The symmetrized
definition therefore consists only in a different normalization of � .

The covariance now also depends on the time t . Nevertheless, we again take the
Fourier transform with respect to � :
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W.t; !/ D
1X

�D�1
C.t; �/ e2i!� : (9.129)

The function W.t; !/ is called the Wigner–Ville spectrum. For a stationary process
it is identical, to within a constant factor, to the spectrum QC.!/.

For a (finite) time series fY.t/; t D 1; : : : ; N g we may define the following
estimator for the Wigner–Ville spectrum:

OWN.t; !/ D
X

�

Y.t � �/Y.t C �/e2i!� : (9.130)

Here OWN .t; !/ is the Wigner–Ville distribution of the time series fY.t/; t D
1; : : : ; N g. The Wigner–Ville distribution is regarded as the fundamental time–
frequency distribution; it corresponds to the periodogram for stationary processes.
Similar to the way in which we construct consistent estimators from the peri-
odogram by filtering, where we may choose among various possibilities, here too we
can introduce further frequency distributions by a convolution of the Wigner–Ville
distribution with some kernel Q̊ .t � t 0; ! � !0/.

We therefore define the general time-dependent frequency distribution for a
stochastic process by

OQCN .t; !/ D
X

t 0

X

!0

Q̊ .t � t 0; ! � !0/ OWN.t
0; !0/ : (9.131)

A kernel whose effect is simply the averaging of OWN.t; !/ over all instants t D
1; : : : ; N of the time series, as might be advantageous for time series of stationary

processes, just leads back to the estimator OQCN .!/ for the spectrum QC.!/, i.e., the
periodogram, because this may also be written as

OQCN .!/ DbIN .!/ D 1

2�

X

t;�

1

N
Y.t � �/Y.t C �/ e2i!� : (9.132)

The choice Q̊ .t � t 0; ! � !0/ D 1
N
ı.! � !0/ thus yields the periodogram. Taking

Q̊ .t � t 0; ! � !0/ D 1

2�

1

N
KM.! � !0/ ; (9.133)

we can construct a consistent estimator for the spectrum of stationary processes.
With

Q̊ .t � t 0; ! � !0/ D wR.t � t 0/KM.! � !0/ ; (9.134)

where wR.t � t 0/ denotes the window function for the segmentation of the time
series into individual sections, we again obtain the spectrogram.



9.7 Filter Banks and Discrete Wavelet Transformations 383

An ansatz for the kernel which has proven to be useful for many practical
purposes is

Q̊ .t � t 0; ! � !0/ D 1

2��1�2
exp

�
� .t � t

0/2

2�21
� .! � !

0/2

2�22

�
; (9.135)

where �1 and �2 are two parameters. OQCN .t; !/ is then also called the smoothed
pseudo-Wigner distribution.

We may also take the Fourier transformation of the kernel Q̊ or the Wigner–Ville
distribution with respect to both arguments. This leads to the so-called ambiguity
function A.�; �/, which may also be written as

A.�; �/ D
NX

tD1
Y.t � �/Y.t C �/ei�t : (9.136)

In terms of the Fourier transform ˚.�; �/ of the kernel function Q̊ we also have
the relation OQCN .t; !/ D

X

�

X

�

˚.�; �/A.�; �/e�i�t e�2i�! : (9.137)

For this representation, if ˚.�; �/ D N�1ı.�/, we recover the periodogram;˚ � 1
corresponds to the Wigner distribution.

9.7 Filter Banks and Discrete Wavelet Transformations

In Sect. 9.3 we wrote the filtering of a time series fX.t/g in the form

Y.t/ D h.B/X.t/ D
X

k

hkB
�kX.t/ D

X

k

hkX.t � k/ : (9.138)

Here B denotes the shift operator defined by BkX.t/ D X.t C k/. There we also
discussed various filters, characterized by the function h.B/ or h.z/; z 2 C. For a
causal FIR filter, h.z/ was a polynomial in z�1.

The inverse of such an FIR filter, however, constitutes always an IIR filter, unless
h.z/ has the trivial form h.z/ D z�l , corresponding to a simple shift of time Y.t/ D
X.t�l/. A reconstruction of the time seriesX.t/ from the filtered time series Y.t/ is
therefore only possible, if at all, with an IIR filter. If we insist that the FIR property
also applies to the reconstruction of the time seriesX.t/, we have to look at so-called
filter banks, i.e., a set of filters which may be organized into a matrix. Indeed, for an
M 	M -matrix QH.z/ whose elements are polynomials in z, it is possible to have an
inverse matrix QH�1.z/ which is also a polynomial in z, provided the determinant of
QH.z/ satisfies
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det QH.z/ D const z�l ; (9.139)

where l is arbitrary. The reason is that the matrix elements of the inverse of a matrix
are given by

. QH�1/ij .z/ D .j; i/th cofactor of QH.z/
det QH.z/ : (9.140)

The .j; i/th cofactor of QH.z/ is a polynomial in z if QH.z/ is. As the denominator
depends on z only in the form zl , the inverse matrix QH�1.z/ is also a polynomial in z.

To make use of this property we consider the z-transform

X.z/ D
X

t

X.t/z�t (9.141)

of X.t/. We do not specify the limits for this summation. For those values of t for
which X.t/ is not defined by the series we set X.t/ D 0.

We now introduce the M -phase resolution of X.z/ as an M -dimensional vector
X.z/ with components

X
.z/ D
X

t

X.M t � 
/z�t ; 
 D 0; : : :M � 1 : (9.142)

Such a vector X.z/ with M components X
.z/; 
 D 0; : : : ;M � 1 can be
constructed from any time series X.t/. On the other hand, if this vector X.z/ is
given, we can recover the z-transform of X.z/ by

X.z/ D
M�1X


D0
X
.z

M /z
 : (9.143)

For M D 2, for example, X .z/ D .X0.z/; X1.z//, where

X0.z/ D
X

t

X.2t/z�t and X1.z/ D
X

t

X.2t � 1/z�t ; (9.144)

and again

X.z/ D X0.z2/CX1.z2/z (9.145)

D
X

t

X.2t/z�2t C
X

t

X.2t � 1/z�2tC1 D
X

t

X.t/z�t : (9.146)

We now consider the following filter on X.z/:

Y .z/ D QH.z/X.z/ ; (9.147)
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where QH.z/ is an M 	 M matrix. Hence, if QH.z/ is a polynomial in z, and if the
determinant of QH.z/ is of the form (9.139), then the inverse transformation

X.z/ D QH�1.z/Y .z/ (9.148)

also represents an FIR filtering. In the following we want to examine forM D 2 the
filtering with the matrix QH with elements

H
˛.z/ D
nX

kD0
c
 .2k C ˛/z�k ; (9.149)

where the coefficients c
 .k/ are suitably chosen.
Before deriving conditions for these coefficients, let us have a closer look at the

factor equations (9.147) and (9.148).

The filter QH.z/ For M D 2 we obtain, with H
˛.z/ in the form (9.149),

Y
.z/ D
X

t

 
nX

kD0
c
 .2k/X.2t/z

�t�k C
nX

kD0
c
 .2k C 1/X.2t � 1/z�t�k

!

D
X

t

 
2nC1X

lD0
c
 .l/X.2t � l/

!
z�t : (9.150)

In general we also obtain

Y
.t/ D
2nC1X

lD0
c
 .l/X.2t � l/ D

X

m

c
.2t �m/X.m/ : (9.151)

The summation limits for m result from the convention that all coefficients c
 .: : :/
which have not been defined before shall be equal to zero.

With the elements H
˛.z/ of the filter matrix QH.z/ we construct the filters

C
.z/ D
M�1X

˛D0
H
˛.z

2/z�˛ : (9.152)

From (9.149) we obviously have

C
.z/ D
1X

˛D0

nX

kD0
c
 .2k C ˛/z�2k�˛ (9.153)

D
2nC1X

k0D0
c
 .k

0/z�k0

; 
 D 0; 1 : (9.154)
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It turns out that each componentY
.z/ of Y .z/may also be obtained by the following
operation: Filtering of X.t/ with C
.z/, i.e.,

Y 0
 .z/ D C
.z/X.z/ ; (9.155)

followed by a so-called ‘down-sampling’. Here, down-sampling of a time series
means that only the values at the instants t D 0 mod M are taken into account.
For M D 2, for example, this means that we only select the values for even times t
from the series Y 0
 .t/ to obtain the series Y
.t/. Hence, the filtering of a time series
X.t/ of length N leads to two time series .Y0.t/; Y1.t//, each having length N=2
(N shall be even). We thus get

Y 0
 .z/ D
X

k0

c
 .k
0/z�k0

X

t

X.t/z�t (9.156)

D
X

t

X

k0

c
 .k
0/X.t � k0/z�t ; (9.157)

and ‘down-sampling’ (t ! 2t) leads to Y
.z/ or Y
.t/. Analogously, for generalM
we obtainM time series of lengthN=M , with possible boundary effects if N is not
divisible byM .

The inverse filter QH�1.z/ The vector X.z/ may be represented as a sum of M
contributionsX.�/.z/. Indeed, each of these contributions results if we only take into
account one component Y�.z/ in (9.148). For a given value of �; � D 0; : : : ;M � 1
we therefore set

X.�/

 .z/ D . QH�1/
�.z/Y�.z/ ; 
 D 0; : : : ;M � 1 : (9.158)

This defines M contributions to X
.z/. According to (9.143) we construct from
these

X.�/.z/ D
M�1X


D0
X.�/

 .zM/z
 ; (9.159)

and thereby also find a splitting of X.z/ into M contributions fX.�/.z/; � D
0; : : : ;M � 1g:

X.z/ D
M�1X

�D0
X.�/.z/ : (9.160)

If we write . QH�1/
�.z/ in the form

. QH�1/
�.z/ D
nX

kD0
d�.2k C 
/zk ; (9.161)
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we get

X.�/.z/ D
X

k

�
d�.2k/z

2k C d�.2k C 1/z2kC1
�
Y�.z

2/ (9.162)

D
2nC1X

lD0
d�.l/z

l
X

t

Y�.t/z
�2t (9.163)

D
X

m

 
X

t

d�.2t �m/Y�.t/
!

z�m (9.164)

�
X

m

X.�/.m/z�m : (9.165)

Hence, in our exampleM D 2, the time seriesX.m/may be reconstructed from the
time series Y0.m/; Y1.m/ by

X.m/ D
X

t

�
d0.2t �m/Y0.t/C d1.2t �m/Y1.t/

�
: (9.166)

Equations 9.160 and 9.166 represent a segmentation of the time series X.t/
which will give rise to various approximations as well as methods for its inves-
tigation. This will be discussed after we have studied the possible form of the
matrix QH.z/.

From the representation (9.161) for . QH�1/
�.z/we obtain the reconstruction filter
in the form

D�.z/ D
2nC1X

lD0
d�.l/z

l ; � D 0; 1 ; (9.167)

such that now X�.z/ D D�.z/Y�.z2/ (cf. (9.165)). In this form the filter D�.z/ is
acausal, since it is a polynomial in z, not in 1=z. However, if we write D�.z/ D
z2nC1D0�.z/, with

D0�.z/ D
2nC1X

lD0
d�.l/z

l�2n�1 D
2nC1X

mD0
d�.2nC 1 �m/z�m ; (9.168)

the filter D�.z/ has been factorized into a causal filter D0�.z/ and a second
filter z2nC1, which only causes a time shift. Apart from the latter, a reconstruc-
tion filter therefore consists of a causal filter, characterized by the coefficients
fd�.2nC 1 �m/g.

This completes the discussion of the filters QH.z/ and QH�1.z/.
Two explicit classes of filter banks The condition that the filter bank QH.z/ has a
determinant which is a monomial of the form czl still admits many possibilities. We
will now consider two explicit classes of filter banks for the case M D 2.
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Suppose, first, that QH.z/ be of the form

QH.z/ D A0Sl�.z/Sl�1�.z/ : : : S1�.z/ : : : S0 ; (9.169)

with

A0 D
 
1 1

1 �1

!
; �.z/ D

 
1 0

0 z�1

!
(9.170)

and

Sj D
 
aj bj

bj aj

!
; (9.171)

for arbitrary parameters aj ; bj . (Sj does not depend on z.)
Evidently, the determinant of such a matrix has the required form c zl . We will

see that the symmetry of the matrices Sj leads to a symmetry of the filters C
.z/,
so that they have a linear phase. Furthermore, the length of these filters for different

 is equal by construction. The matrix A0 to the left of Sl in (9.169) is a matter of
convention.

Secondly, let QH.z/ be of the form

QH.z/ D �.�1/Rl�.z/Rl�1�.z/ : : : R1�.z/ : : : R0 ; (9.172)

with

�.z/ D
 
1 0

0 z�1

!
and Rj D

 
cos �j sin �j

� sin �j cos �j

!
: (9.173)

The matrix�.�1/ to the left of Rl in (9.172) is again convention. The matrices Rj
are obviously orthonormal, and therefore

QH�1.z/ D QHT .z�1/ : (9.174)

From the representations (9.149) and (9.161) we obtain in this case for the
coefficients of the filters C
 andD
 :

c
 .m/ D d
.m/ : (9.175)

9.7.1 Examples of Filter Banks

1. Let M D 2 and

QH.z/ D
 
1 1

1 �1

!
: (9.176)
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This is the only filter bank with a linear phase which is also orthogonal. We have

Y0.z/ D
N=2X

tD0

�
X.2t/CX.2t � 1/

�
z�t ;

Y1.z/ D
N=2X

tD0

�
X.2t/ � X.2t � 1/

�
z�t ;

and therefore

C0.z/ D 1C z�1; and C1.z/ D 1 � z�1 : (9.177)

C0 is a low-pass filter, C1 a high-pass filter. This filter bank is also known as a
Haar filter bank (after A. Haar, who first described it in his thesis of 1909).

The inverse matrix of QH.z/ is easily written down. Reconstruction of X.z/,
taking into account only the contribution Y0.z/, leads to

X
.0/
0 .z/ D 1

2
Y0.z/

X
.0/
1 .z/ D 1

2
Y0.z/ ;

and thus

X.0/.z/ D X.0/
0 .z2/CX.0/

1 .z2/z D 1

2
.1C z/Y0.z

2/ ;

and for X.1/

k .z/

X
.1/
0 .z/ D 1

2
Y1.z/

X
.1/
1 .z/ D �1

2
Y1.z/ ;

i.e.,

X.1/.z/ D X.1/
0 .z2/CX.1/

1 .z2/z D 1

2
.1� z/Y1.z

2/ :

We obtain a decomposition of X.t/ into a low-frequency and a high-frequency
part (Fig. 9.18).

2. Let M D 2 and

QH.z/ D
 
1 0

0 �1

! 
cos �1 sin �1

� sin �1 cos �1

! 
1 0

0 z�1

! 
cos �2 sin �2

� sin �2 cos �2

!
:

(9.178)
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Fig. 9.18 Decomposition of a time series X.t/, represented in (a), into two filtered parts Y0.t/
and Y1.t/, each having half the length (b), as well as a low-frequency part X.0/ in (c) and a high-
frequency part X.1/ in (d)

Comparison with the form

QH.z/ D
 
c0.0/C c0.2/=z c0.1/C c0.3/=z

c1.0/C c1.2/=z c1.1/C c1.3/=z

!
(9.179)

leads to the coefficients

c0.0/ D cos �1 cos �2 ; c0.1/ D cos �1 sin �2

c0.2/ D � sin �1 sin �2 ; c0.3/ D sin �1 cos �2

and c1.k/ D .�1/kc0.3 � k/. As a consequence of orthogonality we obtain

3X

kD0
c20.k/ D 1I

3X

kD0
c21.k/ D 1I

3X

kD0
c0.k/c1.k/ D 0 : (9.180)
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3. Let M D 2 and

QH.z/ D
 
1 1

1 �1

! 
a b

b a

! 
1 0

0 z�1

! 
a0 b0

b0 a0

!
(9.181)

D
 
.aC b/.a0 C b0=z/ .aC b/.b0 C a0=z/

.a � b/.a0 � b0=z/ .a � b/.b0 � a0=z/

!
: (9.182)

Now

C0.z/ D .aC b/a0 C .aC b/b0z�1 C .aC b/b0z�2 C .aC b/a0z�3;
C1.z/ D .a � b/a0 � .a � b/b0z�1 C .a � b/b0z�2 � .a � b/a0z�3 :

While
C0.z/ � c0.0/C c0.1/z�1 C c0.2/z�2 C c0.3/z�3

satisfies the symmetry relation c0.k/ D c0.3 � k/; k D 0; 1, we find for

C1.z/ � c1.0/C c1.1/z�1 C c1.2/z�2 C c1.3/z�3

the relation c1.k/ D �c1.3 � k/; k D 0; 1.

Filter banks which are frequently used or intensively studied often carry the
names of their inventors. Thus one finds Daubechies filter banks of various order
(after I. Daubechies), several Coiflets filter banks (after R. Coifman) and Meyer filter
banks (after Y. Meyer). Other filter banks are named ‘symlets’ or ‘morlets’. Since
these filter banks play an important role for the discrete wavelet transformations,
they are sometimes also referred to as wavelets. For a more detailed discussion see
e.g. Strang and Nguyen (1996) or the Matlab Wavelet Toolbox (Misiti et al. 1996).

Having decomposed a time series X.t/ into M components Y�.t/, or X.�/,
� D 0; : : : ;M � 1, each of these components may now of course be decomposed
again by the same procedure. This may lead finally to an entire cascade of
decompositions of the time series X.t/ into different types of summands. A
particularly useful and clear decomposition for M D 2 is the following: After
each decomposition the so-obtained low-frequency part is decomposed again. For
instance, if we write

X.t/ D X.0/.t/CX.1/.t/ � a1.t/C d1.t/ ; (9.183)

where a1.t/ shall denote the low-frequency part X.0/.t/, then a1.t/ is decomposed
further

a1.t/ D a1.0/.t/C a1.1/.t/ � a2.t/C d2.t/ ; (9.184)

and, eventually,

a2.t/ D a3.t/C d3.t/ : (9.185)
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Hence, in this case X.t/ is a sum of the form

X.t/ D a3.t/C d3.t/C d2.t/C d1.t/ : (9.186)

Each level yields a new high-frequency part such that in the end X.t/ is
represented as a sum of all these high-frequency contributions d1; d2; : : :, which are
also referred to as details, plus the remaining low-frequency contribution from the
last decomposition, i.e., in the above example, a3.t/. The individual low-frequency
parts a1; a2; : : : are also called approximations. In Fig. 9.19 such a decomposition
is shown for the case of five successive levels.

This type of decomposition is called a discrete wavelet transformation. It can
have various advantages:

1. A clever choice for the filter bank and the degree of decomposition may split
the time series X.t/ into different frequency contributions in such a way that
essential characteristics become evident (cf. Fig. 9.20).

2. Those contributions in the high-frequency parts, likeX.1/.t/; X.01/.t/, which are
smaller than some given threshold may be set to zero. This has two effects:

• A smoothing of X.t/. This strategy is used for the denoising of signals as
illustrated in Fig. 9.21.

• A compression of the signal. If X.t/ in (9.186) consists of 1; 024 data points
(t D 1; : : : ; 1; 024/, then X.0/.t/ may be determined from 512, X.00/.t/ from
256, and X.000/.t/ from 128 data points. (One should recall that Y0.t/, from
which e.g. X.0/.t/ can be determined, contains only half the number of data
points.) If none of the high-frequency contributions were taken into account,
we would have achieved a compression by a factor of 23.

9.8 Wavelets

The filter banks presented in the previous section permit the decomposition of a time
series into various contributions which reflect the temporal correlations in different
frequency bands.

We will now develop such a ‘multiresolution’ of a process from a completely
different point of view. We will find, however, that this leads back to filter banks
again.

9.8.1 Wavelets as Base Functions in Function Spaces

Let L2 be the set of real-valued functions ff .t/g which are square integrable with
respect to the scalar product

hf; gi D
Z

dt f .t/g.t/ : (9.187)
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Fig. 9.19 Decomposition of a time series X.t/ (top plot) in five levels such that the signal is
represented as the sum of the approximation a5.t/ of the fifth level (second plot) and the details
d1; : : : ; d5 of the levels 1 to 5 (third to seventh plot). The different details represent the signal in
different frequency bands. The approximation a5.t/ corresponds to an extreme smoothing of the
signal
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Fig. 9.20 Signal with a sudden frequency change (top), its first approximation (center), and its
first detail (bottom), determined with a Daubechies filter of order one. A strong evidence of this
change is seen in the first detail function
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Fig. 9.21 Signal (top) and denoised signal (bottom), smoothed by a Daubechies filter of order five
with a five-level decomposition (Example taken from Matlab5 Wavelet Toolbox)

We consider a sequence of subspaces Vj ; j D 0; 1; : : : of L2 for which

V0 
 V1 
 : : : Vj 
 VjC1 
 : : : : (9.188)

The component of a function f .t/ in Vj , which will be denoted by fj .t/, will in
general only be an approximation. For j ! 1 the function spaces fVj g converge
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to L2, and therefore fj .t/ will converge to f .t/. Let us now look at the spaces
Wj ; j D 0; : : :, which are the respective augmentations of the function spaces and
are defined by

V1 D V0 ˚W0; and in general VjC1 D Vj ˚Wj : (9.189)

We will write wj .t/ to denote the contribution of the function f .t/ in Wj ;

j D 0; 1; : : :, and 
0.t/ will be the contribution in V0. Then f .t/ may be written as

f .t/ D 
0.t/C w0.t/C w1.t/C : : :C wj .t/C : : : : (9.190)

This represents a multiresolution.
Let us now investigate how to choose the sequence of spaces fVj g suitably.
If g.t/ is a function in Vj , then we require that

1. The functions g.t � k/; k D ˙1;˙2; : : : are also functions in Vj (and therefore
also in VjC1),

2. The functions g.2t � k/; k D 0;˙1;˙2; : : : are functions in VjC1,
3. There exists a function 
.t/ such that f
k.t/ � 
.t � k/; k D 0;˙1; : : :g is a

complete and orthonomal basis in V0.

We will always deal with functions which are different from zero only in a finite
interval. For the function g.2t � k/ this interval is shifted by k and smaller by a
factor of 2 than the interval of g.t/. We say that the scale of g.2t/ is smaller by
a factor of 2.

We will show shortly that these requirements can be fulfilled by giving an
explicit example. First, however, we want to elaborate some consequences of these
assumptions:

The base functions in Vj ; j D 1; 2; : : :, and the scaling function If f
k.t/ D

.t � k/; k D 0;˙1; : : :g is a basis of V0, then

f
jk.t/ D 2j=2
.2j t � k/; k D 0;˙1; : : :g (9.191)

is a basis in Vj . By assumption we know that 
.t/ in V0 implies 
.2t�k/ in V1, etc.,
i.e., 
.2j t�k/ in Vj for all k. Since f
.t�k/g represents a basis in V0, f
.2t�k/g
represents a basis in V1. Normalization leads to the prefactor.

Hence, the function 
.t/ determines all base functions. It is therefore the central
function for the multiresolution and is also referred to as scaling function.

Since V0 
 V1, the function 
.t/ can be expanded with respect to the basis
of V1, i.e.,


.t/ D p2
X

k

h.k/
.2t � k/ (9.192)
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with suitable coefficients fh.k/g. This equation is called the dilation equation.
Its solution determines the scaling function and thus the complete base of the
multiresolution. The functions f
.2t � k/g constitute an orthonormal basis, i.e.,
they satisfy Z

dt 
.t/
.t �m/ D ım0 : (9.193)

If we replace both factors in this integrand by the representation (9.192), we can
derive the following conditions for the coefficients fh.k/g:

X

k

h.k/h.k � 2m/ D ım0 : (9.194)

These conditions for the coefficients fh.k/g will later be identified with the
conditions for the coefficients of a filter bank.

The base functions in Wj , j D 1; 2; : : :, and the wavelet We will construct a basis
in W0. Any base function w.t/ in W0 has an expansion with respect to the base
functions in V1:

w.t/ D p2
X

k

g.k/
.2t � k/ ; (9.195)

and since w.t/ is orthogonal to the base functions of V0 we obtain for the coefficients
fg.k/g the relations

Z
dt w.t/
.t �m/ �

X

k

h.k/g.k � 2m/ D 0 : (9.196)

Furthermore, we want the functions fw.t � k/; k D 0;˙1; : : :g to form an
orthonormal basis, which yields in addition

Z
dt w.t/w.t �m/ D

X

k

g.k/g.k � 2m/ D ım0 : (9.197)

If these conditions are satisfied, we can also state the following: The functions
fwjk; k D 0;˙1; : : :g, defined by

wjk D 2j=2 w.2j t � k/; j D 0; 1; : : : ; k D 0;˙1; : : : ; (9.198)

form, for any given j (j D 1; : : :), a basis in Wj , and together with the base
functions of V0 they form an orthonormal basis of the entire space L2. The value
of j is called the scale of the base function wjk of Wj .

The function w.t/ is named ‘wavelet’. It determines this orthogonal basis, and it
itself is determined by the scale function 
.t/ and the coefficients fg.k/g, satisfying
the conditions (9.194), (9.196) and (9.197).
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Thus we have defined a framework where we can construct a complete orthonor-
mal basis in the function space L2 whose elements may be transformed into each
other purely by shifts and dilations. The expansion of an arbitrary function with
respect to this basis in the form

f .t/ D
X

k

f0k
.t � k/C
X

j;k

gjkwjk.t/ (9.199)

therefore describes a decomposition into contributions which describe the function
on different scales.

The wavelet components ff0k; gjkg of a function f .t/ are to be determined from

f0k D
Z

dt f .t/
.t � k/; gjk D
Z

dt f .t/wjk.t/ : (9.200)

In some sense the wavelet coefficients measure the agreement of the function f .t/
with the scale function 
.t � k/ or the wavelet wjk.t/ for all scales j and for all
points k.

In order to complete this framework we still have to show:

• How to determine the coefficients fh.k/; g.k/g. We shall see that each orthogonal
filter bank provides such a set of coefficients, i.e., each orthogonal filter bank
is associated with a wavelet and thus a special decomposition of the function
space L2;

• How to solve the dilation equation and determine the scale function and,
therefore, also the original wavelet w.t/;

• How the coefficients ff0m; gjkg of a given function f .t/ are obtained most
efficiently, e.g. by some recursive method.

We shall address the last question first. It will turn out that this leads us back to
the filter banks, and the problem of determining the coefficients, fh.k/; g.k/g, will
solve itself in the process.

9.8.2 Wavelets and Filter Banks

If we take 
1m.t/ D
p
2
.2t � m/ as base functions in V1 we obtain from the

dilation equation (9.192) for 
.t � k/


.t � k/ D p2
X

m

h.m/
.2t � 2k �m/

D
X

m

h.m � 2k/
1m.t/ : (9.201)
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Similarly from the wavelet equation (9.195) we get

w.t � k/ D p2
X

m

g.m/
.2t � 2k �m/

D
X

m

g.m � 2k/
1m.t/ : (9.202)

Multiplying both equations by f1.t/ 2 V1, and noticing that 
.t � k/ and w.t � k/
are base elements in V0 and W0, respectively, we obtain

f0k �
Z
f1.t/
.t � k/ D

X

m

h.m � 2k/f1m (9.203a)

g0k �
Z
f1.t/w.t � k/ D

X

m

g.m � 2k/f1m : (9.203b)

From these equations we can determine the lowest coefficients ff0m; g0mg from
ff1mg. In an analogous way we obtain the recursion formulas

fjk D
X

m

h.m � 2k/f.jC1/m

gjk D
X

m

g.m � 2k/f.jC1/m
(9.204)

as well as the inverse relation:

f.jC1/k D
X

l

h.k � 2l/fjl C
X

l

g.k � 2l/gjl : (9.205)

Here, ff0k; g0k; g1k; : : : ; gjkg are the wavelet components needed to represent a
function fjC1.t/ 2 VjC1 according to (9.199).

Let us compare (9.204) and (9.205) with the respective (9.151) and (9.166),
which we write down again for convenience:

Y
.t/ D
X

m

c
.2t �m/X.m/ ; (9.206)

X.m/ D
X

t

�
d0.2t �m/Y0.t/C d1.2t �m/Y1.t/

�
: (9.207)

Taking

h.2nC 1 �m/ D d0.m/ D c0.m/; m D 0; : : : ; 2nC 1 ; (9.208a)

g.2nC 1 �m/ D d1.m/ D c1.m/; m D 0; : : : ; 2nC 1 ; (9.208b)
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where 2nC 1 is the length of the filter fC
;D
 g (cf. (9.154)), the equations (9.204)
for j D 0 agree with (9.206). The same holds for (9.205) and (9.207). In this case,
X.m/ corresponds to the wavelet coefficient f1m, Y0.m/ to the coefficient f0m, and
Y1.m/ to the coefficient g0m.

The set of coefficients fh.k/; g.k/g therefore corresponds to the coefficients of
the reconstruction filter (cf. (9.168)). For this choice of fh.k/; g.k/g, the conditions
(9.194), (9.196), and (9.197) become conditions for fc0.k/; c1.k/g which according
to (9.180) are satisfied for an orthogonal filter bank.

In this way we may derive from a set of filters fc0.k/; c1.k/g belonging to an
orthogonal filter bank a set of coefficients fh.k/; g.k/g for the definition of a scale
function and a wavelet. For the wavelet components one finds exactly the same
relations (9.204) as hold among the low-frequency part of a certain decomposition
level and the contributions from the next larger scale (next smaller j ).

Proceeding from the expansion of a function f .t/

f .t/ D
NX

kD1
X.k/
.t � k/ ; (9.209)

we may study not only function spaces with base functions on smaller scales, but
also ones with larger scales. We now consider the decompositions V0 D V�1˚W�1,
V�1 D V�2 ˚W�2, etc., and

wjk D 2�j=2 w.2�j t � k/; j D 0; 1; : : : ; k D 0;˙1; : : : (9.210)

are the base functions on these larger scales. It is this sequence of decompositions
which we need here, because if we use (9.205) to write

f .t/ �
NX

kD1
f0k
.t � k/ (9.211)

D
NX

kD1

 
X

l

h.2l � k/f�1l C
X

l

g.2l � k/g�1l
!

.t � k/ ; (9.212)

we finally obtain with the aid of the dilation equation and the wavelet equation

f .t/ D
NX

lD1
f�1l

1p
2

.2�1t � l/C

NX

lD1
g�1k

1p
2

w.2�1t � k/ ; (9.213)

i.e., the corresponding decomposition into V�1 ˚W�1.D V0/.
We should add two important remarks:

• The time series X.t/; t D 1; : : : ; N does not correspond to the values of f .t/ at
fixed, integer arguments t , but to the expansion coefficients in (9.209). If f .t/ is
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Fig. 9.22 Wavelet coefficients of a self-similar Koch curve. One clearly sees that for certain shift
parameters b the coefficients are comparatively large (of high intensity) for all scales a

known for t D 1; : : : ; N , and if we want to determine the wavelet coefficients of
f .t/ from these values, we first have to solve the system of equations obtained
from (9.209) after inserting f .t/ for t D 1; : : : ; N with respect to X.t/,
t D 1; : : : ; N . The resulting values for X.t/ now represent the expansion
coefficients ff0t g, from which we obtain the other coefficients by recursion.

• We may alternatively introduce the wavelet base functions in the form

wa;b.t/ D 1p
a

w

�
t � b
a

�
; a > 0 ; b 2 R : (9.214)

The parameters a; b now can vary continuously. In this case the wavelet
components of a function f .t/ may be defined as

ca;b D
Z

dt f .t/wa;b .t/ : (9.215)

For b D ak and a D 2j we recover the wavelets defined in (9.210). In general
fca;bg will represent an over-determined set of wavelet components. However,
visualizing this set for some range of a and b often exhibits characteristic features
of the function f .t/ (Fig. 9.22).
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Fig. 9.23 Haar wavelets for various parameters .j; k/

9.8.3 Solutions of the Dilation Equation

A full discussion of the various methods of solving the dilation equation would go
far beyond the scope of this book. For selected filter banks, however, we will state
the solution.

The simplest wavelet results from the simplest filter bank. For the Haar filter
bank we have

QH.z/ D 1p
2

 
1 1

1 �1

!
; (9.216)

i.e.,

.c0.0/; c0.1// D 1p
2
.1; 1/ (9.217a)

.c1.0/; c1.1// D 1p
2
.1;�1/ : (9.217b)

With these coefficients we obtain for the dilation equation


.t/ D 
.2t/C 
.2t � 1/ (9.218)

and for the wavelet

w.t/ D 
.2t/ � 
.2t � 1/ : (9.219)
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Fig. 9.24 Scale function (left) and wavelet function (right) for various wavelets. From top to
bottom: Daubechies of order 2, Daubechies of order 6, Coiflet of order 3, symmetric wavelet of
order 4

In this case the solution of the dilation equation is quite simple. We find


.t/ D
(
1 for 0 < t < 1

0 otherwise :
(9.220)
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Hence, 
.2t/ reproduces the function 
.t/ in the interval .0; 1=2/, and

.2t � 1/ reproduces it in the interval .1=2; 1/. The wavelet w.t/ and the base
functions wjk.t/ D 2j=2w.2j t � k/ now are step functions, as shown in Fig. 9.23.

Next we consider the filter bank of the Daubechies filter of order 2 with

.c0.0/; c0.1/; c0.2/; c0.3// D 1

4
p
2
.1Cp3; 3Cp3; 3 �p3; 1 �p3/ ;

.c1.0/; c1.1/; c1.2/; c1.3// D 1

4
p
2
.1 �p3;�3Cp3; 3Cp3;�1 �p3/ :

Now

h D .h.0/; h.1/; h.2/; h.3// D 1

4
p
2
.1 �p3; 3 �p3; 3Cp3; 1Cp3/

D .�0:1294; 0:2241; 0:8365; 0:4830/;

g D .g.0/; g.1/; g.2/; g.3// D 1

4
p
2
.�1 �p3; 3Cp3;�3Cp3; 1 �p3/

D .�0:4830; 0:8365;�0:2241;�0:1294/ :

The dilation equation for this case is not so easy to solve. We show the results for
the wavelet in Fig. 9.24, which also includes further examples.



Chapter 10
Estimators Based on a Probability Distribution
for the Parameters

10.1 Bayesian Estimator and Maximum a Posteriori
Estimator

Given a model with a set � of p parameters, the probability of the observable
quantities y1:::N is �.y1:::N j�/. We may treat the set of parameters � also as a
random quantity. Let us denote the prior probability density, i.e., the probability one
may assume without knowledge of the data, by �.�/, whereas �.�jy1:::N /, i.e., the
density of � , given the data y1:::N , may be called the a posteriori density.

Then according to the Bayesian theorem, this a posteriori probability density is
given by

�.�jy1:::N / D �.y1:::N j�/ �.�/
�.y1:::N /

: (10.1)

Based on this density, we may define two slightly different estimators of the
parameters � of the model.

• The Bayesian estimator b�B for � is defined by the expectation value of � with
respect to the density �.�jy1:::N /:

b�B D
Z
dp � � �.�jy1:::N / : (10.2)

• The maximum a posteriori estimatorb�MAP is defined by

b�MAP D arg max� �.� jy1:::N / � arg max� .�.y1:::N j�/�.�//: (10.3)

For �.�/ / const:, the MAP estimator becomes identical to the maximum-
likelihood estimator.

Example. Let Y be identically distributed with expectation value � and variance �2,
and fy1:::N g be an independent sample from which the expectation value has to be

J. Honerkamp, Statistical Physics, Graduate Texts in Physics 38,
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estimated. The common estimator for the expectation value, which needs no prior
knowledge, is

b�N D 1

N

NX

iD1
Yi : (10.4)

b�N is an unbiased and consistent estimator for � , i.e.,<b�N ;>D 0 and Var.b�N/ �
�2=N converges to zero for N !1.

Now assume that, according to our prior knowledge, � is “near” �0. Mathemati-
cally this can be formulated as the assumption, that � is a realization of an normally
distributed random variable� with expectation value �0 and a variance �20 , i.e., with
density

�.�/ D 1p
2��0

e
� 1

2�20

.���0/2
: (10.5)

Because fYig are independent and normally distributed, we obtain for the density
�.y1:::N j�/

�.y1:::N j�/ / e�
1

2�2

PN
iD1.yi��/2 (10.6)

/ e� 1
2
.y��/2

�2=N
Cterms, not dependent on �

(10.7)

with y D 1

N

NX

iD1
yi ; (10.8)

and consequently

�.� jy1:::N / / �.y1:::N j�/ �.�/ / e
� 1

2��20

.���0/2
e
� 12 .y��/2

�2=N / e
� 12 .��O�B /

2

ḃ2B ; (10.9)

wherebyb�B and ḃB can be read off from

N
.y � �/2
�2

C .� � �0/2
�20

D
�
N

�2
C 1

�20

��
�2 � 2�

�
y

�2=N
C �0

�20

�

�
�
N

�2
C 1

�20

��1
C : : :

!
I

thus

ḃ2
B D

�
N

�2
C 1

�20

��1
(10.10)

�
�2

N

1C �2

N�20

(10.11)
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� �20

1C N�20
�2

; (10.12)

b�B D 1

1C �2

N�20

y C 1

1C �20N

�2

�0 (10.13)

� y C 1

1C �20N

�2

.�0 � y/ (10.14)

� �0 C 1

1C �2

N�20

.y � �0/ : (10.15)

Hence the random variable � jy1:::N is a normal random variable with expectation
valueb�B and variance ḃ2

B . The Bayesian estimator in this case is identical to the
MAP estimator. The expectation value and variance differ from the prior values of
�0 and �20 because of the influence of the data. Furthermore, compared to the values
y and �2=N for the common estimator, one observes that the variance is reduced at
the price of a bias.

On the other hand, the larger the prior variance �20 , the smaller the deviation
of mean and variance from their common values. That means that the case of no
prior knowledge can also be simulated by a normal prior distribution with a very
large variance. We will always have this in mind when we want to construct a prior
distribution with no knowledge at all for a variable with infinite range. A uniform
distribution then does not exist, but a normal distribution with a very large variance
will simulate the lack of information.

10.2 Marginalization of Nuisance Parameters

Within the context of an Bayesian estimator, one may skip the estimation of
parameters which are of no interest. Such parameters are called also nuisance
parameters.

Consider a particular problem, where two parameters �1 and �2 are involved, but
only, say �1, is of interest. Then we may marginalize

�.�1; �2jy1:::N / D �.y1:::N j�1; �2/�1.�1; �2/
�.y1:::N /

(10.16)

by integrating with respect to �2:

�.�1jy1:::N / D
Z
d�2�.�1; �2jy1:::N / D

Z
d�2

�.y1:::N j�1; �2/�1.�1; �2/
�.y1:::N /

: (10.17)
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If this integral can be computed analytically, we obtain a reduction of dimensionality
and a more tractable estimator by such a marginalization.

Example. We consider the general linear model,

Yi D
MX

jD1
KijXj C �i ; �i � N.0; �2/ ; i D 1; : : : ; N; (10.18)

where the matrix K may still depend on some parameters f!g. Two special,
particularly simple cases are, e.g., the model

Yi D A cos!ti C B sin!ti C �i ; i D 1; : : : ; N; (10.19)

so that K is the N �M matrix (with M D 2)

K D

0

BBB@

cos!t1 sin!t1
cos!t2 sin!t2
:::

:::

cos!tN sin!tN

1

CCCA and

�
X1

X2

�
D
�
A

B

�
; (10.20)

and the model
Yi D a0 C a1ti C �i (10.21)

so that K is the matrix

K D

0

BBB@

1 t1

1 t2
:::
:::

1 tN

1

CCCA and

�
X1
X2

�
D
�
a0
a1

�
: (10.22)

The likelihood function is given by

�.y1:::N j!; x; �/ D .2��2/�N2 e�
1

2�2
eT �e (10.23)

where
e D y �Kx (10.24)

and the a posteriori probability reads, e.g., in the first special example

�.!; x; � jy1:::N / D �.y1:::N j!; x; �/�!.!/�x.x/�� .�/
�.y1:::N /

: (10.25)

Now we have to formulate our prior knowledge about the parameters. Let us take

�!.!/ D const: (10.26)
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That means we have no knowledge at all about the value of the f!g set. With the
same argument, we may assume uniform priors for the values of x. An assumption
about the prior knowledge of the variance of the noise has to take into account that
� > 0. We may assume a uniform prior for log � , so that

��.�/ / 1

�
: (10.27)

As already remarked, taking these prior distributions as uniform, means that we
introduce normal distributions with a very large variance so that the influence of
their mean and variance can be neglected.

Let us now discuss different marginalizations.

Marginalization with respect to � The integral over � reads

�.!; xjy1:::N / /
Z 1

0

d���N�1e�
1

2�2
eT �e (10.28)

/ 1

.eT � e/N=2 D
1

Œ.y �Kx/T .y�Kx/�N=2
: (10.29)

Thus, given !, the a posteriori density becomes maximal when

	2 D .y �Kx/T .y �Kx/ (10.30)

becomes minimal: The MAP estimator coincides with the least-squares estimator.

Marginalization with respect to x On the other hand, the integral over x leads to

�.!; � jy1:::N / / 1

�
.2��2/�N=2

Z
dxe�

1

2�2
eT �e (10.31)

/ 1

�
.2��2/�

N�M
2

1q
detKTK

e
� 1

2�2
.yT �y�fT �f/

; (10.32)

where
f D K.KTK/�1KT y : (10.33)

Now, for a given !, the maximum of this a posteriori density with respect to � is
achieved at

O� D arg min�

�
1

2�2
.yT y � fT f/C .N �M C 1/ ln �

�
: (10.34)

Setting the derivative of the argument with respect to � equal to zero, we obtain

� 1

�3
.yT y � fT f/C .N �M C 1/ 1

�
D 0 ; (10.35)
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(M D 2 in our case), hence

O�2 D yT y � fT f
N �M C 1 : (10.36)

The estimator for the variance, obtained in this way, is the discrepancy yT y � fT f
divided by N �M C 1.

Marginalization with respect to � and x If we finally marginalize both with respect
to � and x, we obtain (see, e.g., Fitzgerald and Ó Ruanaidh 1996)

�.!jy1:::N / / 1q
det.KTK/

1

.yT y � fT f/.N�M/=2
: (10.37)

Let us evaluate this density for the model

Yi D A cos!ti C B sin!ti C �i (10.38)

where

K D

0

B@
cos!t1 sin!t1
:::

:::

cos!tN sin!tN

1

CA ; (10.39)

and consequently

KTK D
�

cos!t1 : : : cos!tN
sin!tN : : : sin!tN

�
�

0

B@
cos!t1 sin!t1
:::

:::

cos!tN sin!tN

1

CA (10.40)

D
�

cos!t12 C : : : cos!t1 sin!t1 C : : :
sin!t1 cos!t1 C : : : sin!t12 C : : :

�
(10.41)

� N

2

�
1 0

0 1

�
; (10.42)

and

KT y D
�
y1 cos!t1 C : : :C yN cos!tN
y1 sin!t1 C : : :C yN sin!tN

�
: (10.43)

Then, because of

fT f D yTK.KTK/�1KTK.KTK/�1Ky D yTK.KTK/�1KT y; (10.44)
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Fig. 10.1 Above: The a posteriori density �.!jy1:::N / given a signal y1:::N with!D 10 and � D 1.
Below: The power spectrum of this signal

one obtains

yT y � fT f D yT y � 2

N

2

4
 

NX

iD1
yi cos!ti

!2
C
 

NX

iD1
yi sin!ti

!23

5

D
NX

iD1
y2i � 2C.!/; (10.45)

where

C.!/ D 1

N

ˇ̌
ˇ̌
ˇ

NX

iD1
yi e

i!ti

ˇ̌
ˇ̌
ˇ

2

(10.46)

can also be interpreted as the sum over the power spectrum of the time series. This
sum contains only one term because there is power in only one frequency. Hence
we obtain

�.!jy1:::N / / 1

jPN
iD1 y2i � 2C.!/j.N�2/=2

: (10.47)

This density exhibits a maximum for a frequency !, for which 2C.!/ is nearest toPN
iD1 y2i .
Figure 10.1 shows �.!jy1:::N / for N D 100 in the upper subplot, given a signal

generated according to (13.87) with ! D 10 and � D 1. In the lower subplot, the
power spectrum of the signal is presented. The peak here is much broader.
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Thus because of the detailed model under which the data are analyzed, the
estimation of ! is much better than by an estimation of the spectrum.

Remark. Parseval’s theorem, on the other hand, states that for the Fourier transform

Qyk D
NX

iD1
yi e

i!kti ; !k D 2�k

N
; k D 0 : : : N

2
; (10.48)

one obtains in general

2

N
2X

kD1
C.!k/ D 2

N

N
2X

kD1
j Qykj2 (10.49)

D 2

N

N
2X

kD1

NX

iD1

NX

jD1
yiyj e

i!kti e�i!ktj (10.50)

D
NX

iD1
y2i (10.51)

because of
2

N

N=2X

kD1
ei!k.ti�tj / D ıij : (10.52)

Thus, if exactly only one frequency !k is present, then also 2C.!k/ D PN
iD1 y2i ,

the maximum of �.!jy1:::N /, will be infinitely sharp.

10.3 Numerical Methods for Bayesian Estimators

In the previous section, we introduced the probability density for the set � of
parameters, given the data y1:::N ,

�.� jy1:::N / / �.y1:::N j�/�.�/: (10.53)

One cannot always find the maximum of this expression with respect to � . But one
may try to draw random numbers according to this density to infer the mean and
variance from such a sample. This corresponds to the Bayesian estimator instead of
the MAP estimator.

If one knows the density of Y jy1:::N explicitly, one can pick up the idea of
Sect. 5.5 where the Monte Carlo method and the Gibbs sampler were introduced.
The underlying idea is to construct a stochastic process, so that its stationary
probability distribution is identical to that given in (10.53). Here we have to define a
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stochastic process in parameter space, and there are basically two different strategies
to do that:

The Metropolis–Hastings method: One defines a transition � 0 ! � by

� 0 D � C 
 (10.54)

where 
 is a realization of a random variable with a given proposal density �P .
/,
which usually can be chosen to be normally distributed with zero mean and a
variance which should comparable to the expected variance of the estimation of � .

This transformation will be accepted with probability

w� 0�dt D min

�
1;
�.� 0jy1:::N /
�.� jy1:::N /

�
: (10.55)

This means that one draws a random number r from a uniform distribution in Œ0; 1�
and accepts � 0 as the new state in parameter space if

r <
�.� 0jy1:::N /
�.� jy1:::N / : (10.56)

Otherwise, the state will remain at � .
This choice of w� 0�dt obviously obeys the principle of detailed balance because

for �.� 0jy1:::N /=�.� jy1;:::;N / < 1, e.g.,

w� 0�dt D �.� 0jy1;:::;N /
�.� jy1;:::;N / ; (10.57)

and

w�� 0dt D min

�
1;
�.� jy1;:::;N /
�.� 0jy1;:::;N /

�
D 1; (10.58)

hence
w� 0�

w�� 0

D �.� 0jy1;:::;N /
�.� jy1;:::;N / ; (10.59)

as required for the principle of detailed balance (see (5.36)). In the same way, one
shows detailed balance for �.� 0jy1:::N /=�.� jy1;:::;N / > 1.

The Gibbs sampler: The task of drawing samples from a multivariate density
�.� jy1:::N / can be broken down to drawing successive samples from densities of
smaller dimensions, e.g., univariate samples. For example, for sampling �.�1; �2/,
one draws samples from �.�1j�2/ and �.�2j�1/ consecutively, where, e.g., �1 in
�.�2j�1/ is the realization of �1j�2 in the preceding step.

In general, if � D .�1; : : : ; �n/ is the parametric vector, one consecutively
generates realizations of �i j�ni ; y1:::N for i D 1; : : : ; n, doing this N times
to obtain N samples of the parameter vector � jy1:::N . Here, �ni means
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.�1; : : : ; �i�1; �iC1; : : : ; �N /. We will see that these conditional densities
�.�i j�ni ; y1:::N / can easily be derived in a large class of models.

This method of obtaining realizations of the random vector � jy1:::N after a
transition time is due to Geman and Geman (1984).

Examples.

• We consider a random vector � D .�1;�2/ with mean �D .�1; �2/ and
covariance matrix C . Then the density reads

�.�/ D 1

2�det.C /
e�

1
2 .���/C�1.���/ : (10.60)

To find �.�1j�2/, we look at the quadratic form in the exponent

.� � �/C�1.� ��/ D �21 .C
�1/11 C 2�1

h
.C�1/12.�2 � �2/ � �1.C�1/11

i
C : : :

D .C�1/11
"
�21 � 2�1

"
�1 � .C

�1/12
.C�1/11

.�2 � �2/
#
C : : : (10.61)

Hence we conclude that �.�1j�2/ has the form

�.�1j�2/ / e
� 1

2�2
�1j�2

.�1�E.�1j�2//2
(10.62)

with

�2�1j�2 D Var.�1j�2/ D 1

.C�1/11
; (10.63)

E.�1j�2/ D �1 � .C
�1/12

.C�1/11
.�2 � �2/ (10.64)

� �1 C C12

C22
.�2 � �2/: (10.65)

A realization of �1j�2 can be drawn as a realization of

�1j�2 D �1 C C12

C22
.�2 � �2/C 1p

.C�1/11
�1; �1 / N.0; 1/; (10.66)

and similarly a realization of �2j�1

�2j�1 D �2 C C21

C11
.�1 � �1/C 1p

.C�1/22
�2; �2 / N.0; 1/ : (10.67)
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Fig. 10.2 Above: Realization of �1; �2 with a correlation of 0:5 (left) and 0:9 (right), generated by
a Gibbs sampler using (10.66) and (10.67). For correlation 0:9 between �1 and �2, the consecutive
realizations of �1 and �2 also appear dependent. Middle: Realization of .�1; �2/ for correlation
0:5 and 0:9, respectively, generated by using the Choleski decomposition, where no dependence
of consecutive realizations can be observed. The lowest subplots show the correlation function
Corr.�.i/1 �

.iC
/
1 / of the consecutive realizations of �.i/1 as function of 
 , generated by a Gibbs

sampler. Whereas this function immediately drops down for correlation 0:5 between �1 and �2, the
correlation between consecutive realizations is evident for correlation 0:9 between �1 and �2

Starting with some �.1/1 , one draws a random variable �.1/2 with mean �2 C
C21
C11
.�1 � �1/ and variance 1

.C�1/22
. In this manner, one constructs a process

�
.1/
1 ! �

.1/
2 ! �

.2/
1 ! �

.2/
2 (10.68)

which can be paired to samples .�.k/1 ; �
.k/
2 /, which are realizations of �.�1; �2/.

Figure 10.2 shows a series of such generated normally distributed random
numbers in the upper left panel, where the correlation between �1 and �2 is set
to 0:5. In the left middle subplot, realization of a series of the same couple of
random variables is shown, generated by the common method using the Cholesky
decomposition. Obviously, one detects no great difference. In the right subplots,
the same is done for random variables with correlation 0:9. Now one finds strong
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deviations in the upper right panel compared to a commonly generated series of
such normally generated random numbers. The consecutively generated numbers
are not independent as one may also see from the lowest subplots: for correlation
0:9, there is still a non negligible correlation between consecutively generated
numbers, whereas for correlation 0:5 between the two random variables, this
correlation falls off strongly with distance.

Thus one has to control whether the random numbers generated are really
independent. If this is not the case as for correlation 0:9 in the example, one
should find a rough estimate of the correlation distance. If this is N0, then one
should only take each N0th random number and throw away all others generated
in between. Following this procedure, one also gets a series of random numbers
which is visually indistinguishable from one commonly generated.

• We will now estimate the parameters � D .�1; : : : ; �p/ in the model

y D K� C e ei � N.0; �2/: (10.69)

Examples are:

– For the linear model Yi D �1 C �2ti C �i , we have

K D

0

B@
1 t1
:::
:::

1 tN

1

CA : (10.70)

– For Yi D �1 cos!ti C �2 sin!ti C �i ,

K D

0
B@

cos!t1 sin!t1
:::

:::

cos!tN sin!tN

1
CA : (10.71)

– An AR(p) model with y.t/ D �1y.t � 1/C : : :C �py.t � p/C e.t/ can also
be written as e D y �K�:

0

B@
e.p C 1/

:::

e.N /

1

CA D

0

B@
y.p C 1/

:::

y.N /

1

CA �

0

B@
y.p/ : : : y.1/
:::

:::

y.N � 1/ : : : y.N � p/

1

CA �

0

B@
�1
:::

�p

1

CA ;

so that

y D

0
B@
y.p C 1/

:::

y.N /

1
CA ; K D

0
B@

y.p/ : : : y.1/
:::

:::

y.N � 1/ : : : y.N � p/

1
CA (10.72)
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and

� D

0

B@
�1
:::

�p

1

CA : (10.73)

In all of these models, the a posteriori density �.�jy1:::N / can be written as

�.�jy1:::N / / 1

�
.2��2/�N=2e�

1

2�2
.y�K�/T .y�K�/

: (10.74)

To estimate the parameters with a Gibbs sampler, we have to calculate the
densities �.�i j�ni ; y1:::N /. One obtains

�.�i j�ni ; y1:::N / / 1

�
.2��2/�N=2e�

1

2�2
Q (10.75)

with

Q D .KTK/ii �
2
i � 2�i

2

4.KT y/i �
X

j¤i
.KTK/ij �j

3

5C : : : (10.76)

D .KTK/ii

"
�2i � 2�i

"
.KT y/i �Pj¤i .KTK/ij �j

.KTK/ii

#
C : : :

#
:(10.77)

Hence

E.�i j�ni ; y1:::N / D
.KT y/i �Pj¤i .KTK/ij �j

.KTK/ii
; (10.78)

Var.�i j�ni ; y1:::N / D 1

.KTK/ii
: (10.79)

In Figs. 10.3 and 10.4 realizations of .�1; �2/ are shown for the linear model
and the AR(2) model, respectively. One observes that after a short transition time,
the random numbers fluctuate about the exact values indicated by a line.

Remark. Finally, if there are some missing data, say y.t/; t D n1 C 1 : : : n2,
one may reconstruct these by the following method: Let us start with some initial
estimates. For these data y.t/; t D 1; : : : ; n1; n1 C 1; : : : ; n2; : : : ; N , one may
estimate the parameters of an AR(p) model. Given these parameters, one may
determine upgraded estimates of the missing data, as explained below. Then, taking
these into account, one may again estimate the parameters, and so on, until the
procedure converges.
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Fig. 10.3 A realization of .�1; �2/ for the linear model. The lines indicate the exact values
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Fig. 10.4 A realization of .�1; �2/ for an AR(2) model. The lines indicate the exact values

The estimation of the missing data for given parameters of the AR(p) model
proceeds as follows. One writes the residuals e.t/; t D 1; : : : ; N as e D G � w,
i.e., as
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Fig. 10.5 A realization of .�1; �2/ and of estimations of three values which were missing in the
time series of an AR(2) model. The lines indicate the exact values
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:::
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:::

y.N /
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: (10.80)

Then one may decompose w with wT D .y.1/ : : : y.N // as

w D
0

@
w1

x
w2

1

A ;
wT
1 D .y.1/ : : : y.n1//;

xT D .y.n1 C 1/ : : : y.n2//;
wT
2 D .y.n2 C 1/ : : : y.N // :

(10.81)

Then also
e D Gw D Kx � d (10.82)

with
Kij D Gij ; for i D 1; : : : ; N; j D n1 C 1; : : : ; n2; (10.83)

and

di D �
n1X

jD1
Gij .w1/j �

NX

jDn2C1
Gij .w2/j : (10.84)
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Then e is again in the form of a general linear model with x as the vector of
unknowns and y as the vector of (known) data.

Figure 10.5 shows the results of a Gibbs sampler for estimating the two
parameters and three missing values of an AR(2) model.



Chapter 11
Identification of Stochastic Models
from Observations

Having studied methods for analyzing a signal that was interpreted as a realization
of a stochastic process, we now turn to some basics of model-based data analysis.
We shall formulate the questions which may be addressed for a given set of data
assuming a suitable model or a suitable structure of a model.

11.1 Parameter Identification for Autoregressive Processes

Björn Schelter

In several applications it is of importance to be able to identify parameters of
stochastic processes from measured data. Among others the Bayes estimation or
the Maximum Likelihood estimation discussed in the previous chapter presents a
promising approach for this. As there are too many possible scenarios for which
parameter estimation would be of quite some interest, we need to restrict ourselves
to discussing few examples and demonstrating the underlying principles thereupon.
First, we will therefore discuss autoregressive processes these processes play an
important role in spectral estimation (Sect. 9.1) and will also play an important role
in the following chapter discussing Granger causality (Sect. 11.2).

Autoregressive models are represented by

X.t/ D
pX

kD1
˛kX.t � k/C �.t/; (11.1)

�.t/ / WN.0; �2/:

In order to identify there parameters one needs to tackle two issues. Firstly, the order
p needs to be determined, secondly, the parameters ˛k and �2 need to be estimated.
Both challenges can be addressed using the concept of the best linear predictor,
which can be defined for random variables in general.

J. Honerkamp, Statistical Physics, Graduate Texts in Physics 38,
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The best linear predictor. Given a random variable X0, which may depend on
some other random variables X1;X2;X3; : : : ; Xn. For simplicity let us assume, that
all random variables have zero mean. A linear predictor for X0 is the superposition

OX0 D
nX

iD1
˛iXi : (11.2)

In order to get the best linear prediction for X0 one has to choose the parameters ˛i
such that

h.X0 � OX0/2i D
* 
X0 �

nX

iD1
˛iXi

!2+
(11.3)

is minimal. This leads to the equation

*0

@X0 �
nX

jD1
˛jXj

1

AXi

+
D 0; for i D 1; : : : ; n: (11.4)

By using the covariance matrix

Cij D hXiXj i; i; j D 0; : : : ; n (11.5)

(11.4) finally reads

nX

jD1
˛jCj i D C0i ; i D 1; : : : ; n: (11.6)

From this system of linear equations, knowm as Yule–Walker equations, the
parameters ˛j can be deduced. The best linear predictor then reads

OX0 D
NX

i;rD1
Xi .C�1/irCr0: (11.7)

For the prediction error we get

P D h.X0 � OX0/2i D C00 �
nX

lD1
˛lCl0: (11.8)

Application to a times series. Given a time series one may try to predict X.t/ on
the basis of the past of the process, say X.t � 1/; : : : ; X.t � n/. For each n one may
determine the corresponding parameters, which we will now call ˛nj ; j D 1; : : : ; n.
If the time series can ever be described by a linear model, we expect, that for every
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j the ˛nj converge with increasing n to a fixed value Ǫj and that at a given value of n
the last parameter Ǫnn will become compatibel with zero. That means that for this n
there is no dependence fromX.t � n/ anymore so that the time series can modelled
satisfactory by an AR(p)-model with p D n � 1.

For a simulated AR(p)-model this scenarium can be demonstrated impressively.
Thus, in this way the order p as well as the corresponding parameters ˛pj ,
j D 1; : : : ; p can be estimated whenever an autoregressive model is taken into
account (see e.g. Honerkamp 1994).

There is a deep connection between the parameters ˛nn , n D 1; : : : and a quantity
which is called the partial correlation function, defined as follows:

Let us assume that for a given time series the X.t � n/; : : : ; X.t � 1/ exert
influence on X.t/. Then the best linear predictor for X(t) is

OX.t/ jX.t � n/; : : : ; X.t � 1/ D ˛1X.t � 1/C : : :C ˛nX.t � n/ (11.9)

where the ˛j ; j D 1; : : : ; n have to be determined by the above mentioned proce-
dure.

We will also be interested in the best linear predictor for X.t � n � 1/
OX.t � n � 1/ jX.t � n/; : : : ; X.t � 1/ D ˛1X.t � n/C : : :C ˛nX.t � 1/

(11.10)

which is nothing else then the best backcasting of X.t � n � 1/ from the set
X.t �n/; : : : ; X.t � 1/. Because the times series is invariant with respect to time
reversal, as we have always assumed, the set of parameters ˛j ; j D 1; : : : ; n will
turn out be the same as for the above introduced best linear predictor for X.t/.
In the residuals

r .t/ D X.t/ � OX.t/ (11.11)

and

r!.t � n � 1/ D X.t � n � 1/� OX.t � n � 1/ (11.12)

now all dependencies of the set X.t � 1/; : : : ; X.t � n/ are eliminated.

The partial covariance function is now defined as

pcovn D cov.r .t/; r!.t � n � 1//; n D 1; : : : (11.13)

and then the partial correlation function ˚n as usual by normalisation.
The scenarium is illustrated as

: : : ; X.t � n� 1/;X.t � n/; : : : ; X.t � 1/„ ƒ‚ …
exerts influence

; X.t/; X.t C 1/; : : : (11.14)
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and by increasing n one will observe that at a given value the partial correlation
function ˚n will become compatibel with zero because the residuals become
uncorrelated: X.t � n � 1/ has no influence on X.t/ and X.t/ does not play any
role in an backcasting of X.t � n � 1/. That reminds one of the parameter ˛nn , and
indeed, one can show that (Lütkepohl and Krätzig 2004)

˚n D ˛nn: (11.15)

Example. For n D 1 one obtains from (11.6) with Cij D C.i � j / D C.j � i/

˛11 D ˚n D
C.1/

C.0/
: (11.16)

For n D 2 (11.6) reads explicitely

˛1C.0/C ˛2C.1/ D C.1/
˛1C.1/C ˛2C.0/ D C.2/ (11.17)

which leads to

˛22 D ˚2 D
C.2/C.0/� C2.1/

C 2.0/� C2.1/
: (11.18)

Here we would like to briefly mention that in Sect. 9.5 we have introduced the partial
coherence and the partial phase spectrum. Both quantities can be motivated using
best linear predictors as well. This is why they are called partial quantities. The
mathematical theory can be found in Dahlhaus (2000).

As an illustrative example the AR[2] process

x.t/ D 1:9x.t � 1/� 0:991x.t � 2/C �.t/ (11.19)

is considered. The parameters correspond to a relaxation time of 220 s and a
frequency of 0.3 Hz representing a duration of one period of T D 21 s. The
autocorrelation and partial autocorrelation functions for this process simulated with
1,000 data points are shown in Fig. 11.1a, b. While the autocorrelation function
decays rather slowly, the partial autocorrelation function is compatible with zero for
lags larger than two. This indicates that the simulated process was an autoregressive
process of order two. Here, compatible with zero means that it is below the dashed
lines, the lower one indicating a pointwise 95% significance level the higher one a
simultaneous 95% significance level.
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Fig. 11.1 Autocorrelation .C / and partial autocorrelation ˚n functions for an auto-regressive and
a moving-average process. (a) C for the AR process, (b), ˚n for the AR process, (c) C for the MA
process, and (d) ˚n for the MA process. The vertical dashed lines indicate the pointwise and the
simultaneous 95% significance levels. The order of the processes can be estimated from the ˚n for
auto-regressive processes and from the C for moving-average processes

Remark. A pointwise significance level is valid only for a single choice of the
parameter, in this case, for a single time lag. Usually one is interested whether or not
there is an effect for any of the time lags. Using the same significance level would
result in false positive conclusions. This can be intuitively understood: eventually
the (partial) autocorrelation function has more than one single chance to cross the
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significance level. In other words, if g tests are performed the probability to cross
the ˛-significance level at least once is

p D 1 � .˛/g: (11.20)

For instance, if gD 50 which would correspond to evaluations of the (partial)
autocorrelation function at 50 values of � , the probability p would be almost 80%
for ˛D 95%. Thus, the probability to find a significant (partial) autocorrelation
function by chance is 80% and not the desired 5%.

A simultaneous significance level indeed corrects for this effect. One possible
method which was utilized here, is the so-called Bonferroni correction. The
Bonferroni correction is based on the idea that ˛ has to be substituted by ˛corr such
that a desired pD 1 � ˛ holds for all evaluations at certain time lags. For each
individual test a higher ˛-value has to be used. The Bonferroni corrected ˛-value
can be achieved by choosing ˛corrD 1� .1�˛/=g. In the above example this would
lead to ˛corrD 99:83%. The corrected˛corr-significance level corresponds to a higher
critical value as shown in Fig. 11.1.

In contrast to the results of an autoregressive process, for a moving-average
process

x.t/ D 1:8�.t � 1/C 0:8�.t � 2/C �.t/ (11.21)

the role of the autocorrelation and partial autocorrelation functions changes if the
order has to be estimated. In other words, the autocorrelation function is compatible
with zero for orders higher than the order of the process (Fig. 11.1c, d). This
behavior is expected since the moving-average in contrast to the autoregressive
process has no memory beyond the highest time lag. The partial autocorrelation
function that does make explicit usage of auto-regressive processes becomes non-
zero for various time lags. Thus, for autoregressive processes the natural choice for
the analysis is the partial correlation function while for moving average processes
autocorrelation functions are superior. This is because the autoregressive processes
are causally influenced by their past values and moving average processes by the
noise realization up to some finite order. The above mentioned inversion of moving-
average processes substantiates the fact that a moving-average process has a slowly
decaying partial autocorrelation function since the moving-average process can be
interpreted as an infinite autoregressive one.

The parameter estimation can be generalized to multivariate autoregressive
processes

X .t/ D
pX

kD1
˛kX.t � k/C �.t/; (11.22)

�.t/ / WN.0; ˙/:
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based on Yule-Walker equations. Parameter identification for multivariate autore-
gressive processes is a key to Granger causality inference as discussed in the
following chapter.

11.2 Granger Causality

Björn Schelter

In this Section, we introduce the concept of Granger-causality. In fact, investigating
Granger-causality provides information about the linear predictability. Providing
a definition of causality is extremely difficult and goes beyond the scope of the
book. We use the term causality throughout this section, basically focussing on the
operational definition of predictability.

In several applications it is of particular interest to determine the causal
interactions between components of a multivariate network. In the Sect. 9.5 on
cross-spectral analysis we have discussed partial coherence analysis that enables to
infer whether an interaction between two components is a direct one or it is mediated
by third processes. This is a first step towards causal inference but causality implies
in a common sense that there is a cause and an effect. In terms of a differential
equation

PY D f .Y;X I �/

X.t/ would be considered as causal for Y.t/ as a change in X.t/ would result in
a change in Y.t/. This in turn would again not provide the complete picture of
causality in some cases as in f .Y;X I �/ the information of possibly influential third
processes is missing. For causality we assume here that two ingredients are essential.
Firstly, there must be a cause and an effect with the cause preceding the effect;
secondly, the cause needs to influence the effect directly.

If we need to decide about causality based on finite measurements we have to
face even more challenges. Firstly, based on a passive observation it is not possible
to probe a possible reaction of Y.t/ given a change in X.t/ as we cannot alter
X.t/. Secondly, the process has been observed with a particular sampling rate.
If the true causal interaction acts faster than the time scale of the sampling rate,
the interaction would appear as a correlation rather than a causal interaction, as
we cannot determine the important temporal relation between cause and effect;
a cause must occur before the effect. Thirdly, it is almost impossible to know
which potentially important third processes would need to be taken into account.
In some cases it is even impossible to observe all relevant processes although prior
information might be available about these potentially interesting processes.

Especially this last issue is of importance. Missed observations of important
processes can lead to false positive conclusions about the network structure. To
motivate this, consider the following vector autoregressive process X.t/ with
components
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X1.t/ D �1.t/;

X2.t/ D �2.t/;

X3.t/ D ˇX1.t � 4/C �3.t/;
X4.t/ D �X1.t � 3/C ıX2.t � 2/C �4.t/;

(11.23)

where �v.t/, v D 1; : : : ; 4 are independently Gaussian distributed with mean zero
and covariance matrix˙ (cf. Eichler 2006). ComponentX1 is causal forX3 andX4.
From (11.23), additionally X2 causes X4 with respect to Xf1;2;3;4g.

Imagine now, that only the three-dimensional subprocess Xf2;3;4g is observed one
might expect in the first place that X2 remains causal for X4 while X3 becomes
isolated from the other processes. Calculations, however, show that for Xf2;3;4g the
autoregressive representation is given by

X2.t/ D �2.t/;
X3.t/ D ˇ�

1C�2 X4.t � 1/� ˇ�ı

1C�2 X2.t � 3/C �3.t/� ˇ�

1C�2 �4.t � 1/C ˇ

1C�2 �1.t � 4/;
X4.t/ D ıX2.t � 2/C �4.t/C ��1.t � 3/:

(11.24)

As a result we obtained an autoregressive moving average process, where the
moving average part contains unobserved contributions at various the lags. The
autoregressive part contains interactions which were not present in the original
system. This leads to a false positive conclusion about the directed interactions.
If we could identify the lagged correlations in the moving average part, we would be
able to demonstrate that important processes were not measured. We would thus get
a hint, that the interaction structure which we obtain is actually containing spurious
interactions.

Alternatively, one could identify unobserved components by excluding other pro-
cesses in the analysis. For instance an analysis of only the bivariate subprocess Xf2;3g
would result in two uncorrelated noise processes following a similar derivation.

In other words, missed important third influences can already for an autore-
gressive process change the resulting causal network. As one can hardly guarantee
that all important processes are included in the analysis in applications, it would
be desirable to identify unobserved processes. The two alternative approaches to
identify missing processes mentioned above would enable us to do this. But it
is often impossible or at least very difficult to identify autoregressive moving
average processes from measured signals. Also to exclude further processes from
the analysis is challenging as the possible number of exclusions increases as a
factorial function. Therefore, it is quite challenging to overcome this challenge in
actual applications. It should, however, be kept in mind when making interpretations
about the causal interaction structure.

Without giving a formal definition, we have used the autoregressive process
above and discussed causality based upon it. This has become common practice
as an operational definition for causality has been suggested by Granger (1969).
In contrast to the above derivations in which we discussed causality based on the
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coefficients of the autoregressive process, Granger based his operational definition
of causality on the residual variances of the driving noise term of the autoregressive
models.

11.2.1 Granger Causality in the Time Domain

Granger causality in the time domain is defined based on the variance of the resid-
uals. This residual variance of the fitted autoregressive process for the component i
given all the other components is

var
�
Xi.t/ jeX

� D var
�
�i .t/

� D �ii : (11.25)

TherebyeX D fX.t�u/; u 2 Ng denotes the past values of X.t/. By fitting the entire
multivariate autoregressive process

X.t/ D
pX

kD1
˛kX.t � k/C �.t/; �.t/ / WN.0; ˙/: (11.26)

to the data the best linear predictor as defined in Sect. 11.1 in (11.5) for Xi.t/ has
been found. The obtained residual variance should be compared to the residual
variance of

Xnj .t/ D
pX

kD1
Q̨ kXnj .t � k/C �nj .t/ (11.27)

�nj .t/ / WN.0; Q̇ /: (11.28)

where the j -component has been removed denoted by .�/nj . The residual noise
process �nj .t/ is again a white noise process with mean zero and covariance
matrix Q̇ . Thus, the mean square prediction error for predicting Xi.t/ from the
past values of all process Xnj but Xj .t/ is given by

var
�
Xi.t/ jeXnj

� D var
�
�nj;i .t/

� D �nj;i i : (11.29)

In general, the mean square prediction error in (11.29) will be larger than that
in (11.25) since adding more information – in this case more processes – can only
improve prediction. The two variances will be identical if and only if the best linear
predictor ofXi.t/ based on the full pasteX does not depend on the past values ofXj .

In Granger (1969) this is used as a definition for causality by introducing the
quantity

�nj;i D ln
�
�nj;i i =�i i

�
:
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If �nj;i > 0 than Xj .t/ is Granger causal for Xi.t/. All the other components have
been taken into account by fitting the entire autoregressive process. In other words
�nj;i > 0 is only the case, if the causal influence is a direct one.

It can now be proven that the following definitions of Granger causality are
equivalent (Eichler 2006). Let i and j be two components of X.t/. Then Xj is
Granger-causal forXi.t/ with respect to X.t/ if one of the equivalent conditions

•
ˇ̌
var
�
Xi.t/jeX

�ˇ̌
<
ˇ̌
var
�
Xi.t/jeXnj

�ˇ̌
;

• �nj;i ¤ 0
• ˛ij;k ¤ 0 for one k 2 N

holds. Statistical tests on either of these quantities provide the information of
the Granger causal interactions. This enables an investigation of direct directed
interactions based on measurements in actual applications.

As it is often meaningful to consider spectral information in the data, Granger
causality has also been defined in the frequency domain. This will briefly be
discussed in the next section.

11.2.2 Granger-Causality in the Frequency Domain

In many applications, the time series of interest are characterized in terms of
their frequency properties, especially if oscillatory or almost oscillatory signals
have to be analyzed. It is, therefore, important to examine the relationships among
multiple time series also in the frequency domain. The frequency domain analysis of
stationary multivariate time series X.t/ is based on the partial spectral representation
of the autoregressive model for X.t/ (cf. (9.127))

fPC.!/ D
 

1 �
pX

kD1
˛kei!k

!H
˙�1

 
1 �

pX

kD1
˛kei!k

!
: (11.30)

The partial spectral matrix is a hermitean matrix and does therefore not provide
any information about Granger causality although the coefficient matrices ˛k
themselves do. Breaking the symmetry was thus used to define an asymmetric
quantity, the so called partial directed coherence

ˇ̌
�i j .!/

ˇ̌ D

ˇ̌
ˇ̌
ˇ̌
ˇ

�
1 �Pp

kD1 ˛kei!k
�
ijqP

k

ˇ̌�
1 �Pp

kD1 ˛kei!k
�
ik

ˇ̌2

ˇ̌
ˇ̌
ˇ̌
ˇ
2 Œ0; 1�; (11.31)

with ./ik denoting the i; k entry of the matrix, that enables the investigation
of Granger causality in the frequency domain (Schelter et al. 2006b). With the
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normalization, the partial directed coherence indicates the relative strength of the
effect ofXj onXi as compared to the strength of the effect ofXj on other processes.
Thus, partial directed coherence ranks the relative interaction strengths with respect
to a given signal source.

A detailed justification for this can be found in Baccala and Sameshima (2001)
and a more in-depth discussion including an analysis of the corresponding statistics
can be found in Schelter et al. (2006a,b). Alternative measures for Granger causality
can also be found in Schelter et al. (2006b).

Remark. In order to estimate Granger causality from measured signals, one usually
first fits an autoregressive process to the data; estimation procedures as those
introduced in Sect. 11.1 are utilized to determine the coefficients, noise covariance
as well as the order of the process. Once the coefficients and noise covariance are
estimated, the estimators are plugged into the equations for Granger causality in the
time or frequency domain.

In few cases a direct estimation of Granger causality is possible without the
need to first estimate the coefficients of the autoregressive model (Jachan et al.
2009). As these procedures rely on several assumptions and are numerically quite
demanding, it is, however, common practice to base the estimation on the fitting of
the AR-model.

Example. To illustrate the performance of partial directed coherence in detecting
causal influences, the following three-dimensional vector autoregressive process of
order pD 1

X1.t/ D 0:5X1.t � 1/C "1.t/
X2.t/ D 0:7X2.t � 1/C 0:6X1.t � 1/C 0:4X3.t � 1/C "2.t/
X3.t/ D 0:5X3.t � 1/C 0:3X2.t � 1/C "3.t/

(11.32)

is investigated. The covariance matrix of the noise † is set to the identity,
the number of simulated data points is N D 10;000 for each component of the
vector autoregressive process. The structure of the autoregressive model can be
summarized by the network in Fig. 11.2a. In this graph, a directed edge from Xj
to Xi is drawn if Xj Granger causes Xi . The partial directed coherence spectraˇ̌
�i j .!/

ˇ̌
can be obtained from the i th column and j th row of Fig. 11.2b. Process

X1 has an indirect influence on X3 that is mediated by X2 since, for all times t ,
the present value of X3.t/ is influenced by X2.t � 1/ and X2.t/ is influenced by
X1.t � 1/. If X2 would be blocked somehow, changes in X1 would no longer
affect X3.

Interestingly, we have investigated a situation here, which could not have been
resolved by coherence or partial coherence analysis as introduced in Sect. 9.5.
Coherence would have detected a connection between all processes as there is
always an interaction present, although the one between X1 and X3 is indirect.
Partial coherence which in principle is able to infer whether or not an interaction
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Fig. 11.2 Graph (without self-loops) summarizing the causal influences for the example of a
three-dimensional VAR[1] (a). Corresponding partial directed coherence (off-diagonal) (b). The
simulated causal influences are reproduced correctly by the estimated partial directed coherence

is a direct one would have failed here because of marrying parents of a joint
child, X1 and X3 are parents of X2. Thus, partial coherence would have detected
a spurious direct interaction between X1 and X3. As also the coherence between
these two processes is significant, it would have been impossible to unmask the
indirect interaction. Granger causality applying partial directed coherence is able to
detect this. We emphasize here that also time domain Granger causality concepts
would have detected the true network structure.

11.3 Hidden Systems

In Chaps. 4 and 5, we met several models for stochastic fields and processes. We first
want to add an essential point concerning such models. Most systems that are
described by models are not observed directly. For each type of model, therefore
one has to formulate a so-called observation equation, which relates the observable
quantities y1:::N D .y1; y2; : : : ; yN / to the system quantities x1:::M D .x1; : : : ; xM /
described by the model. Such an equation will also contain the unavoidable error of
measurement or observation. It may be formulated as a relation between the random
variables fXig and fYj g, e.g., in the form

Yi D
MX

jD1
AijXj C Ei ; (11.33)
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where Ei represents the error of measurement, which in many cases can be
regarded as normally distributed. However, a relationship between the observables
and the system quantities may also be defined by a suitable conditional probability
%.y1:::N jx1:::M /.

Examples of models expressing such relationships between system quantities and
observables are

• A hidden Markov model: The time dependence of the state z.t/ is described by
a master equation (Sect. 5.2). In this case the observation equation can often be
written in the form

y.t/ D f .z.t//C �.t/�.t/; �.t/ /WN.0; 1/: (11.34)

Hence, the observable f .z.t// depends on the state z.t/. The measured quantity
is y.t/ which includes a superimposed noise term.

For discrete-time state transformations, the model for the time dependence
may also be an ARMA model, e.g., an AR(2) model of the form

z.t/ D ˛1z.t � 1/C ˛2z.t � 2/C �1�.t/; �.t/ /WN.0; 1/: (11.35)

In Sect. 5.9.4 we have seen that every ARMA(p,q) model can be written as a
multivariate AR(1) model:

X.t/ D A X .t � 1/ C B�.t/; �.t/ � WN.0; �2/; (11.36)

This system equation together with an observation equation constitutes what is
known as a state space model.

• Suppose the time dependence of a state z.t/ of a system is described by a set
of differential equations. Even in this case the states are usually not observed
directly, and an additional relationship between the state variables z.t/ and the
measured quantities y.t/ has to be formulated in the form of an observation
equation (11.34).

• Let x be a spatial random field, defined by a Gibbs function (Chap. 4), for
example,

%.x/ D e�ˇH.x/ with H.x/ D
NX

iD1
˛i xi C

NX

iD1

X

j2Ni
Jij xixj : (11.37)

A possible observation equation for this case is

yi D
X

j

Kij xj C "i : (11.38)

In the theory of image processing, such relationships describe the connection
between the “true” image and the observed image. Images are usually corrupted
by noise.
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• Let x.�/ be a distribution function, e.g., for the size of particles or density of
matter. The measurement of such distributions can, in nearly all cases, be done
only indirectly by measuring, say, the intensity of scattered or absorbed light.
Then an equation such as

y.t/ D
Z

d� K.t; �/ x.�/; (11.39)

represents the relationship between the observable y.t/ and the quantity x.�/
which is not measurable directly. To infer the function x.�/ from the function
y.t/ involves solving an integral equation of the first kind. This inference of the
function x.�/ based on the data fy.ti /; i D 1; : : : ; N g, taking into account the
error of measurements f�.ti / ".ti /g, is called an inverse problem.

Discretizing the integral and displaying the experimental errors one obtains,
choosingM points �j ; j D 1; : : : ;M and setting x.�j / D xj

yi � y.ti / D
MX

jD1
Kij xj C �i "i ; (11.40)

with yi � y.ti /; �i � �.ti /; "i � ".ti /, and Kij � K.ti � �j /mj , where mj is
a factor following from the discretization.

Thus an observation equation of the kind (11.38) emerges. But now there is
no equation for the system quantities x1:::M . But we will see in the next section
that one cannot solve such an inverse problem without a substitute for the system
equation.

Within such a framework, three fundamental questions arise in model-based data
analysis:

1. Estimation of the hidden realization: How can we estimate the realization
x1:::M of the fundamental process from the given data y1:::N and a given model
structure? This question arises in a hidden Markov model, where one is interested
in the realization x1:::N of the unobservable process X.t/, given the observation
y1:::N ; this question arises in any kind of the inverse problem, e.g., in image
restoration, where one wants to estimate the true image x1:::M lying behind the
image y1:::N which is corrupted by noise. This problem also occurs frequently
in space technology, where the position of a space ship has to be determined on
the basis of the received signals. Methods for estimating hidden realizations are
introduced in this chapter.

2. Parameter identification: How can we estimate the parameters of a model from
the given data y1:::N and a given model structure? This includes the estimation
of the parameters of the fundamental model as well as of the parameters of the
observation equation. This will be discussed in Chap. 12.

3. Model selection: How can we decide, on the basis of the data, which model
structure is most appropriate? Methods for the problem of model selection will
be discussed in Chap. 13.
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11.4 The Maximum a Posteriori Estimator for the Inverse
Problem

In this section we introduce methods for estimating a distribution function x.�/,
which is related to an experimentally accessible quantity y.t/ by an integral
equation of the first kind. The most general estimator for this inverse problem is
the maximum a posteriori estimator, already introduced in Chap. 10. First of all we
will adapt this estimator to the inverse problem.

From the Bayes rule (Sect. 2.2), we obtain the probability of a realization x1:::M
under the condition that a certain set of data y1:::N is given:

%.x1:::M jy1:::N / D %.y1:::N jx1:::M / %.x1:::M /
%.y1:::N /

: (11.41)

For a given set of data, the distribution %.y1:::N / is a constant with respect to x1:::M ,
while %.y1:::N jx1:::M / depends on the parameters of the observation equation, and
%.x1:::M / depends on the parameters of the process. %.x1:::N jy1:::N / is the a posteriori
distribution.

The maximum a posteriori estimator (MAP estimator) is equal to that “path”
bx1:::N for which the a posteriori distribution %.x1:::M jy1:::N / is maximum. Hence,

bx1:::N D arg max
x1:::M
f%.y1:::N jx1:::M / %.x1:::M /g: (11.42)

If we represent the conditional density %.y1:::N j x1:::M /, with which the observa-
tion equation is defined, in the form

%.y1:::N j x1:::M / D e�UB.y1:::N jx1:::M /; (11.43)

and if we represent the prior probability %.x1:::M /, which enters in the formulation
of the model, in the form

%.x1:::M / D e�ˇ UM .x1:::M /; (11.44)

then we can also write the MAP estimator

Ox1:::N D arg min
x1:::M

˚
UB.y1:::N j x1:::M /C ˇ UM.x1:::M /

�
: (11.45)

Here we have extracted a factor ˇ from the energy function of the prior density,
which we may use to regulate the variance of the distribution of paths or images
x1:::M around the most probable realization. If the data are not taken into account,
then the most probable realization x1:::M is that which minimizes UM.x1:::M /. By
minimizing UB C ˇ UM , we also take into account the data, and the parameter
ˇ controls the relative weight with which this prior knowledge enters into the
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estimation. The smaller ˇ is, the larger the variance of the prior distribution of the
paths or images x1:::M , and the greater the difference between the estimation Ox1:::N
on the basis of the data. The most probable prior realization x01:::M is given by

x01:::M D arg min
x1:::M

UM .x1:::M /; (11.46)

i.e., the less the significance of prior knowledge in the estimation. For ˇ D 0, this
prior knowledge does not enter at all.

Use of the MAP estimator to solve the inverse problem implies that Ox1:::N and
Ox.�/ are defined, respectively, by

Ox1:::M D arg min
x1:::M

8
<̂

:̂

NX

iD1

1

2�2i

0

@yi �
MX

jD1
Kij xj

1

A
2

C ˇ UM.x1:::M /

9
>=

>;

and

Ox.�/ D arg min
fx.�/g

(
NX

iD1

1

2�2i

�
yi �

Z
d� K.ti ; �/ x.�/

�2
C ˇ UM

�
x.�/

�
)
:

For a complete definition of the estimator we still have to specify

• The prior energy function UM.x1:::M /, i.e., the prior knowledge about the
probabilities %.x1:::M / for the individual paths x1:::M , irrespective of the data;

• The parameter ˇ, which regulates the strength of the variance in this probability
distribution and therefore determines how much the prior knowledge enters into
this estimation.

11.4.1 The Least Squares Estimator as a Special MAP
Estimator

At first sight, the choice ˇ D 0 seems to be favorable, since in this case the prior
energy function does not have to be specified at all. For the MAP estimator, all
x1:::M now have the same probability (i.e., %.x1:::M / is a constant). This also means
that no prior information whatsoever enters into the estimation. The MAP estimator
has been reduced to the least-squares estimator.

The least-squares estimator was introduced in Sect. 8.5. We have seen that the
variance of this estimator is proportional to the inverse of the singular values of
the matrix, and therefore becomes larger, the smaller these singular values. The
usefulness of the least-squares estimator thus depends strongly on the conditioning
of the matrix fKij g (see Fig. 11.3).
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Fig. 11.3 True values, marked by an asterisk, and estimated values with confidence interval (error
bars) for a problem with a well-conditioned matrix (left) and with an ill-conditioned matrix (right).
The ordered series of singular values is shown for each case in the bottom subfigure

If this matrix has been obtained from an observation equation of the form

y.ti / D
Z

d� K.ti � �/ x.�/C ".ti /; i D 1; : : : ; N; (11.47)

by discretizing the integral, and therefore

Kij � K.ti � �j /; i D 1; : : : ; N; j D 1; : : : ;M; (11.48)

then this matrix K with elements Kij is certainly ill-conditioned, and the condi-
tioning will become worse, the larger the number of points �j ; j D i; : : : ;M , for
which x.�j / shall be determined within the approximation of this discretization.
Indeed, the larger the value of M , the closer neighboring �j ’s (i.e., �j and �jC1)
move together, and the more similar are the columns fKij ; i D 1; : : : ; N g and
fKi;jC1 ; i D 1; : : : ; N g of the matrix. But this implies that the matrix K becomes
“more singular” and therefore the singular values are smaller.
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Hence, the least-squares estimator is in general inappropriate for the
deconvolution problem. The inverse problem, which corresponds to the solution
of an integral equation, is therefore also called an “ill-posed” problem. (For a
mathematical definition and treatment of ill-posed problems see also Tikhonov and
Arsenin 1977; Groetsch 1984; Morozov 1984). Without prior knowledge, it is not
possible to estimate the function x.�/ on the basis of a finite set of data.

11.4.2 Strategies for Choosing the Regularization Parameter

Having chosen a prior energy functionalUM Œx.�/�, we can first determine the MAP
estimator Ox1:::M

ˇ̌
ˇ

for a given ˇ according to

Ox1:::M
ˇ̌
ˇ
ˇ
D arg min

x1:::M

8
<̂

:̂

NX

iD1

1

2�2i

0

@yi �
MX

jD1
Kij xj

1

A
2

C ˇ UM.x1:::M /

9
>=

>;
:

We now may vary the parameter ˇ and investigate the various resulting Ox1:::M
ˇ̌
ˇ

.
In practice we will often find a region of ˇ values where we expect the “optimal
value” for ˇ. However, first we have to define what has to be understood by an
“optimal value” for ˇ. This we do by formulating a strategy based on mathematical
criteria to determine this parameter. Two possible criteria shall be presented:

The discrepancy method. This method is based on the assumption that the
realization of the observational noise "i in the observed value yi is of the order
�i , and therefore the discrepancy for each observed value yi , given by

1

�2i

0

@yi �
MX

jD1
Kij xj

1

A
2

; (11.49)

should be of order 1.
Therefore, ˇ is chosen such that for the total discrepancy one gets

D. Ox1:::M
ˇ̌
ˇ
j y1:::M / �

NX

iD1

1

�2i

0

@yi �
MX

jD1
Kij Oxj

ˇ̌
ˇ

1

A
2

D N: (11.50)

In Fig. 11.4, the total discrepancy for some problem is shown as function of ˇ.
Obviously, the least-squares solution belongs to a much smaller total discrepancy.
For large enough values of M , this can even become zero.

The self-consistent method. Let us suppose for the moment that the true solution
x1:::M is known, as, for instance, in the simulation of data y1:::N for known x1:::M
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Fig. 11.4 Typical course of the total discrepancy as a function of the regularization parameter ˇ.
The value of N , the number of data points, is indicated by the straight line

according to the observation equation. Obviously, now we may evaluate the mean
square discrepancy

D.ˇ/ �
D
.x1:::M � OX1:::M

ˇ̌
ˇ;Y1:::N

/2
E

(11.51)

of the estimator OX1:::M jˇ;Y1:::N , where X1:::M and Y1:::N have been denoted by large
letters to indicate that they have to be regarded as random variables.

Now we might choose ˇ such that D.ˇ/ is minimum. Hence, the optimal value
ˇ� would be determined by

@

@̌
D.ˇ/

ˇ̌
ˇ
ˇDˇ�

D @

@̌

��
x1:::M � OX1:::M

ˇ̌
ˇ;Y1:::N

	2
ˇ̌ˇ̌
ˇDˇ�

D 0:

In practice, however, the true solution x1:::M is never known. Nevertheless,
instead of the true solution we may insert the “optimal estimation” Ox1:::M jˇ�;y1:::N ,
i.e., the one determined with the parameter ˇ�, which is a candidate for an optimal
parameter, and thereby obtain a criterion for ˇ�:

@

@̌
D0.ˇ�; ˇ/

ˇ̌
ˇ̌
ˇDˇ�

D @

@̌

��
Ox1:::M

ˇ̌
ˇ�;y1:::M

� OX1:::M
ˇ̌
ˇ;Y1:::N

	2
ˇ̌ˇ̌
ˇDˇ�

D 0:
(11.52)
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Fig. 11.5 Distributions of
the regularization parameter
for various strategies (DP
discrepancy method, SC
self-consistent method, PMSE
predictive mean square signal
error) (From Honerkamp and
Weese (1990))

This expectation value D0.ˇ�; ˇ/ first has to be computed explicitly as a function
of ˇ and ˇ�. This is possible for those cases where X1:::M jˇ;Y1:::N depends
linearly on the random variables Y1:::N DfY1; Y2; : : : ; YN g. Even in the general
case, however, we may in principle estimate the expectation value for all pairs
.ˇ; ˇ�/ by the following steps: First we choose a ˇ� and determine a solution
Ox1:::M

ˇ̌
ˇ�;y1:::N

, and with this solution we generate a sample fy.1/1:::N ; y.2/1:::N ; : : :g of

data using the observation equation. For each element y.˛/1:::N of this sample, we use
the parameter ˇ to generate a realization ofX1:::N

ˇ̌
ˇ;Y1:::N

, and finally we estimate the
expectation value from all of these realizations. This, however, is extremely time-
consuming, and one should always try to find at least an approximate expression for
D0.ˇ�; ˇ/.

The quality of such strategies for determining the regularization parameterˇ may
be investigated by Monte Carlo methods:

For x1:::M given, one simulates a sample of data sets fy.1/1:::N ; y.2/1:::N ; : : :g, from
which the quantity D.ˇ/ may be estimated. It is then minimized with respect to ˇ
yielding the optimal value ˇ�. For the different strategies one also determines the
corresponding regularization parameter for each data set y.˛/1:::N ; ˛ D 1; 2; : : : of
the sample. For each strategy one thereby obtains a distribution of ˇ. The closer
the maximum of this distribution comes to ˇ� and the narrower the distribution, the
better and more stable is the corresponding strategy. Figure 11.5 shows ˇ�, together
with the distributions, p.ln.ˇ//, for the discrepancy method, the self-consistent
method, and a further method which will not be described here. It can be seen that
the self-consistent method performs best.
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Remark. Until to now we have assumed a linear relationship of the form

y.t/ D
Z

d� K.t; �/ x.�/ (11.53)

between the measured quantity y.t/ and the distribution x.�/ to be determined.
As a consequence, the form of %.y1:::N j x1:::M / turned out to be relatively simple –
it was bilinear in x1:::M – and therefore the constitutive equation for the estimator
Ox1:::M

ˇ̌
ˇ

was linear. If there is a nonlinear dependence on x.�/, as, for example, in
light scattering, where a relationship of the form

y.t/ D a
�Z

d� K.t; �/ x.�/
�2
C b (11.54)

constitutes the direct problem, the prescription for constructing the estimator does
not have to be changed. The computation of the minimum, however, will be
numerically much more elaborate, as will be the implementation of the self-
consistent method for determining the regularization parameter (Honerkamp et al.
1993).

11.4.3 The Regularization Method

This section is dedicated to the choice of the prior energy function UM.x1:::M /.
In general, it is not possible to formulate a precise model for the distribution x.�/
or x1:::M . In most cases, one would like the function x.�/ or the path x1:::M to
satisfy certain conditions, and UM.x1:::M / is then constructed so that those paths
x1:::M for which these conditions hold have the smallest energy (i.e., the largest
probability).

Five frequently used energy functions are the following:

1. UM.x1:::M / D
MX

iD1
x2i (11.55)

or

U Œx.�/� D
Z

d� .x.�//2 : (11.56)

In these cases, it is assumed that all xi are mutually independent and normally
distributed. The most probable configuration is xi D 0 for all i .
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2. UM.x1:::M / D
M�1X

iD1

�xiC1 � xi
"

	2
(11.57)

with a suitably chosen ", or

UM Œx.�/� D
Z

d�
�
x0.�/

�2
: (11.58)

Now one assumes a correlation between the xi .UMŒx.�/� is minimum for x0.�/� 0.
The probability of configurations or paths fx.�/g becomes larger, as the average

steepness of x.�/ becomes smaller. If there were no data, Ox.�/ D const would be
the most probable configuration. Taking the data into account in the functional to
be minimized leads to solutions for which the path varies only slightly, predomi-
nantly such that xiC1 � xi < ".
3. Another possible ansatz is

UMŒx.�/� D
Z

d� 	
�
x0.�/

�
; (11.59)

where 	
�
x0.�/

�
may be some nonlinear function of the first derivative of x.�/,

which, however, does not increase without limit for jx0j!1. In this case,
sufficiently large fluctuations in the data may lead to jumps in the estimation.
Therefore, if one expects a piecewise constant function x.�/ occasionally
interrupted by jumps, an energy function of this type is a good choice.

4. Let x0.�/ be some given distribution, or x01:::M be some path. The relative entropy
of x.�/ with respect to x0.�/ is defined as (see Sect. 2.4)

SŒx j x0� D �
Z

d� x.�/ ln

�
x.�/

x0.�/

�
: (11.60)

In particular, SŒx0 j x0�D 0, and SŒx j x0�< 0 for all x.�/¤ x0.�/. Hence, for some
suitable constant c > 0,

UM Œx.�/� D �c SŒx j x0� (11.61)

is an energy function which assumes its minimum for x.�/� x0.�/ or x1:::M �
x01:::M . The use of this energy function in treating the inverse problem is called the
maximum entropy method.

5. For the choice

UM Œx.�/� D
Z

d�

�
d2

d�2
x.�/

�2
(11.62)
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or

UM.x1:::M / D
M�1X

iD2

�
xiC1 � 2xi C xi�1

"

�2
; (11.63)

with some suitable constant ", one obviously expects the solution to have small
second derivatives, i.e., the solution should be as smooth as possible. Of course,
in analogy to (11.59), also the more general ansatz

UMŒx.�/� D
Z

d� 	
�
x00.�/

�
; (11.64)

e.g.,

UMŒx.�/� D
Z

d�
.x00.�//2p

1C .˛x00.�//2 (11.65)

with some appropriately chosen parameter ˛ would be possible, which is
appropriate when one expects a piecewise smooth function x.�/, occasionally
interrupted by sharp peaks (Roths et al. 2000).

If we can write UM in the form

UMŒx.�/� D
Z

d� ŒL x.�/�2 ; (11.66)

where L is some differential operator, then

UM.x1:::M / D
�Lx

�2
(11.67)

with x D .x1; : : : ; xM /, and where L is a matrix determined by the discretization
of the differential operator L. If we further write b D .y1=�1; : : :,yN=�N /, K0ij D
Kij =�i , then also

Ox1:::M jˇ D arg min
x1:::M

˚
.b � K0x/2 C ˇ .Lx/2

�
; (11.68)

and the minimum may be obtained analytically: From

V.x/ D .b � K0 x/2 C ˇ .Lx/2 (11.69)

D b2 � 2 bT K0 x C xT .K0TK0 C ˇLTL/x; (11.70)

we now get

Ox1:::M jˇD K0C.ˇ/b; (11.71)
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with

K0C.ˇ/ D
�
K0TK0 C ˇLTL

	�1
K0T: (11.72)

Hence, for ˇ D 0 we obtain

K0.ˇ D 0/ D
�
K0TK0

	�1
K0T; (11.73)

i.e., K0C.ˇ D 0/ is just the pseudo-inverse of the matrix K0 (see Sect. 8.5).
When the operator L represents the identity, i.e., L is the identity matrix,

we obtain from the singular value decomposition of K0,

K0 D
MX

jD1
wj uj ˝ vj ; (11.74)

where wj denote the singular values and uj and vj the eigenvectors of K0TK0 and
K0K0T, respectively, the corresponding representation of K0C.ˇ/:

K0C.ˇ/ D
MX

jD1

wj
w2j C ˇ

vj ˝ uj : (11.75)

If K0 is ill-conditioned, i.e., some of the singular values wj are very small, the
prefactors wj =.w2j Cˇ/ are not as large for ˇ ¤ 0 as they are for ˇ D 0. Therefore,

the divergency of the prefactors of K0C.ˇ/ for wj ! 0 is avoided if we chooseˇ¤ 0.
This is also called a regularization, and the estimation of x1:::M , which we have

presented in the present context as a Bayes estimation, has also been introduced
as a regularization procedure independent of any Bayes estimation (Tikhonov and
Arsenin 1977; Groetsch 1984; Morozov 1984). The parameter ˇ is also called a
regularization parameter.

11.4.4 Examples of the Estimation of a Distribution Function
by a Regularization Method

We discuss an example taken from rheology. Linear viscoelastic materials, for
example, polymer melts, are materials that are characterized by a spectrum of
relaxation times which correspond to different relaxation processes in the material.
A density function h.�/ (h.�/� 0) specifies the relative weight with which a relax-
ation process with a characteristic relaxation time � contributes to an experimentally
accessible quantity. This function is also called a relaxation-time spectrum.
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According to the theory of linear viscoelastic materials, a linear relationship
exists between the response variables of the system that describes its behavior with
respect to deformations and the spectrum h.�/. If the material is exposed to an
oscillating shear deformation, two so-called dynamical moduli G0.!/ and G00.!/
may be measured (essentially these are stress components measured per unit area).
They are related to the relaxation-time spectrum h.�/ by

G0.!/ D
Z

d ln � K 0.!; �/ h.�/;

G00.!/ D
Z

d ln � K 00.!; �/ h.�/;
(11.76)

where

K 0.!; �/ D .!�/2

1C .!�/2 ;

K 00.!; �/ D !�

1C .!�/2 :
(11.77)

Hence, from the spectrum h.�/, i.e., a density distribution, two measurable quanti-
ties G0.!/ and G00.!/ are derived.

To demonstrate the quality of the maximum entropy method and the regulariza-
tion procedure, we will now determine the spectrum not from some experimental
data, but instead we will postulate a certain spectrum, from which we will generate
a set of data by simulations, and then we will try to reconstruct this spectrum. We
choose a bimodal spectrum of the form

h.�/ D A1 exp

0

@�
�

ln �
�a

�2

b21

1

AC A2 exp

0

@�
�

ln �
�b

�2

b22

1

A ; (11.78)

with A1 D 10, �a D 5 � 10�3, b1 D 1; A2 D 0:5, �b D 50, b2 D 1.
On a logarithmic �-scale, h.�/ corresponds to the superposition of two Gaussians

with their maxima at �a D 5� 10�3 and �b D 50, where the first maximum is larger
than the second by a factor of 20.

The data are now simulated according to

g0i � D G0.!i / .1C �0�0i /;
g00i � D G00.!i / .1C �0�00i /; i D 1; : : : ; N;

(11.79)

where

!i D !min

�
!max

!min

� i�1
N�1

; i D 1; : : : ; N; (11.80)
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Fig. 11.6 Simulated data for G0.!/ (4) and G00.!/ (˘) from the spectrum given by (11.78) and
shown as a solid line in Fig. 11.7 (From Honerkamp (1994), reprinted by permission of Wiley-
VCH, Weinheim)

!min D 5 � 10�4; !max D 5 � 104; N D 30: (11.81)

Here, G0.!i / and G00.!i / have been computed from (11.76), where the integrals
have been replaced by summations, e.g.,

G0.!i / D
MX

˛D1
m˛K

0.!i ; �˛/h˛ (11.82)

with

h˛ D h.�˛/; �˛ D �a
�
�b

�a

� ˛�1
M�1

(11.83)

and

m˛ D
ln �b

�a

M � 1 ; ˛ D 1; : : : ;M: (11.84)

The quantities �0i and �00i in (11.79) are both standard normal random numbers.
The form of the simulation of the errors of measurement in (11.79) is equivalent
to assuming a constant relative error �0. The value was �0 D 0:03, i.e., we assumed
a relative error of 3%.

The simulated measurement data are presented in Fig. 11.6. Figure 11.7 shows
the given spectrum h.�/ as a solid line and the reconstructed values with error bars
obtained from the estimation by a maximum entropy method.

We notice fairly good agreement, which is even more remarkable as the heights
of the two maxima differ enormously.
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Fig. 11.7 A given spectrum (solid line) and the reconstruction (values with error bars) by the
maximum entropy method (From Honerkamp (1994), reprinted by permission of Wiley-VCH,
Weinheim)

Figure 11.8 displays the solution of the same problem using the regularization
method. Figure 11.8a shows the values for LD 1 and Fig. 11.8b the values for
LDd2=.d ln �/2. In both cases, we used the self-consistent method for determining
the regularization parameter. Obviously, the regularization method for LD 1 has
difficulties resolving the smaller peak. This is not surprising since this method
favors solutions with weights as small as possible (the additional functional isP

˛ m˛.h˛/
2). The reconstruction of the larger peak leads to a certain neglect of

the smaller one. Concerning the application of these methods to real data sets, we
refer to the literature (Honerkamp and Weese 1989, 1993).

11.5 Estimating the Realization of a Hidden Process

In this section we discuss a method how to estimate the realization of a hid-
den process. Two very important algorithms will be introduced, in Sect. 11.5.1
the Viterbi algorithm for the estimation of the realization x1:::N D .x1; : : : ; xN /,
given the observations y1:::N D .y1; : : : ; yN / in a hidden Markov process, and in
Sect. 11.5.2 the Kalman filter for the estimation of the process x.t/, t D 1; : : : ; N ,
given the observations y.t/, t D 1; : : : ; N in a state space model.

11.5.1 The Viterbi Algorithm

We consider a Markov process with discrete states xt 2 f1; : : : ; N g for t D 1; : : : ; N
and transition probabilities 
.x0t j xt /. The observation equation may be defined by
the conditional probability density 
.y1:::N j x1:::N / with
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Fig. 11.8 The given spectrum (solid line) and the reconstruction (values with error bars) by the
regularization method, (a) with L D 1, (b) with L D d2=.d ln �/2 (From Honerkamp (1994),
reprinted by permission of Wiley-VCH, Weinheim)


.y1:::N j x1:::N / D QN
tD1 
.yt j xt /; (11.85)

i.e., the probability for the observation yt may depend only on the state xt . The
Markov property of the system dynamics asserts that, furthermore,


.x1:::N / D 
.x1/QN
tD2 
.xt j xt�1/: (11.86)

The MAP estimator for x1:::N is defined by the maximum of 
.x1:::N j y1:::N /, i.e.,
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bx1:::N D arg max
x1:::N


.x1:::N j y1:::N / D arg max
x1:::N

h

.y1:::N j x1:::N / 
.x1:::N /

i
: (11.87)

Let us define the negative logarithm of the conditional density 
.x1:::N j y1:::N / as
the length L.x1:::N / of the path x1:::N ,

L.x1:::N / D � ln
h

.y1:::N j x1:::N / 
.x1:::N /

i
I (11.88)

then, the MAP estimatorbx1:::N is given by the shortest path with

bx1:::N D arg min
x1:::N

L.x1:::N /: (11.89)

Instead of searching in the mN -dimensional space of the paths fx1:::N g for the
minimum, one can find it iteratively with the Viterbi algorithm:

One introduces the shortest path, which ends in state ˛ at time t . We call it
x�1:::t

ˇ̌
xtD˛ . Its length is L.x�1:::t

ˇ̌
xtD˛/.

For t D 1, obviously, x�1
ˇ̌
x1D˛ for all ˛ is given by x�1 D ˛ itself. The length is

L.x�1 jx1D˛/ D � ln 
.y1jx1 D ˛/ � ln 
.x1 D ˛/: (11.90)

Now let fx�1:::t�1
ˇ̌
xt�1Dˇg be given for all ˇ D 1; : : : ; m. An extension of the path

from .t � 1/ to t to xt D ˛ passes through some state xt�1 D ˇ at time t � 1, and
the path x�1:::t

ˇ̌
xtD˛ is shortest for that xt�1 D ˇ for which

L.x1:::t jxtD˛;xt�1Dˇ/ D � ln 
.yt j xt D ˛/ � ln 
.xt D ˛ j xt�1 D ˇ/
C L.x�1:::t�1jxt�1Dˇ/; (11.91)

is a minimum. Thus

L.x�1:::t jxtD˛/ D min
ˇ
L.x1:::t jxtD˛;xt�1Dˇ/ (11.92)

is the length of the shortest path with xt D ˛. For this path, the state ˇ, which is
assumed at t � 1, is given by

ˇ D arg min
ˇ0

L.x1:::t jxtD˛;xt�1Dˇ0/: (11.93)

We will calculate this for every ˛ and denote this by ˇ D ptr.xt D ˛/.
Having determined in this way the shortest path x�1:::t

ˇ̌
xtD˛ and ptr.xt D ˛/ for all

t until t DN , one may finally minimize with respect to ˛ to find the shortest path at
all. Obviously, by

x�N D arg min
˛
L.x�1:::N jxND˛/; (11.94)
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the state x�N at time t DN with the shortest path independent of the final state is
determined. The states of the whole shortest path can now be reconstructed by using

x�t�1 D ptr.x�t / (11.95)

recursively, starting with xN�1 D ptr.x�N /.
In this estimation of the shortest path, the information about the whole data

set y1:::N is used for every xt . Thus we may also call this estimation x�1:::t j y1:::N .
Another estimation would be x�1:::t j y1:::t , i.e., an estimation for x1:::t on the basis
only of y1:::t . This could be formulated by choosing

x�t D arg min
˛
L.x�1:::t jxtD˛/; (11.96)

for every t as in (11.94) for t D N , thus not using the record x�t�1 D ptr.x�t / for
t D N;N � 1; : : :.
Example. We consider a hidden Markov model with two states and a12 � 
.xt D
1 j xt�1 D 2/ D 0:1, a21 � 
.xt D 2 j xt�1 D 1/ D 0:05, �1 D 1, �2 D 2. Then

� ln 
.yt j xt D ˛/ D 1

2�2˛
.yt � �˛/2; ˛ D 1; 2

ln 
.˛ jˇ/ D ln a˛ˇ: (11.97)

Figure 11.9 shows the observation fyt g and the exact hidden process fxt g
for two different values �1D �2D 0:1 (left) and 0:3 (right) in the upper subplot.
The subplots in the middle show the estimates x�1:::t jy1:::t and the lower the estimates
x�1:::t jy1:::N . For �1D �2D 0:1, no error can be observed, whereas for �1 D �2D 0:3,
some larger fluctuations are interpreted as transitions in the estimate x�1:::t jy1:::t .

11.5.2 The Kalman Filter

The Viterbi algorithm should also be applicable for estimating a hidden AR process,
which usually is formulated in terms of a state space model (see Sect. 11.3):

X.t/ D A X.t � 1/C B �.t/; �.t/ �WN.0;1/; (11.98)

Y .t/ D C X.t/C �.t/; �.t/ �WN.0;R/: (11.99)

A;B;C may be time-dependent matrices, B and C not necessarily quadratic, R is
the covariance matrix of the observational noise �/. Then, with Q D BBT ,
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Fig. 11.9 Realization and exact hidden process (above), exact and estimate x�

1:::t jy1:::t (middle),
and exact and estimate x�

1:::t jy1:::N (below); for �1 D �2 D 0:1 (left) and �1 D �2 D 0:3 (right)

� ln 
.y t ; t jxt ; t/ D 1

2
.y t �C xt /

TR�1.y t � C xt / (11.100)

� ln 
.xt ; t jxt�1; t � 1/ D 1

2
.xt � A xt�1/TQ�1.xt � A xt�1/; (11.101)

and in the same way as in the hidden Markov process, one should be able to define
the estimates x�1:::t jy1:::t and x�1:::t jy1:::N .

This is the case. Before we do this, we will state the result.

The forward Kalman filter. The estimation procedure can be seen to consist of
two parts. The first is the so-called prediction prior to the observation Y .t/. Here
X.t/ is estimated on the basis of the Y .t � 1/; : : : and of OX.t � 1/. This estimator
function is called QX.t/, whereas OX .t/ is the estimate of X.t/ on the basis of
Y .t/;Y .t � 1/; : : :. From (11.98) and (11.99), we get

QX.t/ D A.t � 1/ OX.t � 1/: (11.102)

The expected observation QY .t/ for known QX.t/ is then

QY .t/ D C.t/ QX.t/: (11.103)

The second step is the correction of QX.t/ because of observation Y .t/. This
correction is assumed to be linear in the forecast error for the observations
Y .t/� QY .t/. Thus one eventually obtains for the estimate OX.t/
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OX.t/ D QX.t/C K.t/
h
Y .t/ � QY .t/

i
; (11.104)

where K.t/, the so-called Kalman gain factor, is a matrix yet to be calculated.
Having calculated the matrix K.t/, (11.102)–(11.104) then allow recursive

determination of OX.t/. Furthermore, the prediction error

OP˛ˇ.t/ � h.X.t/� OX.t//˛ .X.t/ � OX.t//ˇi (11.105)

can be calculated at each time.
The quantities OP.t/ and K.t/ can be determined recursively prior to the

observations. If OP.t � 1/ is given, then a matrix QP.t/ is calculated as

QP.t/ D A.t � 1/ OP.t � 1/AT .t � 1/C B.t � 1/Q.t/BT .t � 1/: (11.106)

With the help of QP.t/,

K.t/ D QP.t/CT .t/ ŒC.t/ QP.t/CT .t/C R.t/��1 (11.107)

is obtained, and then

OP.t/ D QP.t/ � K.t/C.t/ QP.t/: (11.108)

As initial values, one must specify OP.1/ and, for (11.102), OX.1/, for example,
OX.1/D 0 and OP.1/D c1 with appropriately chosen c. All of the OP.t/ and K.t/ for
t > 1 can then be determined from (11.106) to (11.108), and all of the OX.t/ from
(11.102) to (11.104).

Until now we have considered two estimators for X.t/, namely, QX.t/ as an
estimator for given Y .t � 1/;Y .t � 2/; : : : , and OX.t/ as an estimator for given
Y .t/;Y .t �1/; : : :. These estimators are called forward Kalman filters because they
can be calculated proceeding forward in time.

The backward Kalman Filter. Given the observation Y .1/; : : : ;Y .N /, one might
ask for the best estimator for X.t/ if all of the observations Y .t/ from t D 1 up to
t D N are taken into account. If we call this estimator LX.t/, then clearly

LX.t/
ˇ̌
ˇ
tDN D

OX.t/
ˇ̌
ˇ
tDN ; (11.109)

and for the error matrix

LP.t/ D
D�

X.t/ � LX .t/��X.t/ � LX.t/�T
E
; (11.110)

it similarly holds that

LP.t/
ˇ̌
ˇ
tDN D

OP.t/
ˇ̌
ˇ
tDN : (11.111)



11.5 Estimating the Realization of a Hidden Process 453

0 50 100 150 200 250 300 350 400 450 500
−10

−5

0

5

10

0 50 100 150 200 250 300 350 400 450 500
−10

−5

0

5

10

0 50 100 150 200 250 300 350 400 450 500
−10

−5

0

5

10

time

Fig. 11.10 Realization of a hidden AR(2) process (above), exact and estimate Ox.t/(middle, solid
line), and exact and estimate Lx.t/(below, solid line). The true realization x.t/ of the hidden process
is given by the broken line

The estimates LX.t/ for t <N can now be determined recursively for t DN � 1,
N � 2; : : : through

LX.t/ D OX.t/C LK.t/� LX.t C 1/� QX.t C 1/�; t D N � 1; : : : ; (11.112)

with

LK.t/ D OP.t/AT QP�1.t C 1/; (11.113)

and for LP.t/, one obtains

LP.t/ D OP.t/C LK.t/� LP.t C 1/� QP.t C 1/� LKT .t/: (11.114)

Thus while OX.t/ takes into account only the observations Y .t 0/ for t 0 D 1; : : : ; t ,
for the estimation of LX.t/ all observations Y .t 0/, t 0D 1; : : : ; N , are taken into
account. Thus the latter estimate is clearly superior (see Fig. 11.10).

A remarkable property of the Kalman filter is that the estimates Ox.t/ and Lx.t/
are very robust. Even when the parameters of the model used in the construction
of the Kalman filters differ much from the true ones (as one can check, e.g., in
simulations), the estimates are only slightly deteriorated (see Fig. 11.11).
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Fig. 11.11 Realization of a hidden AR(2) process (above), estimate Ox.t/(middle, solid line),
and estimate Lx.t/(below, solid line). The true realization x.t/ of the hidden process is given by
the broken line. The parameters used in the simulation are T D 40, � D 50 for the period and
damping constant of the AR(2) model, whereas in constructing the Kalman filter T D 20, �D 10
are chosen

The extended Kalman filter. Until now, we have assumed linear system equations
and observation equations. The Kalman filter can also easily be formulated for
nonlinear equations of the form

X.t/ D f
�
X.t � 1/�C B.t � 1/�.t/; (11.115)

Y .t/ D g
�
t;X.t/

�C �.t/; (11.116)

where the assumptions given in (11.98)–(11.99) about the noise terms is made. The
predictions prior to the observation Y .t/ are

QX.t/ D f
� OX.t � 1/�; (11.117)

QY .t/ D g
�
t; QX.t/�; (11.118)

and for the estimate OX.t/, one again assumes

OX.t/ D QX.t/C K.t/ŒY .t/ � QY .t/�: (11.119)
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For the determination of QP.t/, K.t/, and OP.t/, the same algorithm as in the linear
case is obtained, only the meaning of the matrices A and C has changed. These
matrices are now given by

A˛ˇ.t � 1/ D @f˛.X/

@Xˇ

ˇ̌
ˇ̌
XD OX .t�1/

; (11.120)

and

C˛ˇ D @g˛.t;X/

@Xˇ

ˇ̌
ˇ̌
XD QX.t/

: (11.121)

If time is a continuous instead of a discrete parameter, the Kalman filter can be
defined similarly (see, for example, Gelb 1974). Now, the system and observation
equations are

PX.t/ D f
�
X.t/; t

�C �.t/; �.t/ � WN.0;Q.t//; (11.122)

Y .t/ D g
�
X.t/; t

�C �.t/; �.t/ � WN.0;R.t//; (11.123)

E
�
�.t/;�.t 0/

� D 0: (11.124)

The estimate of the state vector then is

PX.t j t/ D f
� OX.t/; t�C K.t/

�
Y .t/� g. OX.t/; t/� (11.125)

and

K.t/ D P.t/CT
�
X.t/; t

�
R�1.t/; (11.126)

where the matrix C again contains the elements

C˛ˇ D @g˛.X ; t/

@Xˇ

ˇ̌
ˇ̌
XD OX.t/

: (11.127)

The equation for the error matrix is

PP.t/ D A P.t/C P.t/AT CQ.t/� P.t/CTR�1C P.t/ (11.128)

with

.A/˛ˇ D
�
A. OX.t/; t/�

˛ˇ
D @f˛.X ; t/

@Xˇ

ˇ̌
ˇ̌
XD OX .t/

: (11.129)
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Application (following Gelb 1974).
Consider a vertically falling body in the gravitational field of the earth. Suppose that
x is the height of the body above the surface of the earth. The equation of motion is

Rx D ˛ � g (11.130)

with the deceleration because of the frictional force

˛ D 


2ˇ
Px2: (11.131)


 is the density of the atmosphere,


 D 
0e�x=k ; (11.132)

k is a given constant, and ˇ is the so-called ballistic constant, which we view as
unknown.

With x1Dx, x2D Px, x3Dˇ, we obtain for the equation of motion of the system

Px D f .x/ D
0

@
x2

˛ � g
0

1

A ; ˛ D ˛.x/: (11.133)

Measurements of the height of the body are given by

y.t/ D x1.t/C �.t/; �.t/ � N.0; r/: (11.134)

The initial values are x.0/ D �, and

P.0/ D
0

@
p110 0 0

0 p220 0

0 0 p330

1

A : (11.135)

With the Kalman filter, the quantities x1.t/; x2.t/, and x3.t/ can be estimated.

Remark. For R! 0, the observation becomes exact. Then, if C�1.t/ exists, it
follows from (11.107) that K.t/ D C�1.t/. From (11.104),

OX.t/ D QX.t/C C�1.t/ŒY .t/ �C QX.t/� D C�1.t/Y .t/ (11.136)

then becomes consistent with (11.99).
For R ¤ 0, the Kalman filter is more effective than a simple estimation

OX.t/ D C�1.t/Y .t/; (11.137)
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Fig. 11.12 Realizations of a hidden AR(1) process with C D 1 in the observation equation: True
realization x.t/ of the hidden process (solid line), Kalman estimate (broken line), and the naive
simple estimate Ox.t/ D C�1y.t/ � y.t/ (dotted line) (Obviously the Kalman estimate is much
better)

that is, the prediction error with the Kalman error is smaller than in this estimate
(11.137) (see Fig. 11.12) and the Kalman filter always becomes more effective than
this simple estimate with growing variance R.t/, that is, with growing uncertainty
in the observations.

Proof of the forward and backward Kalman filter. For convenience we will
assume for this proof that system and observation variable are univariate. As can
easily be shown the log likelihood can be written as

L.x1:::t�1 j xt�1 D ˇt�1/ D 1

2
.ˇt�1 � Oxt�1/T OP�1.t � 1/.ˇt�1 � Oxt�1/

C terms independent on ˇt�1: (11.138)

Then
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L.x1:::;t j xt D ˛t ; xt�1 D ˇt�1/ D 1

2
.yt � Cxt /TR�1.yt � Cxt / jxtD˛t

C 1

2
.xt � Aˇt�1/TQ�1.xt � Aˇt�1/ jxtD˛t

C 1

2
.ˇt�1 � Oxt�1/T OP�1.t � 1/.ˇt�1 � Oxt�1/: (11.139)

Finding the minimum of this expression with respect to ˇt�1, we write the second
and third terms as

L0 D 1

2

�
ˇt�1 � .ATQ�1AC OP�1.t � 1//�1.ATQ�1xt C OP�1.t � 1/ Oxt�1/

	T

�
�
ATQ�1AC OP�1.t � 1/

	

�
�
ˇt�1 � .ATQ�1AC OP�1.t � 1//�1.ATQ�1xt C OP�1.t � 1/ Oxt�1/

	

C 1

2
xTt Q�1xt C 1

2
OxTt�1 OP�1.t � 1/ Oxt�1

� 1
2

�
ATQ�1xt C OP�1.t � 1/ Oxt�1

	T �
ATQ�1AC OP�1.t � 1/

	�1

�
�
ATQ�1xt C OP�1.t � 1/ Oxt�1

	
: (11.140)

From this expression, one can read off the value of ˇt�1 for which the minimum is
achieved. We will need this value for the Kalman smoothing or backward filter. Now
we are interested only in the value at the minimum. After some lengthy calculation,
but using only the identities A�1B�1 D .BA/�1 and A�1 �B�1 D A�1.B�A/B�1,
we get for L0 at the minimum

L0min D
1

2
.xt � A Oxt�1/T QP�1.t/.xt � A Oxt�1/ (11.141)

with

QP.t/ D A OP.t � 1/AT CQ: (11.142)

Then the log likelihood can be written as

L D min
ˇt�1

L.x1:::t j xt D ˛t ; xt�1 D ˇt�1/

D 1

2
.yt � Cxt /TR�1.yt � Cxt /

C 1

2
.xt � A Oxt�1/T QP�1.t/.xt � A Oxt�1/ jxtD˛t : (11.143)
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To find the minimum with respect to ˛t , we write L with the same procedure as
above as

L D 1

2

�
xt � .CTR�1CC QP�1.t//�1.CTR�1yt C QP�1.t/A Oxt�1/

	T

�
�
CTR�1CC QP�1.t/

	

�
�
xt � .CTR�1CC QP�1.t//�1.CTR�1yt C QP�1.t/A Oxt�1/

	

C 1

2
yTt R�1yt C 1

2
OxTt�1AT QP�1.t/A Oxt�1

� 1
2

�
CTR�1yt C QP�1.t/A Oxt�1

	T �
CTR�1CC QP�1.t/

	�1

�
�
CTR�1yt C QP�1.t/A Oxt�1

	
: (11.144)

which again can be written as

L D 1

2
.xt � Oxt /T OP�1.t/.xt � Oxt /C terms independent of xt (11.145)

with

OP�1.t/ D CTR�1CC QP�1.t/ (11.146)

and

Oxt D
�
CTR�1CC QP�1.t/

	�1�
CTR�1yt C QP�1.t/A Oxt�1

	
: (11.147)

Therefore, we obtain the equation of the Kalman filter. From (11.146), we get

OP.t/ D
�
CTR�1CC QP�1.t/

	�1 D QP.t/ � K.t/C QP.t/ (11.148)

with the Kalman gain

K.t/ D
�
CTR�1CC QP�1.t/

	�1
CTR�1 D QP.t/CT

�
C QP.t/CT C R

	�1
; (11.149)

and the equation for xt can also be written as

xt D A Oxt�1 C K.t/.yt �CA Oxt�1/: (11.150)



460 11 Identification of Stochastic Models from Observations

Thus one has arrived at the formula for the Kalman filter by minimizing the log
likelihood at each time t . In this way, one finds the path which is the shortest, given
the data y1:::t for i D 1; : : : ; t .

However, we could also ask for the shortest path, given all the data y1:::N for
i D 1; : : : ; N . Then one has to determine for every given xt that value of xt�1 for
which the path until time t is shortest. This value can be read off from (11.140).
Calling it Lxt�1 we obtain, setting xt already equal Lxt ,

Lxt�1 D .ATQ�1AC OP�1.t � 1//�1.ATQ�1 Lxt C OP�1.t � 1/ Oxt�1/
D Oxt�1 C LK.t � 1/. Lxt � A Oxt�1/ (11.151)

with

LK.t � 1/ D
�
ATQ�1AC OP�1.t � 1/

	�1
ATQ�1 D OP.t � 1/AT QP�1.t/: (11.152)

This is a backward recurrence equation: We get Lxt�1 given Lxt and Oxt�1. Thus we
have first to determine the f Oxt g for t D 1; : : : ; N . Then also LxN � OxN and LP.N / �
OP.N /, because for t D N , all data are known in any case, and from (11.151), one
may the infer the Lxt for t D N � 1; : : : ; 1.

To determine the variance

LP.t/ D h.xt � Lxt /2i; (11.153)

one writes

xt � Lxt D .xt � Oxt /� . Lxt � Oxt / (11.154)

and because of

Lxt � Oxt D LK.t/. LxtC1 � QxtC1/
D � LK.t/

�
.xtC1 � LxtC1/� .xtC1 � QxtC1/

	
(11.155)

one obtains

LP.t/ D OP.t/C LK.t/. LP.t C 1/� QP.t C 1// LKT .t/: (11.156)

11.5.3 The Unscented Kalman Filter

Björn Schelter

The is an alternative for the extended Kalman filter for nonlinear systems (11.116)
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X.t/ D f
�
X.t � 1/�C B.t � 1/�.t/ (11.157)

Y.t/ D g
�
t;X.t/

�C �.t/; (11.158)

for the which the optimal predictions prior to the observation Y.t/ read

QX.t/ D f
� OX.t � 1/� (11.159)

QY.t/ D g
�
t; QX.t/�: (11.160)

While the extended Kalman filter relies on the linearization of the nonlinear
function f

�
X.t � 1/�, the unscented Kalman filter (UKF) is motivated by the fact

that it is easier to approximate a distribution by a Gaussian than to approximate
an arbitrary nonlinear function by linearization (Julier et al. 1995, 2000; Voss
et al. 2004). can be accomplished by taking into account the values of f.Xi /,
i D 1; : : : ; 2d where Xi , i D 1; : : : ; 2d are the so-called �-points, which originate
from the vicinity of the d -dimensional vector OX.t � 1/. The resulting f.Xi /,
i D 1; : : : ; 2d are averaged to obtain the new optimal prediction. In this way, the
full nonlinearity of f.�/ is captured. Of course, the choice of the �-points is crucial.

For the linear Kalman filter, the matrix P.t/ consisting of (cf. (11.105))

OP˛ˇ.t/ � h.X.t/ � OX.t//˛ .X.t/ � OX.t//ˇi (11.161)

quantifies the deviation of the estimated OX.t/ and the true X.t/. Therefore, the
matrix OP.t/ is a sensible measure for the uncertainty and should be used to define
the d -dimensional �-points

Xi .t/ D OX.t/C
�p
d P.t/

�
i
i D 1; : : : ; d (11.162)

XiCd .t/ D OX.t/ �
�p
d P.t/

�
i
i D 1; : : : ; d (11.163)

around the d -dimensional OX.t/. Please note that the square root refers to the square
root of the matrix. The notation .�/i denotes here the i th column or row of .�/.

As an illustrative example, assume that

P D
0

@
P2
1 0 0

0 P 2
2 0

0 0 P 2
3

1

A (11.164)

which would lead to the set of �-points

p
3

8
<

:

0

@
P1
0

0

1

A ;

0

@
0

P2
0

1

A ;

0

@
0

0

P3

1

A ;�
0

@
P1
0

0

1

A ;�
0

@
0

P2
0

1

A ;�
0

@
0

0

P3

1

A

9
=

; (11.165)
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Fig. 11.13 Schematic
drawing of the location of the
mean and the � -points for a
three dimensional example

if OX.t/ is zero. The �-points are, thus, exactly the 1� quantiles of a multivariate
Gaussian distribution centered around OX.t/, the best estimator for X.t/ (Fig. 11.13).

With

Xi .t/ D f
�Xi .t � 1/

�
; (11.166)

we set now for the optimal prediction prior to the observation Y.t/:

QX.t/ D 1

2d

2dX

iD1
Xi .t/: (11.167)

The corresponding PXX.t/ then results in

PXX.t/ D 1

2d

2dX

iD1

�Xi .t/� OX.t/
��Xi .t/ � OX.t/

�0
: (11.168)

By doing this we get now for the prediction up to the second order in a Taylor
expansion (Julier and Uhlmann 1996)

QX.t/ D f
� OX.t � 1/�C r

0
XPXX.t � 1/rX

2
f
�
X.t � 1/�

ˇ̌
ˇ̌
XDOX

(11.169)

and

PXX.t/ D rf
� OX.t � 1/�PXX.t � 1/

�rf
� OX.t � 1/��0: (11.170)

This presents a more accurate results than the one that we would obtain for the
extended Kalman filter for which we have

QX.t/ D f
� OX.t � 1/� (11.171)

and also
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PXX.t/ D rf
� OX.t � 1/�PXX.t � 1/

�rf
� OX.t � 1/��0 (11.172)

but with PXX.t � 1/ as

PXX.t � 1/ D h
�
X.t � 1/� OX.t � 1/��X.t � 1/� OX.t � 1/�0i: (11.173)

Thus, by replacing the prior estimates QX.t/, QY.t/ and the covariances QPXX, QPXY,
QPYY of the ordinary Kalman filter by

QX.t/ D 1

2d

2dX

iD1
QXi .t/; with QXi .t/ D f

�Xi .t � 1/
�

(11.174)

QY.t/ D 1

2d

2dX

iD1
QYi .t/; with QYi .t/ D g

�Xi .t/
�

(11.175)

QPXX.t/ D 1

2d

2dX

iD1

� QXi .t/� QX.t/
�� QXi .t/ � QX.t/

�0
(11.176)

QPXY.t/ D 1

2d

2dX

iD1

� QXi .t/� QX.t/
�� QYi .t/� QY.t/

�0
(11.177)

QPYY.t/ D 1

2d

2dX

iD1

� QYi .t/ � QY.t/
�� QYi .t/ � QY.t/

�0 C R (11.178)

we obtain the uncented Kalman filter (Voss et al. 2004). The equations remain
unchanged. Computationally the unscented Kalman filter is slower as the ordinary
Kalman filter as all �-points have to be kept track of. This, however, is much faster
and much more robust than calculating the Jacobian for the extended Kalman filter,
in particular in those cases where an analytical derivative cannot be obtained.

The unscented Kalman filter as discussed above makes use of the �-points
only. The unscented Kalman filter can potentially be biased in cases where heavy
tail distributions are present or on cases where multimodal distributions play an
important role. Practically, the unscented Kalman filter can often also be applied
also in these cases.

11.5.4 The Dual Kalman Filter

Björn Schelter

This chapter is concerned with the estimation of parameters of the state space model

X.t/ D A X.t � 1/C �.t/; �.t/ �WN.0;QX/ (11.179)

Y.t/ D C X.t/C �.t/; �.t/ �WN.0;R/; (11.180)
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in which the parameter matrices A are assumed to be a function of time A.t/.
A straight forward way to approach this, is to augment the hidden process by a
difference equation for the parameters

A.t/ D A.t � 1/C„.t/; (11.181)

X.t/ D A .t � 1/ X.t � 1/C �.t/; �.t/ �WN.0;QX/ (11.182)

Y.t/ D C X.t/C �.t/; �.t/ �WN.0;R/: (11.183)

For higher order vector autoregressive processes we use (5.273) and (5.274) to
rewrite the model as a vector autoregressive model of order one.

The entries in the matrix „ are all considered to be independent random variables
with zero mean and variance �
ij . Thus, by the model (Kitagawa and Gersch 1996)

aij .t/ D aij .t � 1/C 
ij .t/

the capability of a change of the parameter aij .t/ within one time step is formulated.
To estimate the time-dependent parameters a.t/ together with the hidden process

X.t/ we can use the dual Kalman filter (Wan and Nelson 1997). The idea of the
dual Kalman filter is an estimation in two steps. In the first step the parameters A.t/
are assumed to be known. Equation (11.182) and (11.183) boil down to a standard
linear state space model

X .t/ D A .t � 1/X .t � 1/C j .t/ (11.184)

Y .t/ D CX .t/C � .t/ ; (11.185)

in which the vector A.t � 1/ determines the time varying entries of the coefficient
matrices of the VAR[p] process.

In the second step, we use a second state space model, for which we assume that
the X.t/ are known parameters. Formally, (11.182) and (11.183) can be summarized
in one single observation equation by substituting X.t/ in (11.182) by (11.183)
leading to

A.t/ D A.t � 1/C„.t/ (11.186)

Y.t/ D C ŒA .t � 1/ X.t � 1/C �.t/�C �.t/;

�.t/ �WN.0;R/;�.t/ �WN.0;QX/: (11.187)

Iterating these two steps leads to a convergence to the solution of the full state
space model of the (11.182)–(11.183).

The dual Kalman filter consists of one linear Kalman filter for the process state
space (11.184), (11.185) and another one for the parameter state space (11.186) and
(11.187). The process Kalman filter calculates the optimal estimates X.t/ given the
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Fig. 11.14 A realization of a nonstationary AR[1] process is shown over the time together with
the time-dependent AR coefficient A.t/ (cf. Sommerlade et al. 2012)

time-dependent parameters A.t � 1/. The parameter Kalman filter computes the
optimal estimates for A.t/ given the process state vectors X.t � 1/.
Improvement of the dual Kalman filter. The dual Kalman filter so far described
neglects the estimation error for A .t � 1/ given all observations up to time t � 1
in the process state space (11.184) and (11.185). The variance of the random
variable X.t/ D A .t � 1/X .t � 1/ given the observations fY.1/; : : : ;Y.t � 1/g is
underestimated, because it neglects the variance of A .t � 1/. Instead of considering
A .t � 1/ as exact, it can be treated as a random variable and the nonlinear
components of the random variable X..t/ D A .t � 1/X.t � 1/ can be aproximated
by a first order Taylor expansion. The results can be found in Sommerlade et al.
(2012).

Choosing the smoothness prior. Until now, we assumed that the variances of „,
here called QA, the variances QX and R of the two state space models were known.
In the following, we demonstrate the importance of an adequate choice of QA

(Kitagawa and Gersch 1996), while QX and R are still assumed to be given.
To demonstrate the effect of the choice of QA using the dual Kalman filter

and dual smoothing filter, a one dimensional AR[1] process has been simulated

with a time varying parameter A.t/ D �0:2C 1:5 sin
�
2�t
1;000

	
exp .�0:002.t � 1//.

The variance of the system noise �.t/ has been chosen QX D 1. In Fig. 11.14,
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Fig. 11.15 The time-dependent parameter A.t/ of an AR[1] process X.t/ D A.t/X.t �1/C�.t/
with �.t/ �WN.0; 1/ are presented in black. The time-dependent parameters are estimated by the
dual smoothing filter. System noise was set to QX D 1, the observation noise to R D 0:5 and
three different parameter noise variances QA D 5 � 10�2; 5 � 10�4; 1 � 10�6 are used for the dual
smoothing filter. The results of the estimation are plotted as the thick black lines (cf. Sommerlade
et al. 2012)

a realization of the process X.t/ and the time-depending AR coefficient A.t/ are
shown.

The observation of the time-dependent AR[1] process xt is contaminated with
observation noise �.t/ � N.0;R D 0:5/. Since the variance of the AR process
depends on A.t/ and thus on time, the signal to noise ratio lies between 2 and 4:5.

In Fig. 11.15, the time-dependent parameter A.t/ (thin black line) of a one
dimensional AR[1] process estimated (thick black line) by the dual smoothing
filter. The process and observation noise variances have been set to the true values.
The influence of different parameter noise variances is demonstrated. In (a), the
parameter noise variance QAD 5 � 10�2 is chosen too large and the estimator
for A.t/ fluctuates around the true parameter curve. In (c), the QAD 1 � 10�6
is very small and the Kalman smoother results cannot follow the true parameter
values. In (b), the estimated parameters capture well the true parameters with a
parameter noise variance of QAD 5 � 10�4. This example demonstrates that the
parameter A.t/ can only be estimated well if the parameters QA, QX and R are
well known.

If such parameter are unknown, they have to be estimated from the observations.
This topic is addressed in the next chapter.



Chapter 12
Estimating the Parameters of a Hidden
Stochastic Model

Having discussed the algorithms for estimating the realization of the hidden process
fxt g from the observations fyt g, we will now introduce some methods for estimating
the parameters in the model by which one wants to interpret the observations. In
the first case, this will be a hidden Markov model, in the second case, a state
space model will be assumed. In each case, all of the parameters will be collected in
the vector � . As an estimator we use the maximum-likelihood estimator, so that we
have to find the maximum of the likelihood �.y1:::N j�/ with respect to � . In general,
the likelihood is the sum over all possible paths x1:::N of the hidden process

L D �.y1:::N j �/ D
X

x1:::N

�.y1:::N ; x1:::N j �/

D
X

x1:::N

�.y1:::N j x1:::N / �.x1:::N j �/ : (12.1)

This is a sum over mN terms, when m is the number of discrete states. In nearly
every case, this summation cannot be done.

However, the special dependence structure of the random variables fXt; Yt g in
the hidden Markov model is such that the likelihood of the hidden system is of the
form

�.y1:::N ; x1:::N j�/ D �.y1:::N jx1:::N ;�/�.x1:::N j�/

D
NY

tD2
�.yt jxt ;�/�.xt jxt�1;�/ �.y1jx1;�/�.x1j�/: (12.2)

This will allow calculating the likelihood recursively for any given set � of
parameters, as we will show. Thus the estimate of the parameters can be found by
one of the known maximization routines.

This step of brute force maximization can furthermore be avoided and can be
replaced by an iterative determination of another quantity. The key for a precise
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formulation of such an iterative method is the expectation maximization method
(EM method, Dempster et al. 1977). This method will be introduced in Sect. 12.1
and in the following sections it will be applied to the hidden Markov model and to
the state space model.

12.1 The Expectation Maximization Method (EM Method)

With the EM method, one can construct a sequence of parametric vectors f� .k/g that
converge toward the maximum of the likelihood. The definition of �.kC1/ for given
� .k/ consists of two steps:

• In the first step, an expectation value is calculated, namely, the expectation of the
function ln �.y1:::N ; x1:::N j �/ with respect to the density �.x1:::N j y1:::N ;� .k//,
that is

A.�;�.k// D
X

x1:::N

h
ln �.y1:::N ; x1:::N j �/

i
�.x1:::N j y1:::N ;�.k// : (12.3)

• In the second step, the function A.�; �.k// will be maximized with respect to � ,
and the value of � at the maximum will be called � .kC1/:

� .kC1/ D arg max
�

A.�;�.k// : (12.4)

We will show that this leads to maximization of the log likelihood L.� j y1:::N / D
ln �.y1:::N j �/ with respect to � .

First we will show that always

L.� .kC1/ j y1:::N / � L.� .k/ j y1:::N / : (12.5)

Proof. Because of

�.x1:::N j y1:::N ;�/ D �.x1:::N ; y1:::N j �/
�.y1:::N j �/ ; (12.6)

L.� j y1:::N / � ln �.y1:::N j �/ D ln �.x1:::N ; y1:::N j �/ � ln �.x1:::N j y1:::N ;�/:
(12.7)

We multiply this equation by �.x1:::N j y1:::N ;� .k// and sum over all paths. Then
we obtain

L.� j y1:::N / D A.� ;�.k//� B.� ;�.k// (12.8)
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with

B.�;� .k// D
X

x1:::N

ln �.x1:::N j y1:::N ;�/ �.x1:::N j y1:::N ;�.k//: (12.9)

On the other hand,

B.�;� .k// D
X

x1:::N

ln �.x1:::N j y1:::N ;�.k// �.x1:::N j y1:::N ;�.k//

C SŒ� .k/ j �� ; (12.10)

where SŒ� .k/ j �� is the relative entropy of the density �.x1:::N j y1:::N ;� .k// given
the density �.x1:::N j y1:::N ;�/:

SŒ� .k/ j �� D �
X

x1:::N

ln

 
�.x1:::N j y1:::N ;�.k//
�.x1:::N j y1:::N ;�/

!
�.x1:::N j y1:::N ;� .k//: (12.11)

Because the first term of B.�;� .k// in (12.10) does not depend on � and because
the relative entropy obeys: SŒ� .k/ j �� � 0, we can conclude that

B.� ;�.k// � B.� .k/;�.k// : (12.12)

Now we construct

L.� j y1:::N /� L.� .k/ j y1:::N / D ŒA.�;�.k// �A.� .k/;�.k//�

C ŒB.� .k/;� .k//� B.�;� .k//�:
(12.13)

For

� .kC1/ D arg max
�

A.�;� .k//; (12.14)

we now have

A.� .kC1/;� .k// � A.� .k/;�.k//; (12.15)

B.� .k/;� .k// � B.� .kC1/;� .k//; (12.16)

and therefore,

L.� .kC1/ j y1:::N / � L.� .k/ j y1:::N / ; (12.17)

which completes the proof.
Thus on each sequence of parametric vectors .: : : ;� .k/;�.kC1/; : : :/ which is

constructed with the EM method, the likelihood always increases or, at least,
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stays constant. Let us denote by �� the parametric vector to which the sequence
converges. One may start such a sequence at any point in a region around ��. Thus
�� is also a maximum of the likelihood.

Now, the likelihood of the hidden system is of the form

�.y1:::N ; x1:::N j�/ D �.y1:::N jx1:::N ;�/�.x1:::N j�/

D
NY

tD2
�.yt jxt ;�/�.xt jxt�1;�/ �.y1jx1;�/�.x1j�/; (12.18)

so that the log likelihood is a sum of terms such as ln �.yt jxt ;�/ or ln �.xt jxt�1;�/,
which contain only a few of the arguments fxt g and fyt g. Thus in calculating the
expectation value of such terms with respect to the density �.x1:::N j y1:::N ;� .k//,
the sum over all other arguments means a marginalization and we obtain e.g.
contributions of the type

T1.�;�
.k// D

X

x1:::N

ln �.xtC1jxt ;�/ �.x1:::N jy1:::N ;�.k//

D
X

xtC1;xt

ln �.xtC1jxt ;�/ �.xt ; xtC1jy1:::N ;�.k// (12.19)

and

T2.�;�
.k// D

X

x1:::N

ln �.yt jxt ;�/ �.x1:::N jy1:::N ;�.k//

D
X

xt

ln �.yt jxt ;�/ �.xt jy1:::N ;�.k// : (12.20)

Thus the most important quantity is therefore the density �.xt ; xtC1jy1:::N ;� .k//,
which is the probability density for Xt and XtC1 for given y1:::N and given parame-
ters. From this, one may also find the quantity �.xt jy1:::N ;�.k// by marginalization
with respect to xtC1.

When the state space is discrete, the probability �ji.t/ � �.xt D i; xtC1 D
j jy1:::N ;�/ can be estimated for given data and a given parameter set � , as we will
show in the following subsection.

For a continuous state space as in the usual state space model, this is not a
good strategy because estimating a continuous density functions is notoriously
difficult. One should then better use the fact that the properties of the density
�.xt jy1:::N ;�.i// are determined by the solution of the Kalman smoothing filter:
We had

Lx.t/ D arg max
xt
�.xt jy1:::N ;�.k// : (12.21)

The maximum of the density can also be identified from the expectation value and
therefore also
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Lxi .t/ D< Xi.t/ >D
Z
dxxi�.xjy1:::N ;� .k// : (12.22)

Furthermore, the second momentsXi.t/Xj .t/ can be written as

< Xi.t/Xj .t/ >D Cov.Xi.t/; Xj .t//� < Xi >< Xj >; (12.23)

and the covariance matrix can be identified from the matrix OP.t/ determined in the
Kalman smoothing filter:

< .Xi.t/ � Lxi .t//.Xj .t/ � Lxj .t//T >D . LP/ij .t/ : (12.24)

Finally, the task of finding the expectation value of ln �.xt jxt�1;�/may also lead to
the problem of calculating the moment< Xi.t/Xj .t�1/ > or< Xi.t/Xj .tC1/ >.
The key to such calculations is the observation that the forecast error X.t/� Ox.t/ is
independent of �.t C 1/ because Ox.t/ is only the estimation of X.t/ for given data
y1:::t and the noise �.t C 1/ D X.t C 1/ � AX .t/ is independent of X.t/. Thus
< .X.t/� Ox.t//X.t C 1/T > can be calculated easily with the help of X.t C 1/ D
AX.t/C �.t C 1/, leading to

< .X.t/ � Ox.t//X.t C 1/T >D OP.t/AT C . Lx.t/ � Ox.t// Ox.t/TAT : (12.25)

If we write the expression < .X.t/ � Lx.t//X.t C 1/T > in

< X.t/X .t C 1/T >D< .X.t/ � Lx.t//X.t C 1/T > CLx.t/ Lx.t C 1/T (12.26)

as

<.X.t/� Lx.t//X .tC1/T >D<
�
X.t/� Ox.t/�. Lx.t/� Ox.t//

�
X.tC1/T> (12.27)

and use Lx.t/� Ox.t/ D LK.t/. Lx.t C 1/� Qx.t C 1//� LK.t/X.t C 1/C LK.t/X.t C 1/,
we get

< .X.t/� Lx.t//X.t C 1/T >
D< �X.t/ � Ox.t/ � LK.t/ Lx.t C 1/C LK.t/ Qx.t C 1/
CLK.t/X.t C 1/� LK.t/X.t C 1/�X.t C 1/T >
D< .X.t/ � Ox.t//X .t C 1/T >
CLK.t/ < .X.t C 1/� Lx.t C 1//X.t C 1/T >
� LK.t/ < .X.t C 1/� Qx.t C 1//X.t C 1/T >
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D OP.t/AT C . Lx.t/ � Ox.t// Ox.t/TAT C LK.t/ LP.t C 1/
� LK.t/ QP.t C 1/� LK.t/. Lx.t C 1/� Qx.t C 1// Qx.t C 1/T

D LK.t/ LP.t C 1/; (12.28)

where for the last equality we have used that OP.t/AT D LK.t/ QP.tC1/ (see (11.113))
and Lx.t/� Ox.t/� LK.t/. Lx.t C 1/� Qx.t C 1// D 0 and also A Ox.t/ D Qx.t C 1/. Thus
we get finally

< X.t/X .t C 1/T >D LK.t/ LP.t C 1/C Lx.t/ Lx.t C 1/ : (12.29)

In the following sections, we will use these considerations to estimate the parameters
in the hidden Markov model and in the state space model.

12.2 Estimating the Parameters of a Hidden Markov Model

The most important quantity for calculating the likelihood for a hidden Markov
model are the probabilities

˛i .t/ D �.y1:::t ; xt D i j�/ (12.30)

and

˛
.t/
i .t/ D

�.y1:::t ; xt D i j�/
�.y1:::t j�/ D �.xt D i jy1:::t ;�/ : (12.31)

We get X

i

˛i .t/ D
X

i

�.y1:::t ; xt D i j�/ D �.y1:::t j�/ (12.32)

and especially

L D
X

i

�.y1:::N ; xN D i j�/ D
X

i

˛i .t D N/ : (12.33)

The conditional dependence structure of the hidden Markov model is such that
the f˛j .t/g can be calculated iteratively. For t D 1 we have (not indicating the
dependence on the parametric set � for a while)

˛i .1/ D �.y1jx1 D i/�.x1 D i/; (12.34)

and with given ˛j .t � 1/ for all j , we find ˛i .t/ by

˛i .t/ D
X

j

�.yt jxt D i/�.xt D i jxt�1 D j /˛j .t � 1/; t D 2; : : : ; N : (12.35)
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The f˛j .t/g decrease quickly with increasing time t . To avoid a numerical under-

flow, one has to deal with the corresponding quantities ˛.t/i .t/ which will be derived
in each step by a normalization:

12.2.1 The Forward Algorithm

In the first step, ˛.1/i .1/ can be obtained from ˛i .1/ by multiplying by a factor �.1/

so that

X

i

˛
.1/
i .1/ D

X

i

�.1/�.y1; x1 D i/ D
X

i

�.1/˛i .1/ D 1; (12.36)

from which we conclude that

�.1/ D 1P
i ˛i .1/

D 1

�.y1/
: (12.37)

In the next step, we first define

˛
.1/
i .2/ D �.1/˛i .2/ �

X

j

�.y2jx2 D i/�.x2 D i jx1 D j /˛.1/j .1/; (12.38)

and for normalization, we multiply ˛.1/i .2/ by a factor �.2/ to get

˛
.2/
i .2/ D �.2/�.1/˛i .2/ : (12.39)

Normalization of ˛.2/i .2/ leads to

�.1/�.2/ D 1P
i ˛i .2/

D 1

�.y1; y2/
: (12.40)

Thus by normalizing in each step, we obtain the probabilities ˛
.t/
i .t/ D

˛i .t/=�.y1:::t / D �.xt D i jy1:::t ;�/, and we pick up normalization factors f�.i/g,
so that

�.1/�.2/ : : : �.N/ D 1P
i ˛i .N /

D 1

�.y1:::N /
; (12.41)

and we obtain thus for the log likelihood

lnL D �
NX

jD1
ln�.j / : (12.42)
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Hence the likelihood can be calculated easily for each parametric set � , and by
a numerical minimization routine one may find the minimum of the negative log
likelihood with respect to � .

12.2.2 The Backward Algorithm

There is, however, another method, by which one may calculate analytically
the estimators for the parameters. For this one has to introduce the posterior
probabilities

ˇi .t/ D �.ytC1:::N jxt D i/: (12.43)

Then, because of

ˇi .t � 1/ D �.yt:::N jxt�1 D i/
D
X

j

�.ytC1 : : : N jxt D j /�.yt jxt D j /�.xt D j jxt�1 D i/;

(12.44)

we obtain the recursion relationship

ˇi .t � 1/ D �.yt:::N jxt�1 D i/ D
X

j

ˇj .t/�.yt jxt D j /�.xt D j jxt�1 D i/ :
(12.45)

On the other hand,

ˇi .N � 1/ D �.yN jxN�1 D i/ D
X

j

�.yN jxN D j /�.xN D j jxN�1 D i/;
(12.46)

thus ˇj .N / D 1 for all j . With this initial condition, one finds all ˇj .t/; t D
N � 1; : : : ; 1 for all j from the recursion relationship. Again an underflow problem
arises which can be avoided by a normalization in each step in the same manner as
before.

12.2.3 The Estimation Formulas

Then we may also write

�.xt D i jy1:::N /�.y1:::N / D �.y1:::N ; xt D i/
D �.ytC1:::N jy1:::t ; xt D i/�.y1:::t ; xt D i/;
D �.ytC1:::N jxt D i/�.y1:::t ; xt D i/; (12.47)
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where the last equation is true because ytC1:::N is independent of y1:::t , given xt .
Therefore the probability �.xt D i jy1:::N / can also be written as

�.xt D i jy1:::N / D ˇi .t/˛i .t/

�.y1:::N /
: (12.48)

This probability should not be confused with

�.xt D i jy1:::t / D ˛i .t/

�.y1:::t /
: (12.49)

Furthermore we define

�.xt D i; xt�1 D j jy1:::N /�.y1:::N /
D �.xt D i; xt�1 D j; y1:::N /
D �.ytC2:::N jxtC1 D j /�.ytC1jxtC1 D j /�.xtC1 D j jxt D i/�.y1:::t ; xt D i/ :

(12.50)

Hence

�ji.t/ D ˇj .t C 1/�.ytC1jxtC1 D j /�.xtC1 D j jxt D i/˛i .t/
�.y1:::N /

(12.51)

is the probability �.xt D i; xtC1 D j jy1:::N / that xt D i and xtC1 D j for given
y1:::N (see Fig. 12.1), and from this one obtains by marginalization

�i.t/ D �.xt D i jy1:::N / D
X

j

�.xt D i; xtC1 D j jy1:::N / D
X

j

�ji.t/; (12.52)

again the probability that xt D i for given y1:::N which is identical to the quantity
given in (12.48) and determined there in a different way.

Taking into account again the dependence on the parameter set and considering
this in the kth iteration of the EM method, we should write, e.g., �ji.t/ as

�ji j�.k/ .t/ � �.xt D i; xtC1 D j jy1:::N ;� .k//: (12.53)

With these densities then, we have to calculate the expectation value of
ln �.xtC1D j j xt D i;�/, and the parametric set � may now consist of the
parameters aji� �.xtC1D j j xt D i;�/ and f�ig and f�i g contained in �.yt j
xt D i/ � 1p

2��i
e
� .yt��i /

2

2�2i .
Then we obtain

T1.aji j � .k// D
X

t

�ji.t/ ln aji (12.54)
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Fig. 12.1 Realization of an exact hidden process (above) and some of the functions �ij .t/ (below:
�21.t/ dotted line, �11.t/ solid line)

and

T2.�i ; �i j � .k// D
X

t

�i .t/

�
� .yt � �i/

2

2�2i
� ln �i C const

�
: (12.55)

With this result, the expectation step is finished. The maximization can be done
analytically:

Derivation of T2 with respect to the parameters �i ; �i leads to

O�i D
P

t �i .t/ytP
t �i .t/

; (12.56)

O�2i D
P

t �i .t/.yt � O�i/2P
t �i .t/

: (12.57)

This looks plausible: the data at time t contribute to the estimates of state i
according to the weight of the probability that state i is realized at time t .

To estimate the transition probability the condition
P

j aji D 1 has to be taken
into account with the help of Lagrange multipliers. One defines
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QT1.aji/ D T1.aji/C
X

i

	i
X

j

.aji � 1/ : (12.58)

Setting the derivatives with respect to the parameters aji and the Lagrange
multipliers 	i equal to zero, leads to

Oaji D
P

t �ji.t/P
t �j .t/

(12.59)

with an interpretation similar to that for the other estimators.
Thus the new parameters can be calculated analytically and can be used for the

next iterative step until convergence is achieved.

12.3 Estimating the Parameters in a State Space Model

We write the state space model again as (see Sect. 11.5.2)

X.t/ D AX .t � 1/C �.t/; �.t/ �WN.0;Q/; (12.60)

Y .t/ D CX.t/C �.t/; �.t/ �WN.0;R/ : (12.61)

With a similarity transformation (see Sect. 5.9) one can always obtain Q D 1. For
t D 1, we will set X.1/ � N.x.1/;P.1//.

The set of parameters then contains the elements of the matrices R, C, A,
x1, and P1. We collect all of these parameters into a vector � :

� D .A˛ˇ;Ci˛;Rij ;P
.1/

˛ˇ ; x
.1/
˛ / : (12.62)

Now

�.x1 j �/ D .2�/�m
2 .det P.1//�

1
2 e�

1
2 .x.1/�x.1//T.P.1//�1.x.1/�x.1//

�.x2:::N j x1;�/ /
NY

tD2
e�

1
2

�
x.t/�Ax.t�1/

�T�
x.t/�Ax.t�1/

�

�.y1:::N j x1:::N ;�/ /
NY

tD1
.det R/�

1
2 e�

�
y.t/�Cx.t/

�T
R�1
�

y.t/�Cx.t/
�

(12.63)

Therefore building ln �.y1:::N ;x1:::N j �/, we obtain, up to unimportant constants,

ln �.x.t/ j x.t � 1/;�/ D �1
2

N�1X

tD2

�
x.t/ � Ax.t � 1/�T�

x.t/ � Ax.t � 1/�;

(12.64)
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ln �.y.t/ j x.t/;�/ D �1
2
N ln.det R/

�1
2

NX

tD1

�
y.t/� Cx.t/

�T
R�1

�
y.t/ �Cx.t/

�
;

(12.65)

and

ln �.x.1/ j �/ D �1
2

ln.det P.1//

�1
2

�
x.1/� x.1/

�T
.P.1//�1

�
x.1/� x.1//

�
: (12.66)

We have to calculate the expectation values of these terms according to

< O >
ˇ̌
y1:::N ;�

.k/ D
X

x1:::N

O �.x1:::N j y1:::N ;�.k//; (12.67)

so that the following moments arise

Q.1/ D
NX

tD1
yT.t/y.t/

ˇ̌
y1:::N ;�

.k/ ; (12.68)

which could be regarded as the zero-th moment, and

Q.2/ D
NX

tD1
< X .t/ >

ˇ̌
y1:::N ;�

.k/ Y T.t/ (12.69)

Q.3/ D
NX

tD2
< X .t/XT.t/ >

ˇ̌
y1:::N ;�

.k/ ; (12.70)

Q.4/ D
NX

tD2
< X .t � 1/XT.t/ >

ˇ̌
y1:::N ;�

.k/ ; (12.71)

Q.5/ D
NX

tD2
< X .t � 1/XT.t � 1/ > ˇ̌

y1:::N ;�
.k/ : (12.72)

With the help of the formula for moments, derived in Sect. 12.1, we obtain

A.�;� .k// D �1
2
N ln det R� 1

2
ln det P.1/
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�1
2

Tr
�
R�1.Q.1/ � C Q.2/ � .Q.2//TCT C C Q.3/CT

�

�1
2

Tr
�
Q.3/ � A .Q.4//� .Q.4//TAT C A Q.5/AT�

�1
2

Tr
�
.P.1//�1.x.0/� x.1//.x.0/� x.1//T

�
:

The maximum of A.�; �.k// with respect to the parameters A;C;R can be
determined analytically. One obtains

bA D .Q.4//T.Q.5//�1 (12.73)

and
bC D .Q.2//T.Q.3//�1: (12.74)

To determinebR, we use the formulas

@ ln det R
@Rrs

D @Tr ln R
@Rrs

D Tr
�
R�1

@R
@Rrs

�
(12.75)

and
@R�1

@Rrs
D �R�1

@R
@Rrs

R�1 : (12.76)

Then by setting the derivative with respect to Rrs equal to zero, one arrives at the
equation

NR�1 � R�1
�
Q.1/ � C Q.2/ � .Q.2//TCT CC Q.3/CT

�
R�1 D 0 (12.77)

and thus, also already using the updatebC for C,

bR D 1

N

�
Q.1/ �bCQ.2/ � .Q.2//TbCT CbCQ.3/bCT

�
(12.78)

D 1

N

NX

tD1

�
y.t/ �bC Lx.t/�T�

y.t/ �bC Lx.t/�CbC LP.t/bCT: (12.79)

In a similar way, one obtains
bP.1/ D LP.1/; (12.80)

and
bx.1/ D LX.1/ : (12.81)

These new matrices bA;bC;bR;bP.1/;bx.1/ constitute the new parameter set �.kC1/,
and one iterative step is finished in this way.
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Fig. 12.2 Estimates of the parameters obtained in the iteration of the EM method. Above: The
parameters of the matrix A; below: the same for the parameters of matrix C

To judge the estimates of the parameters, one has to take into account that,
even after the variance Q of the noise has been made equal to the identity
matrix by a similarity transformation, the system equation is still invariant under
a transformation by an orthogonal matrix. This leaves Q invariant but changes
matrix C. Considering the singular value decomposition (see Sect. 8.4)

C D UDVT ; (12.82)

where U and V are orthogonal matrices and D is a diagonal matrix, one may
introduce as standard form for C that for which the matrix V is the identity, namely,

C D UD : (12.83)

Example. We simulate a state space model with (A11 D A21 D A22 D �A12 D 0:5,
C11 D �1;C12 D 0;R D 1). In Fig. 12.2 is shown how the estimations of the
parameters converge to values that are near the exact ones.

The estimations tend quickly toward the exact values even if the initial values are
far away. The convergence rate, however, slows down near the convergence point.

Remark. In the literature the methods for estimating parameters in pure AR model
or ARMA models is discussed Brockwell and Davies (1987). Because of the
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ubiquitous existence of the observational noise, these methods play a minor role
in applications. We will therefore not go into details. They can, however, be derived
as special cases of the methods explained here. One has only to take into account
that the observational equation then reads

�.y1:::N j x1:::N / D ı.y1 � x1/ : : : ı.yN � xN /: (12.84)

Then one obtains, e.g., for the estimate of parameterA in the univariate AR(1) model

X.t/ D AX.t � 1/C �
.t/; 
 � N.0; 1/; (12.85)

according to (12.73),

OA D
P

t y.t � 1/y.t/P
t y.t � 1/y.t � 1/

: (12.86)



Chapter 13
Statistical Tests and Classification Methods

13.1 General Comments Concerning Statistical Tests

13.1.1 Test Quantity and Significance Level

Since it is often necessary to make hypotheses about the properties of random
variables, it is important to have a well-defined procedure to test these hypotheses.
Typical hypotheses are

H0 W fy1; : : : ; yN g is a sample of a random variable Y

with density �Y .y/;

or

H0 W fy1; : : : ; yN g is a sample of some random variable Y

with expectation value �.

Thus, given realizations of a random variable together with a hypothesis H0 about
the random variable, one should know whether the hypothesis is compatible with
the realizations that have been obtained.

For example, suppose that we generate N random numbers using a random
number generator that is supposed to yield uniformly distributed independent
random numbers. From these realizations, we can estimate the mean value and
the variance, and we can ask whether the estimated values are consistent with
the assumption that the generator delivers uniformly distributed random variables
by comparing mean and variance. We can also exhibit the frequency distribution
in the interval Œ0; 1� and ask whether this distribution is acceptable as a uniform
distribution. For this purpose, we must define a measure for the compatibility of the
observed quantity with the hypothesis, and one must define what one will regard as
compatible and what not.

J. Honerkamp, Statistical Physics, Graduate Texts in Physics 38,
DOI 10.1007/978-3-642-28684-1 13, © Springer-Verlag Berlin Heidelberg 2012
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Such a measure for a test is called a test quantity or test statistic. This is a random
variable C.Y1; : : : ; YN / which under the null hypothesis H0 possesses a specific
distribution �.c j H0/. The value of C , obtained from the sample y1; : : : ; yN to
be tested, should be a very probable value if the hypothesis is valid and a very
improbable one, if the hypothesis is false.

To be more precise, one may introduce an .1 � ˛/-quantile c1�˛ for the
distribution of �.c j H0/, so that c > c1�˛ with 100˛% probability. If we choose,
e.g., ˛ D 0:05, then with only 5% probability a realization of C will be larger than
c0:95, if the hypothesis H0 is valid. We will call ˛ the significance level. Now, if
the realization of C is smaller than c1�˛ , we accept the hypothesis; otherwise, we
decide to reject the hypothesis.

Because the rejection interval is on one side of the acceptance interval, the test
introduced so far is called a one-sided test. In many cases, a two-sided test makes
more sense: the introduction of an interval fc j c˛=2 < c < c1�˛=2g as an acceptance
interval. The H0 hypothesis is then rejected if the realization of C for a sample
y1; : : : ; yN is either smaller than c˛=2 or larger than c1�˛=2. The probability for this
is also 100˛% (see Fig. 13.1).

Thus, testing a hypothesis means finding a test quantity together with its
probability distribution when the hypothesis is valid, choosing a significance level,
and formulating with it the rules for rejecting and accepting the hypothesis.

Now, if the null hypothesis is valid, the probability that a realization falls into
the rejection interval is ˛. Thus, even if the null hypothesis is valid it can also be
rejected, and an error is made with probability 100˛%. This error is called the error
of the first kind.

If the value of C falls within the acceptance interval, then the null hypothesis is
not rejected. That may of course also be an error, since the same value ofC may also
be probable if an alternative null hypothesis, say, H1 is true. If the density function
�.c j H1/ is known, this error can be determined. The probability that under the
hypothesisH1 the realization of C lies in the interval .c˛=2; c1�˛=2/ is

ˇ D
Z c1�˛=2

c˛=2

dc �.c j H1/; (13.1)

as can easily be seen from Fig. 13.1, below. ˇ is called the error of the second kind.
A decrease in ˛ shifts the right limit of the acceptance interval further to the right,
and thus increases ˇ. The “goodness” of a test quantity C is thus evidenced by the
extent of the overlap of the density functions of C under H0 and H1. On the other
hand, an increase in the size of the random sample narrows the distributions and
thus improves the disentanglement of the tests.

In many cases, however, one does not know the density �.c j H1/ for alternative
hypotheses, and thus an estimation of the error of second kind is not possible.

There is an alternative formulation of the test. For given data one may, determine
the realization of C and also the corresponding confidence interval. Then one asks
whether the hypothesis H0 is compatible with this confidence interval. If, e.g.,
H0 means that the data are realizations of a random variable with mean �0, then
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Fig. 13.1 Acceptance and rejection intervals in the one-sided test (above) and in the two-sided test
(middle). Below the density of the test quantity for an alternative hypothesis is also shown, and the
shaded area corresponds to the error of the second kind concerning the alternative hypothesis H1

one accepts the hypothesis if �0 lies within the confidence interval; otherwise, one
rejects this hypothesis (see Fig. 13.2).

There is a further alternative formulation: In a one-sided test, one can take
the realized value of a test quantity as the critical value c1�p and calculate the
corresponding value of p. The smaller the p-value, the less probable is it that the
null hypothesis is justified. For p < 0:05, one usually rejects the hypothesis.

Examples.

1. LetH0 be the hypothesis that given random numbers are independent realizations
of a random variable which is normally distributed with mean value hXi equal to
a given value �0. Thus, we test the null hypothesis

H0 W hXi D �0: (13.2)

The test quantity can be chosen as the estimator of the mean

C D OXN D 1

N
.X1 C : : :CXN/; (13.3)

and its distribution �.c j H0/ can easily be given. Here a two-sided test is in place.
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Fig. 13.2 Above: Density of the test quantity, shown from c˛=2 to c1�˛=2, for the test of the
hypothesis that the mean is �0. The vertical line denotes the realization of c for the given sample.
Left: A case where the hypothesis is valid. Right: A case where the hypothesis has to be rejected.
Below: The confidence interval around the realization c of C , denoted by a Gaussian density which
has a maximum at c and which is drawn only from one end of the confidence interval to the other.
The vertical line denotes the value �0. Left: A case where the hypothesis is valid. Right: A case
where the hypothesis has to be rejected

If �X is known, then one can construct the quantity

C D
OXN � �0
�X

p
N; (13.4)

which has a normal standard distribution for sufficiently large N under the null
hypothesis. The test using this test quantity C is called the z-test.

However, we also wish to elaborate the more difficult case in which �X is not
known. Then we construct

C D
OXN � �0
SN

p
N; (13.5)

where SN is the estimator for the variance. Now C is a t-distributed random
variable with N � 1 degrees of freedom. The hypothesis H0 must be rejected
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with a significance level ˛ if the realization of C lies outside of the interval
.�tN�1;˛=2; tN�1;1�˛=2/, that is, if

j t j> tN�1;1�˛=2: (13.6)

Alternatively we could determine the confidence interval of OXN . If the hypothesis
is valid, namely, that the given random numbers are independent realizations of a
random variable which is normally distributed, then the confidence interval is given
by Œ OXN �SN=

p
N; OXN CSN=

p
N� and one may ask whether�0 lies in this interval.

Had we wished to test the hypothesis

hXi < �0; (13.7)

then it would have to be rejected with significance level ˛ if

t � tN�1;1�˛; (13.8)

since with probability ˛, the mean hXi is significantly greater than �0.

13.1.2 Empirical Moments for a Test Quantity: The Bootstrap
Method

In many cases the distribution of the test quantity C cannot be given analytically.
Thus also the mean and variance of C are not available, and a confidence interval
cannot be formulated.

A method known as bootstrap can, however, provide an approximate estimate of
the confidence interval which in most applications is sufficient for the decision.

Given the data y D y1; : : : ; yN , one may define a bootstrap sample y? consisting
of N data values drawn with replacement from y D y1; : : : ; yN . Thus y? contains
some of the fyi g twice or multiple times, some not. One may now construct, in
this way, M of these bootstrap samples and regard these samples y?1; : : :y?M

as surrogates of M samples drawn from the density underlying the data sample
y D fy1; : : : ; yN g.

Given these bootstrap samples, one may estimate the mean and standard devia-
tion of the test quantity C.y1; : : : ; yN / by

meanB.C / D 1

M

MX

iD1
C.y?i / (13.9)
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Fig. 13.3 Test of the bootstrap method for a test statistic, for which the confidence intervals can be
determined analytically (denoted by the ends of the distribution) and for which they are determined
by the bootstrap method (dashed dotted lines). The two intervals do not differ very much. The
dotted vertical line denotes the value of the mean given in the hypothesis. Above: A case where the
hypothesis has to be accepted. Below: A case where the hypothesis has to be rejected

and

stdB.C / D
vuut 1

M � 1

MX

iD1
.C.y?i /� meanB.C //2 : (13.10)

In this way one also gets a confidence interval of c. One may test these bootstrap
estimates in cases where the estimates for mean and standard variation for the
test statistic are analytically calculable as, e.g., for the test statistic C D‘mean()’.
In Fig. 13.3 this is shown for a typical data set y D y1; : : : ; yN with N D 20 and
with M D 100.

Remarks.

• Given an estimator O�N .X1; : : : ; XN / for a quantity � , one can also use the
bootstrap method to find an estimate for the standard deviation of this estimator.

• Constructing the bootstrap samples means that one approximates the density of
the random variable, say X , which is realized from the sample y D y1; : : : ; yN ,
by the empirical density

�X.x/ D 1

N

NX

iD1
ı.x � yi /: (13.11)
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It turns out that this approximation is good enough to estimate the empirical
standard deviation std.C /, which is the estimate of the standard deviation of C
on the basis of the sample. It is shown by Efron (Efron and Tibshirani 1993),
that under very mild conditions, stdB.C / given in (13.10) tends to this empirical
standard deviation for M ! 1. In praxis it suffices to choose M between 60
and 200.

• A forerunner of the bootstrap method is the jackknife method for estimating the
standard deviation and bias of test quantities or for estimates by constructing
further samples from a given sample. Given y D y1; : : : ; yN , the jackknife
samples are defined by

y .i/ D fy1; : : : ; yi�1; yiC1; : : : ; yN g: (13.12)

The i th jackknife estimator is then

O�.i/ D O�.y.i//; (13.13)

and the jackknife estimate

O�.:/ D 1

N

NX

iD1
O�.i/: (13.14)

The jackknife can be viewed as an approximation of the bootstrap (Efron and
Tibshirani 1993).

Example. We test the hypothesis that the data are realizations of a random variable
with a symmetrical density function. As a test quantity, we use

C D 1

N

NX

iD1
.yi � OYN /3; (13.15)

with OYN the mean of the data. We do not know the distribution of C under
the hypothesis but can easily determine the confidence interval by the bootstrap
method.

13.1.3 The Power of a Test

The error of the second kind of a test depends crucially on the shape of the densities
�.c j H0/ and �.c j H1/ because the overlap of these densities determines the
probability ˇ for an acceptance of H0 when H1 is valid. The power ˇ0 of a test is
simply related to the error of the second kind, it is the probability for a rejection of
H0 when H1 is valid.
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Fig. 13.4 Above: Density distribution of the test quantity given the hypothesis H0 and H1,
respectively, the shaded area is the power ˇ0, the probability of a rejection at testing H0, if H1

is true. Below: A test is more efficient, the faster the power, i.e., the number of rejections grows
with increasing violation of the hypothesis H0

This probability is equal to the probability that the realization of C is larger than
the given threshold c1�˛ for the hypothesisH0 (Fig. 13.4, above), thus

ˇ0 �
Z 1

c1�˛

dc�.c j H1/ � 1 � ˇ: (13.16)

Of course, one may improve the power of the test easily by lowering the variance of
the test quantity, e.g., by increasing the number N of observations. Given H1, one
may thus also ask for the number N of observations for which a certain power is
achieved. Usual goals are a power of 0:8 or 0:9, respectively, 80% or 90%, i.e., 20%
or 10% probability for an error of the second kind.

In many cases, the H0 hypothesis can be violated continuously as, e.g., for the
hypothesis that the mean has some value �. One may then discuss all hypotheses
H1.�

0/ that the mean is �0 ¤ � and may study the densities under these hypotheses
and the power in the dependence on �0. For H1 D H0, respectively, �0 D �, the
power is just ˛. For a test with always higher power, the chance of rejectingH0 rises
more quickly for H1.�

0/ with increasing �0 (Fig. 13.4, below) than for a test with
generally lower power.
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13.2 Some Useful Tests

13.2.1 The z- and the t-Test

It is often of interest to establish whether the mean values of two sets of measure-
ments can be viewed as statistically equivalent. Thus, if we consider the sets of
measurements (i.e., the random samples) x1; : : : ; xN1 and y1; : : : ; yN2 of size N1
and N2, respectively, then the null hypothesis to be tested is that these are samples
of the random variables X and Y , respectively, with

hXi D hY i: (13.17)

First we assume that the variances �2X and �2Y are equal .�2X D �2Y D �2/.
Let OXN1 be the estimate of hXi and OYN2 the estimate of hY i. Then, under the null
hypothesis,

� D OXN1 � OYN2 (13.18)

is a normally distributed random variable with mean value zero and variance

Var.�/ D �2
�
1

N1
C 1

N2

�
: (13.19)

Such a test, where �2 is assumed to be known, is called a z-test.
However, in most cases, �2 is not known. Instead, one could use s2X or s2Y with,

for example,

S2X D 1

N1 � 1

N1X

iD1
.Xi � NXN1/2: (13.20)

It is more useful to use a weighted average of s2X and s2Y , namely

S2� D 1

N1 CN2 � 2
Œ.N1 � 1/S2X C .N2 � 1/S2Y �

D 1

N1 CN2 � 2

 
N1X

iD1
.Xi � NXN1/2 C

N2X

iD1
.Yi � NYN2/2

!
:

(13.21)

The quantity

t D �=
p

Var.�/
q
S2�=�

2

D
s

N1N2

N1 CN2

�

S�
(13.22)

is then a t-distributed random variable with f D N1 CN2 � 2 degrees of freedom.
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If the variances �2X and �2Y are not equal, then they must be estimated as s2X
and s2Y according to (13.20). One constructs the test quantity t as

t D �
�
S2X
N1

C S2Y
N2

�1=2 : (13.23)

It can be shown that t is approximately t-distributed with the number of degrees of
freedom f obtained from

f D

�
s2X
N1

C s2Y
N2

�2

1

N1 � 1

�
s2X
N1

�2
C 1

N2 � 1
�
s2Y
N2

�2 : (13.24)

Here f is not necessarily an integer; the t distribution is defined for all real numbers
f � 0 (Hartung et al. 1986).

If the realization of the quantity t in both cases falls outside the interval

.tf I˛=2; tf I1�˛=2/ D .�tf I1�˛=2; tf I1�˛=2/; (13.25)

that is, if, for example, in the case of equal variance,� is outside the interval

 
�tf I1�˛=2

s
N1 CN2

N1N2
s�; tf I1�˛=2

s
N1 CN2

N1N2
s�

!
; (13.26)

then the hypothesis of equal mean values must be rejected with significance level ˛.

13.2.2 Test for the Equality of the Variances of Two Sets
of Measurements, the F -Test

If a given quantity is measured by two different methods, then the mean values of
these measurements must be equal (unless one or both of the methods are plagued
by systematic errors). However, the variances may be different, since they are a
measure of the quality of the method. Suppose that N1 and N2 are the sizes of the
random samples and s21 and s22 the corresponding empirical variances, as calculated
from the estimator function (13.20). Then,

Yi D S2i .Ni � 1/

�2i
; i D 1; 2; (13.27)

is 	2 distributed with Ni � 1 degrees of freedom. Under the null hypothesis that
�1 D �2, it follows that (see (2.160))
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F � Y1=.N1 � 1/

Y2=.N2 � 1/
D S21
S22

(13.28)

is an F -distributed random variable with N1 � 1 and N2 � 1 degrees of freedom.
From (2.161) one obtains for the density function

pF .m; nI z/ D
�m
n

� 1
2m 
 .

1
2
.mC n//


 . 1
2
m/
 .1

2
n/

z
1
2m�1

�
1C m

n
z
�� 12 .mCn/

(13.29)

with m D N1 � 1, n D N2 � 1.
Once again an F value Fm;nI� for given � is defined through the relationship

� D
Z Fm;nI�

0

pF .m; nI z/dz: (13.30)

By interchanging S21 and S22 , it is easy to see that the relationship

Fm;nI� D 1

Fn;mI1��
(13.31)

holds. If the null hypothesis that �21 D �22 is to be rejected with a significance
level ˛, then the value of F obtained from the two sets of measurements must lie
outside the interval

Fm;nI˛=2 � F � Fm;nI1�˛=2: (13.32)

13.2.3 The �2-Test

This test checks the null hypothesis that a set of measurements can be taken as a
sample of a random variable with a given distribution. For this purpose, one divides
the possible realizations (if they are not already discrete) into k classes. For example,
if the random numbers lie in the interval Œ0; 1�, then one divides this interval into k
subintervals. The frequency of a result from class s is denoted Ys. The theoretical
probability that the result of a measurement belongs to the class s is determined by
the given density function ps . The theoretical frequency of a result from class s is
then ns D Nps, where N is the size of the random sample. Clearly,

kX

sD1
ps D 1;

kX

sD1
Ys D N: (13.33)

Ys is a Poisson-distributed random variable with mean value n and variance ns .
For large ns , the distribution of Ys is approximately normal and therefore the
distribution of
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Zs D Ys � nsp
ns

(13.34)

is approximately a standard normal distribution. The quantity

V 2 D
kX

sD1
Z2
s D

kX

sD1

.Ys � ns/
2

ns
(13.35)

is then the sum of squares of (approximately) Gaussian-distributed random vari-
ables. However, since

kX

sD1
Ys D N; (13.36)

it also holds that
kX

sD1
Zs

p
ns D 0I (13.37)

that is, only k�1 of the fZsg are independent. The distribution function of a random
variable V 2, which is a sum of k Gaussian random variables of which only k�1 are
independent, is a 	2 distribution with k � 1 degrees of freedom (see Knuth 1969;
Frodesen et al. 1979). For the distribution function of the 	 distribution, one obtains
(see (2.157))

P	.k � 1I	/ D
Z 	

0

p	.k � 1Iy/dy

D
Z 	

0

1


 .
k � 1
2

/2
1
2 .k�1/�1

yk�2e�y2=2dy:

(13.38)

In terms of the incomplete Gamma function

P.a; x/ D 1


 .a/

Z x

0

ta�1e�tdt; a > 0; (13.39)

(13.38) can also be written as

P	.k � 1I	/ D P

�
k � 1

2
;
1

2
	2
�
; (13.40)

and from

1� ˛ D P

�
k � 1
2

;
1

2
	2k�1I1�˛

�
; (13.41)
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one can calculate the .1 � ˛/ quantile 	2k�1I1�˛ . If V 2 > 	2k�1I1�˛ , then the
hypothesis should be rejected with a significance level ˛. However, the hypothesis
is correct with a probability of 100˛%. If, on the other hand, one evaluates

˛0 D 1 � P

�
k � 1
2

;
V 2

2

�
; (13.42)

then the validity of the hypothesis is less probable for smaller ˛0.
If a set of measurements is not to be compared with a theoretical distribution

but rather with a second independent set of measurements, then one considers the
variable

V 2 D
kX

sD1

.Ys � Y 0s /2
Ys C Y 0s

; (13.43)

where Y 0s is the frequency of occurrence of a result in class s in the second set of
measurements. Under the hypothesis that both sets of measurements can be viewed
as two random samples of a single random variable, V 2 is again 	2 distributed, with
k � 1 (k) degrees of freedom when the sum Ys is (is not) equal to the sum Y 0s (Press
et al. 2007).

13.2.4 The Kolmogorov–Smirnov Test

This test has the same purpose as the 	2-test. The advantage of this test lies in the
fact that in a comparison with a continuous theoretical distribution it is not necessary
to construct discrete classes first since here one measures the maximum difference
between the cumulative distribution functions.

Suppose that

NPN .x/ D 1

N
.number of xi with xi < x/ (13.44)

is the empirical distribution function and P.x/ is the theoretical one. Both distribu-
tions increase monotonically with increasing x from zero to one. The Kolmogorov–
Smirnov test measures the difference between the two distributions with the help of
the two measures

DCN D max
x
Œ NPN .x/ � P.x/�; (13.45)

D�N D max
x
ŒP.x/ � NPN .x/�: (13.46)

DCN measures the greatest deviation when NPN .x/ is larger than P.x/, and D�N
measures the same when NPN is smaller than P.x/ (Fig. 13.5). These measures are
introduced because, as with the 	2-distribution, the distributions of the DṄ for
each N can be calculated from general considerations. (For the derivation of the
distributions for DṄ , see Knuth (1969)). Denoting the density of this distribution
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Fig. 13.5 A theoretical and
an empirical distribution
function together with the
measure DC

N (From
Honerkamp (1994), reprinted
by permission of Wiley-VCH,
Weinheim)

by pKS.N I x/, we define the quantity dN I� through

� D PKS.N I dN I� / D
Z dN I�

0

pKS.N I x/dx: (13.47)

For a given � , the values of dN I� can again be found in tables. For N � 100,
PKS.N I�/ can be represented as (Frodesen et al. 1979; Press et al. 1992a)

PKS.N I�/ D 1 � 2
1X

jD1
.�1/j�1e�2j 2N2�2 : (13.48)

dN I1�˛ can be determined this way in a test with significance level ˛. The hypothesis
is rejected if DCN or D�N is larger than dN I1�˛ .

In the comparison of two sets of measurements, the factor N in the quantities
DṄ , �.N I �/, and P.N I �/ should be replaced by

N1N2

N1 CN2
; (13.49)

where Ni is the size of the random sample of the i th set of measurements (Press
et al. 2007).

13.2.5 The F-Test for Least-Squares Estimators

We consider two models of the type

Y D
MkX

˛D0
a˛X˛.x/; k D 1; 2; (13.50)
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and especially two models with M D M1 and M2 < M1, respectively. We call the
model with the .M1 C 1/ parameters fa0; : : : ; aM1g the large model; the model, in
which aM2C1 D : : : D aM1 D 0, the small model.

For given data f.xi ; yi ; �i /gNiD1, one may estimate the parameters fa˛g within
each model by the least-squares method. By this method, one determines the
minimum of the discrepancy

	2 D
NX

iD1

1

�2i

 
yi �

MkX

˛D0
a˛X˛.xi /

!2
: (13.51)

We will call the minima .	2M1
/min, respectively, .	2M2

/min. They are realizations
of 	2-distributed random variables with .N �M1 � 1/, respectively, .N �M2 � 1/
degrees of freedom.

We will test the hypothesis

aM2C1 D : : : D aM1 D 0 : (13.52)

If this is valid, then the small model explains the data as well as the large model.
The test quantity will be constructed from the minimum discrepancies .	2M1

/min

and .	2M2
/min. Obviously, the value of .	2M1

/min is always smaller than .	2M2
/min,

because the larger the number of parameters, the better the data can be fitted.
But the question is whether the minimum discrepancy .	2M2

/min within the model
with M2 parameters can be significantly lowered by introducing further parameters
aM2C1; : : : ; aM1 . Thus we expect that the difference between the minimum discrep-
ancies will play a role in a test.

We choose as a test quantity

F D
�
.	2M2

/min � .	2M1
/min

�
=.M1 �M2/

.	2M1
/min=.N �M1 � 1/ : (13.53)

We can easily determine the density of this test quantity. The numerator
is the difference of two 	2-distributed random variables and therefore is also
	2-distributed; the number of degrees of freedom is equal to the difference of the
numbers of the individual random variables. Therefore the test quantity F is an
F -distributed random variable with M1 �M2 and N �M1 � 1 degrees of freedom.

13.2.6 The Likelihood-Ratio Test

The parameters � may have been estimated with the maximum-likelihood estimator.
First of all, for these estimates O� , one can show (Lehmann 1991) that

p
N . O� � �0/ �

N!1 N.0; ˙ /; (13.54)
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where �0 are the exact parameters and the elements of the matrix ˙ are given by

N ˙�1˛ˇ D � @2

@�˛ @�ˇ
L.�/

ˇ̌
ˇ
�DO� (13.55)

with L as the log likelihood. That means that the maximum-likelihood estimates O�
are asymptotically normally distributed with mean �0 and covariance ˙=N , i.e.,
the estimator is unbiased and consistent.

This result can be used to determine the distribution of the quantity 2 .L. O�/ �
L.�0//:

Expansion of L.�/ as function of � around O� up to second order leads to

L.�/ D L. O�/C
X

˛

@

@�˛
L.�/

ˇ̌
ˇ
�DO�.� � O�/˛

�1
2
N.� � O�/T˙�1.� � O�/C : : : ; (13.56)

and because of @
@�˛

L.�/j
�DO� D 0 according to the definition of O� , we obtain for

� D �0

2 .L. O�/ � L.�0// D N.�0 � O�/T˙�1.�0 � O�/ : (13.57)

Furthermore a singular-value decomposition of ˙ reads

˙ D
rX

�D1
w2� u� ˝ u� ; (13.58)

where r is equal to the number of parameters �˛ ; ˛ D 1; : : : ; r and the fu�g are the
eigenvectors of ˙ . Then the right-hand side of (13.57) can also be written as

N .�0 � O�/T˙�1.�0 � O�/ D
rX

�D1
Z2
� (13.59)

with

Z� D
p
N

w�
uT
� .�0 � O�/ (13.60)

and < Z� > D 0 ; (13.61)

< Z� Z� 0 > D N
1

w�
uT
� < .�0 � O�/.�0 � O�/T > u� 0

1

w0�
D ı�� 0 : (13.62)
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Hence the right-hand side of (13.57) can also be written as the sum of the squares
of r independent standard normally distributed random variables Z� , and thus it is
a 	2-distributed random variable with r degrees of freedom:

2 .L. O�/� L.�0// � 	2r : (13.63)

Now we are ready to discuss to consider two modelsM1.�1/ andM2.�2/, where
�1 is a parameter set with r1 parameters, and �2 a parameter set with r2 parameters.
Let r1 > r2 so that M1.�1/ is the large model, from which the small model M2.�2/

follows by expressing the r2 parameters of �2 in terms of the parameters of �1. One
may also regardM2.�2/ as a parameterization of M1.�1/.

Given the data fy1; : : : ; yN g, we will test the following hypothesis:
H0: ModelM2 explains the data as well as modelM1.
If this hypothesisH0 is accepted, then modelM2. O�2/ is preferable because it can

explain the data with fewer parameters.
The test quantity is

C D 2 .L. O�1/� L. O�2//: (13.64)

Obviously, we always have L. O�1/ � L. O�2/ because a larger log likelihood can be
achieved with a larger number of parameters. Furthermore, for the distribution of
the test quantity, one obtains according to (13.63)

C � 2 .L. O�1/� L. O�2// � 	2r1�r2 : (13.65)

Because the difference of the two log likelihood functions corresponds to the
logarithm of the ratio of 2 likelihood functions, this test is also called the likelihood-
ratio test.

13.3 Classification Methods

It is frequently possible to recognize different signals or objects as different
realizations or manifestations of a single signal or cause in spite of large variabilities.
For example, we recognize the sound “a” whether it is spoken by a woman, a man,
or a child. We usually recognize letters of the alphabet no matter who wrote them.

If we imagine that the quantifiable characteristics of a signal or object are
combined into a feature vector x, then we can “explain” the variability in the signal
or object as representing different realizations of a random vector X . The variance
of this random quantity is a measure of the variability in the manifestation of the
signal or object.

Instead of speaking of a signal or an object, we will speak of a class, and each
class is associated with a random vector X . Realizations of X are observed, and
since as a rule one has several classes and therefore several random vectors X˛; ˛ D
1; : : : ;M , a typical classification problem consists of deciding with which class ˛
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to associate an observation x. In other words, one has to decide of which random
variable X˛ the observation x is a realization.

Thus, for example, one might associate different written symbols with different
letters or with the same letter or recognize different sounds as distinct or not distinct.

Therefore, we observe only realizations of random variables or of feature vectors.
Structuring of observations often means a classification, namely, the association of
a feature vector with the random vector that represents that class.

Three points should immediately be made:

• Errors will inevitably be made in this classification. We will calculate the
probability of such errors.

• The problem of how to collect the observations into a feature vector x in a
particular situation is an important and often difficult problem. How this is done,
of course, influences the quality of the classification, that is, the frequency of
errors. Here we assume that feature vectors are given.

• We are interested in a disjoint and exhaustive classification, that is, each object or
signal x should be associated with exactly one class. Other classification methods
such as nondisjoint or hierarchical ones will not be considered here.

13.3.1 Classifiers

In the introduction to this chapter, we characterized each class ˛ by a random
vector. Suppose that �.˛/ is the probability of class ˛ and �.x j ˛/ is the
density distribution for a given class ˛, that is, the density for X˛ . We assume that
these densities are unimodal, that is, that they have a single maximum. Suppose
furthermore that �.x/ is the density for the random variable X , whose realizations
we observe independently of the class. Then according to the Bayesian theorem,

�.˛ j x/ D �.x j ˛/�.˛/
�.x/

: (13.66)

However, �.˛ j x/ is the probability of class ˛ for a given x, and one is inclined to
associate with an observation vector x the class ˛ for which �.˛ j x/ is a maximum.
If we define

d˛.x/ D � lnŒ�.˛ j x/�; (13.67)

then the following decision rule might be established:

min
˛

fd˛.x/g D dˇ.x/ ! x 2 class ˇ: (13.68)

Because of (13.66), d˛.x/ can be changed into a different form. Since �.x/ does not
depend on ˛, this function can be replaced with any other ˛-independent function
�0.x/ provided that it has the same physical dimension as �.x/. Therefore, one can
also write
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d˛.x/ D � ln

�
�.x j ˛/�.˛/

�0.x/

�
: (13.69)

We will usually set �0.x/ � 1 and ignore the physical dimension.
d˛.x/ is also called the classification function or simply the classifier. If this

function is known, then, according to rule (13.68), the classification problem
is solved. (This procedure is also called discrimination analysis.) One should,
however, also be interested in the classification error.

The probabilities �.˛/ and the densities �.x j ˛/ are the main quantities in the
classification. Of course, these quantities are usually not known. In the next sections,
we discuss how classifiers can be determined from a sequence of independent
observations fx1; : : : ;xN g. Here we first study some simple examples of classifiers
and discuss the classification error.

Examples of Classifiers

Suppose that the f�.˛/; ˛ D 1; : : : ;M g are all equal and that the f�.x j ˛/g are
normal distributionsN.�˛;˙ ˛/. Then up to a constant,

d˛.x/ D 1

2
.x � �˛/˙

�1
˛ .x � �˛/C 1

2
ln.det ˙ ˛/: (13.70)

Thus the classifier d˛.x/ is a quadratic function of x.
If all covariance matrices ˙ ˛ are equal, ˙ ˛ � ˙ , then in (13.69) �0.x/ D

exp.� 1
2
x � ˙ � x/ could also be chosen, so that for the fd˛.x/g one also obtains

linear functions
d˛.x/ D v˛ � x C a˛; ˛ D 1; : : : ; m; (13.71)

which are characterized only by vectors fv˛g and parameters fa˛g.
Furthermore, if all covariance matrices are of the form ˙ ˛ D �21, then the

classifiers can be written in the form

d˛.x/ D .x � �˛/
2: (13.72)

In this way each classifier is characterized entirely by the mean value vector �˛ of
the class, and an observation vector x is associated with class ˛ if it lies closest to
its mean value vector.

As a rule, the density �.x j ˛/ is not that of a normal distribution, and d˛.x/may
be a complicated nonlinear function. To present a relatively general parametrization
of a nonlinear function, let us consider once again the linear classifier

d˛ D
pX

iD1
v˛ixi C a˛; ˛ D 1; : : : ; m ; (13.73)
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Fig. 13.6 Representation
fxig ! fd˛g of (13.73),
shown as a neural network
(From Honerkamp (1994),
reprinted by permission of
Wiley-VCH, Weinheim)

Fig. 13.7 A neural network
that represents a nonlinear
map (From Honerkamp
(1994), reprinted by
permission of Wiley-VCH,
Weinheim)

and let us consider the following illustration of the map fxi g ! fd˛g (see
Fig. (13.6)):

Consider two layers of points (which will also be called neurons). The .p C 1/

entry points are indicated by the values xi and a “1”; these are networked with the
exit points, which take on the values d˛; ˛ D 1; : : : ; m. The connections carry the
weights v˛i and a˛ , that is, the coefficients of the classifiers. The network of points
(or neurons) is thus a graphical depiction of the linear representation.

Now consider a nonlinear representation that corresponds to the graph in
Fig. 13.7.

Then

z˛ D f0

 
pX

iD1
v˛ixi C a˛

!
; ˛ D 1; : : : ; m0; (13.74)

and

d˛ D f0

0

@
m0X

ˇD1
w˛ˇzˇ C b˛

1

A ; ˛ D 1; : : : ; m: (13.75)

Here f0 is a sigmoidal function, for example,

f0.x/ D tanh.x/: (13.76)

d˛.x/ is a nonlinear function of x, characterized by the parameters fv˛i ;w˛ˇ; a˛;
b˛g, that is, by the weights of the connections among the neurons. Such a neural
network therefore represents a parametrization of a nonlinear function. It is often
possible to interpret nonlinear maps that arise in practice as neural networks.
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Fig. 13.8 A linear classifier can lead only to a linear equation for a borderline, which then is only
a hyperplane (a straight line in two dimensions)

Remarks. Linear classifiers produce linear borderlines. The classification rule
(13.68) decomposes the p-dimensional space of the feature vectors into regions

˛ so that x 2 
˛ is identical to the statement that x is associated with the
class ˛. On the border between, say, class 1 and class 2, d1.x/ D d2.x/, and for
a linear classifier, this constitutes a linear equation for x, which means that the
border is part of a hyperplane in the p-dimensional space of the feature vectors
(Fig. 13.8). Hence, a nonlinear borderline between two classes can be achieved only
by nonlinear classifiers.

Classification errors. Let 
˛ be the region of class ˛, so that x 2 
˛ is identical
to the statement that x is associated with the class ˛. Then

E1˛ D
Z

Rp�
˛
�.x0 j ˛/ dpx0 (13.77)

is the probability that a feature vector x belongs to class ˛ but does not lie in

˛ and is therefore not associated with class ˛. Thus, E1˛ is the probability of a
classification error. We call this type of error an error of the first kind, in analogy
with errors of the first kind in tests of statistical hypotheses. (Such a test can also be
viewed as a classification problem.) Conversely,
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E2˛ D
MX

ˇD1
ˇ¤˛

Z


˛

�.x0 j ˇ/ dpx0 �.ˇ/P
ˇ0¤˛ �.ˇ0/

(13.78)

is the probability that a feature vector x is associated with class ˛ though it does not
belong to the class ˛ . This is called an error of the second kind.

13.3.2 Estimation of Parameters that Arise in Classifiers

In Sect. 13.3.1, we introduced the classifiers

d˛.x/: (13.79)

These are characterized by parameters such as, for example, mean values and
variances for normally distributed densities �.x j ˛/. If these parameters are not
known, they must be determined “by experience”. Here we wish to consider the
situation in which we have at our disposal a sequence of independent observation
vectors

fx1; : : : ;xN g; (13.80)

and the correct class association of each observation vector xi ; i D 1; : : : ; N is
known. Given this information, we wish to estimate the parameters in the classifiers.

Subsequent feature vectors xNC1; : : : can then be classified. The observations
fx1; : : : ;xN g thus represent a training set of feature vectors (learning with teacher).

The following three scenarios cover most cases:

• If it can be assumed that the densities �.x j ˛/ are those of a normal distribution,
d˛.x j ˛/ has the form (13.70), and from the feature vectors that belong to class
˛, only the mean value �˛ and the covariance matrix ˙ ˛ have to be estimated.
This is easy (see Chap. 8).

• If the feature components fxi ; i D 1; : : : ; pg have discrete values, then the
probabilities �.x j ˛/ can often be estimated just by counting the corresponding
events in the training set and finally normalizing. For such a direct estimation of
the probabilities, it is helpful to assume that all of the feature components are
independent:

�.x j ˛/ D
pY

iD1
�.xi j ˛/ : (13.81)

If a probability �.xi j ˛/ is small, it may happen that there is no corresponding
event in the training set and the estimation of this probability would amount to
zero. This would lead to zero estimations for all of those probabilities in which
�.xi j ˛/ appears as a factor. To avoid that, one may introduce the a priori
probability �a.xi j ˛/. Then, if c is a possible value of xi , nc the number of
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events xi D c j ˛, and n the number of cases with class ˛ in the training set, then
one may estimate

O�.xi j ˛/ D nc Cm�a.xi j ˛/
nCm

; (13.82)

wherem is a number that measures the weight of the a priori estimate. Form D 0,
we get the usual estimate based only on the number of events in the training set;,
for m ! 1, the estimate becomes the a priori estimate. A usual choice for m is
m D 1=�a.xi j ˛/, so that

O�.xi j ˛/ D nc C 1

nC 1=�a.xi j ˛/ : (13.83)

• In the more general case, the parameters must be chosen so that for all fxi g that
belong to class ˛, d˛.xi / is smaller than dˇ.xi / for ˇ ¤ ˛. One may formulate
this condition by introducing the function F which assigns to the vector d with
components d˛.x; ˛ D 1; : : : ;M / a class vector y with components y˛ D 1 if
˛ D arg minˇ dˇ and y˛ D 0; ˛ D 1; : : : ;M else. Let us call such a vector y˛ to
indicate which component of the vector is nonzero. Then we have to find a map
F ı d which, on the training set, reproduces the map

y i � y˛i D .F ı d/.xi /; i D 1; : : : ; N; (13.84)

where ˛i is the class of the feature vector xi . Thus F ı d is a map from
the p-dimensional feature space into the M -dimensional space of class vectors
y i � y˛i . One may formulate such a map by a neuronal net and may adapt the
parameters in such a model for the map with the techniques used in connection
with neural nets (see, e.g., Matlab Neural Network Toolbox).

13.3.3 Automatic Classification (Cluster Analysis)

In the previous, section we assumed that we have at our disposal a sequence of
independent feature vectors whose class association we know (“learning with a
teacher”). Here we begin with the assumption that we know only the sequence of
observation vectors, but that we do not know their class association. However, we
assume that we know the total number of classes. Thus, here we wish to associate a
sequence of independent observation vectors

fx1; : : : ;xN g (13.85)

with classes ˛; ˛ D 1; : : : ; m; and thereby develop a procedure that will allow us
to associate every future observation vector with one of these classes. This is called
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cluster analysis, or, since there is no prior knowledge of class association, it is called
automatic classification or also “learning without a teacher.”

This problem is very elegantly formulated as a problem with incomplete data
which one can handle with the EM algorithm introduced in Sect. 12.1. To show
this, let us change the notation: We will in the following denote the observation
vectors xi , i D 1; : : : ; N by y i , i D 1; : : : ; N , and the unknown classes by xi ,
i D 1; : : : ; N . Thus the complete data set would be .y i ; xi /, i D 1; : : : ; N , but only
the set y i , i D 1; : : : ; N is observed. We will assume some model for the probability
�.yjx;�/ and for �.xj�/, x D 1; : : : ;M , where � is a collection of parameters.
If one could estimate these parameters � from the incomplete data set y i , i D
1; : : : ; N , one would get complete knowledge about the classifiers �.yjx;�/ and
could use them for classification.

Now, as an estimate of � , we may use the maximum-likelihood estimate

O� D arg max
�0

�.y1; : : : ;yN j� 0/; (13.86)

and now

�.y1; : : : ;yN j�/ D
X

x1;:::;xN

�.y1; : : : ;yN jx1; : : : ; xN ;�/�.x1; : : : ; xN j�/

D
NY

iD1
�.y i jxi ;�/�.xi j�/ : (13.87)

This is an especially simple type of problem, in which one determines the
maximum of the likelihood with help of the EM algorithm because compared to the
hidden Markov models, here, the fxi g are independent.

Example. Let

�.y; xj�/ � �.yjx;�/ �.xj�/ D N.�.x/; �21/
1

M
; (13.88)

where M is the number of classes and N.�; �2/ means the normal density with
mean � and variance �2. Thus the parameter vector � contains the M vectors
�.x/; x D 1; : : : ;M and � .

In general,

�.xjy;�/ D �.y; xj�/
�.y/

/ �.y; xj�/; (13.89)

thus in this example, using normalization, we get

�.x D ˛jy ;�/ D
exp

�
� .y � �.˛//2=.2�2/

�

P
ˇ exp

�
� .y � �.ˇ//2=.2�2/

� : (13.90)
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Then we are prepared to calculate the function A.�;�.k// of Sect. 12.1 and obtain

A.� ;�.k// D
NX

iD1

MX

xiD1
ln �.y i ; xi j�/�.xi jy i ;�.k//

D
NX

iD1

MX

˛D1

"
� .y i � �.˛//2

2�2
C ln

1p
2
�2

#
�.xi D ˛jy i ;�

.k// :

(13.91)

The maximum of A.�;� .k// with respect to � can easily be determined by setting
the derivative, e.g., with respect to �.˛/, to zero. Thus one obtains, e.g.,

�.kC1/.˛/ D
PN

iD1 y i�.xi D ˛jy i ;�
.k//

PN
iD1 �.x D ˛jy i ;�

.k//
(13.92)

and

.�2/.kC1/ D 1

N

NX

iD1

KX

˛D1
.y i � �.˛//2�.xi D ˛jy i ;�

.k//: (13.93)



Appendix: Random Number Generation
for Simulating Realizations of Random Variables

In statistical physics experimental results and observations are considered as
realizations of random variables. The problems that follow are related to the
simulation of experimental results or observations. For this purpose we will employ
a machine which provides us with realizations of random variables. Of course, this
machine will be a computer, and from what has been said in Sect. 2.5, we need only
a prescription for generating realizations of random variables uniformly distributed
in the interval Œ0; 1�, because given such random variables we can generate the
realizations of any other random variable with appropriate transformations.

Naturally, a computer, being a deterministic machine, can only generate pseudo-
random numbers, i.e., a sequence of numbers which are ‘for all practical purposes’
mutually independently and ‘sufficiently’ uniformly distributed on the interval
Œ0; 1�. How well these two conditions are satisfied depends on the prescription
that generates this sequence. Since applications often require millions of random
numbers, the random number generating algorithm must be fast. A frequently used
algorithm introduced by Lehmer (1951) is based on the linear congruence method
in the form

rnC1 D .arn C b/modm: (A.1)

Here a, b, and m are appropriately chosen integer parameters. Starting from an
initial value r0, the recursion formula (A.1) yields a sequence of integers .r0; : : : ;
rn; : : :/ in the interval Œ0;m � 1�.

Upon division by m, one obtains the random number �n in the interval Œ0; 1�:

�n D rn=m: (A.2)

The same initial value r0 will always lead to the identical sequence of random
numbers. If r0 is made time dependent, e.g. by linking it to the internal computer
clock, one always obtains new and essentially unpredictable sequences.

The quality of the random number generator depends strongly on the choice of
the parameters m, a and b. Since the numbers in the sequence .: : : ; rn; : : :/ are
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repeated after at most m numbers, m should be chosen to be large (perhaps equal
to the largest integer that the computer can handle), and a and b should not be
factors of m.

The choice of b is not critical – in particular, one may choose b D 0. However,
the statistical properties of the random number generator depend strongly on a and
its relation to m.

With even the most skilful choice of a, b, and m, one will discover certain
regularities in the pseudorandom numbers generated in this manner. The points

yn D .�n; �nC1; : : : ; �nCs�1/ (A.3)

in s-dimensional space with s � 2 lie on a small number of hypersurfaces. Various
general nonlinear recursion formulas have been developed in order to avoid these
correlations (Eichenauer et al. 1988; Niederreiter 1989). However, these nonlinear
recursion formulas require more computer time.

If the correlations in the sequence are completely unimportant for the particular
purpose at hand, so-called quasirandom numbers can be used (Stroud 1971; Davis
and Rabinowitz 1975). The recursion formulas for the generation of these random
numbers are constructed in such a way that the desired distribution is increasingly
well approximated as the length of the sequence increases.

Every standard computer system offers a reasonably good random number
generator which provides us with independent realizations of random numbers
uniformly distributed in Œ0; 1�. In principle, one should check such a random
number generator before it is used for serious applications (see Knuth 1969;
Rubinstein 1981 for tests of independence and uniformity). In the problems and
exercises that follow we will assume that the available generator will satisfy our
needs.
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Chapter 2

2.1. Let F be a Borel space and P be a probability distribution on F which satisfies
the Kolmogorov axioms. Show that

(a) For A;B 2 F also A \ B 2 F .
(b) P.A/ � P.B/, if A � B .
(c) P.A[ B/ D P.A/C P.B/� P.A\ B/.
2.2. Write a program which generates a binomial distribution using the following
prescription: Take n random numbers uniformly distributed in Œ0; 1�, divide the
interval into two segments of length p and q, and determine the number k of
random numbers in the segment of length p. Repeat this step sufficiently often and
construct a histogram. Compare the result for suitably chosen parameters with a
Poisson distribution.

2.3. Let K be a random number distributed according to P.k/ and with values
in f0; 1; 2; 3; : : :g. The generating function G.z/ for such a discrete distribution is
defined by

G.z/ �
1X

kD0
zkP.k/:

(a) Show that G.z/ is defined for all complex z with jzj � 1 and that the moments
(if they exist) satisfy

hKni D
�

z
d

dz

�n
G.z/

ˇ̌
ˇ̌
zD1

:

J. Honerkamp, Statistical Physics, Graduate Texts in Physics 38,
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(b) Determine the generating function for the Poisson distribution P.�I k/ and
show that

hK.K � 1/.K � 2/ : : : .K � nC 1/i D �n:

(c) Conclude that in particular

hKi D �; Var.K/ D �:

2.4. Simulate the ‘goat problem’ mentioned in Sect. 2.2.

2.5. A company which produces chips owns two factories: Factory A produces
60% of the chips, factory B 40%. Hence, if we choose one of the company’s chips
at random, it originates from factory A with a probability of 60%. Furthermore, we
suppose that 35% of the chips from factory A are defective and 25% from factory B.
We find that a randomly chosen chip is defective. In Sect. 2.2 we determined the
probability that this chip originates from factory A. Simulate this situation n times
and compare the relative frequency of a defective chip from factory A with the
theoretical probability.

2.6. Consider a discrete probability distribution P.i; j / on a base set˝ , consisting
of pairs .i; j /, where i; j D 1; 2; 3; : : :. We define the distributions for the random
variables I and J by

P1.i/ �
X

j

P.i; j /; and P2.j / �
X

i

P.i; j /:

The corresponding entropies of these distributions are defined by

S � �
X

i;j

P.i; j / lnP.i; j /

S1 � �
X

i

P1.i/ lnP1.i/

S2 � �
X

j

P2.j / lnP2.j /:

Show that these entropies are additive, i.e.,

S D S1 C S2;
if and only if the random variables I and J are statistically independent, i.e.,
if P.i; j / D P1.i/P2.j /.
2.7. Use the maximum entropy method to determine the distribution of a real
random number which has maximum entropy under the condition that the mean
hXi D � and the variance Var.X/ D �2 are known.
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2.8. (a) Given a random variable X uniformly distributed in the interval Œ0; 1�,
determine the density %Y .y/ of the random variable Y D Xn for n > 1.

(b) Given a random variableX uniformly distributed in the interval Œ0; 1�, determine
the density of the random variable Y D � lnX .

(c) Given two independent random variablesX1 andX2, both uniformly distributed
in the interval Œ0; 1�, show that

Y1 D
p
�2 lnX1 cos 2�X2;

and

Y2 D
p
�2 lnX1 sin 2�X2

define two independent standard normal random variables.

2.9. Let I and J be two independent random variables with Poisson distributions
P.�1I i/ and P.�2I j /, respectively. Determine the distribution of the random
variableK D I C J by

(a) Using the general expression for the distribution of the sum of random
variables, and

(b) Using the corresponding relation between the characteristic functions.

2.10. Consider two dependent real random variablesX1 and X2 together with their
sum Z D X1 CX2. Show that

hZi D hX1i C hX2i;

but, in general,

Var.Z/ ¤ Var.X1/C Var.X2/;

and instead

Var.Z/ D Var.X1/C Var.X2/C 2Cov.X1;X2/:

2.11. Consider a real random variable X with the density

%X.x/ D 1

�

1

1C .x � �/2

(Cauchy distribution). Let X1, X2, . . . , XN be mutually independent copies of the
random variable X . Show that the random variable

Z D 1

N

NX

iD1
Xi
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has the same density as X , i.e.,

%Z.z/ D %X.z/:

2.12. Entropy and temperature:
Consider the random variables

Xi D P2
i

2m
; YN D 1

N

NX

iD1
Xi ;

where the densities and expectation values of Xi shall be

%Xi .x/ D
1

Z
e�ˇx D ˇe�ˇx; hXii% D ˇ:

YN has the large deviation property:

%YN .y/ / e�Ng.y/:

Determine g.y/ and interpret this function.

2.13. Renormalization group transformations:
Realize a sequence of 213 random numbers distributed with respect to a stable
density of index ˛, with 0 < ˛ � 2. From this set of random numbers construct
new sets of random numbers of length 212, 211, : : :, by successive applications of
the renormalization group transformation T2:

X 0i D .T2X/i D
1

n1=ˇ

.iC1/n�1X

jDin

Xj ; 0 < ˇ � 2:

By making histograms, visualize the distributions of Xi and of the renormalized
random variables. Investigate the cases ˇ D ˛ and ˇ ¤ ˛.

2.14. Legendre transformation:
Write a numerical routine for the determination of the Legendre transform of a
function f .t/. Check this routine for the following functions:

(a) The free energy function of the normal distribution N.�; �2/: f .t/ D �t C
�2t2=2.

(b) The free energy function of the exponential distribution: f .t/ D log�=.� � t/
for t 2� �1; �Œ.

(c) The free energy function of the symmetric two-point distribution: f .t/D
log cosh t .
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2.15. Eigenfunctions of the linearized renormalization group transformation
Let DT2 be the linearization of the renormalization group transformation T2 at the
point %�. Furthermore, let˚i be the eigenfunctions with eigenvalues �i of this linear
operator,

.DT2/˚i D �˚i :
We consider the special case ˛D 2 and the density of the standard normal
distribution %�.x/ D 1p

2�
e�x2=2. Show that the eigenfunctions and eigenvalues are

given by

˚n.x/ D 1p
2�

e�x2=2Hn.x/ and �n D 21�n=2; n D 0; 1; : : : ;

whereHn denote the Hermite polynomials

Hn.x/ D .�1/nex
2=2 dn

dxn
e�x2=2:

2.16. Expansion of the deviation from a stable density with respect to eigenfunc-
tions of the linearized renormalization group transformation:

Consider the random variableX with density %.x/, expectation value EŒX� D �,
and variance VarŒX� D �2. Examine the deviation of the density of this random
variable from the density %�.x/ of the normal distribution with mean � and
variance �2.

For this purpose, first generalize the result of Problem 2.7 to general� and �2 by
a translation and a rescaling of X . Expand the difference � D % � %� with respect
to the eigenfunctions. Determine the first two nonvanishing expansion coefficients
as a function of the moments of X .

Finally, consider explicitly the random variableX which is uniformly distributed
in the interval Œ�0:5; 0:5� (� D 0, �2 D 1

12
). Plot the difference �.x/ and the first

nonvanishing contribution to the expansion of �.x/ in terms of the eigenfunctions.

Chapter 3

3.1. Consider an ideal gas consisting of N particles in a volume V . If the particles
are regarded as distinguishable, one obtains from the number ˝.E; V;N / of
microstates the following expression for the entropy (cf. Sect. 3.1):

S.E; V;N / D kB ln˝.E; V;N /

D NkB

(
ln

"
V

h3

�
4�mE

3N

�3=2#
C 3

2

)
:
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This expression, however, cannot be correct for the following reason. From
phenomenological thermodynamics it is known that the entropy has to be a homoge-
neous function of the extensive state variables, i.e., ifE, V , andN are increased by a
factor of � (such that the intensive state variables, like energy per particle or volume
per particle remain unchanged), then the entropy also increases by the same factor:

S.�E; �V; �N/ D �S.E; V;N /:

The above formula for the entropy violates this condition. Show that one obtains
an expression which is homogeneous as a function of the extensive state variables,
if the number ˝ of states is decreased by a factor of 1=N Š. What is the physical
reason behind this?

3.2. Compute the canonical partition function for a system of N uncoupled
harmonic oscillators with frequency ! and mass m both classically and quan-
tum mechanically. Show that the resulting expressions coincide for the case
„!=kBT � 1. Also determine the entropy and the internal energy E from the
quantum mechanical partition function.

3.3. (a) Show that in general:

�S

�T
D CV

Cp
;

where

�S � � 1
V

�
@V

@p

�

S

is the adiabatic compressibility and

�T � � 1
V

�
@V

@p

�

T

the isothermal compressibility. CV and Cp denote the heat capacities for
constant volume V and constant pressure p, respectively.

(b) In the same manner, show that

	S

	T
D CM

CB
;

where now

	S �
�
@M

@B

�

S
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is the adiabatic susceptibility and

	T �
�
@M

@B

�

T

the isothermal susceptibility.CM and CB denote the heat capacities for constant
magnetizationM and constant magnetic field B , respectively.

3.4. Chemical equilibrium:
A vessel of volume V contains a mixture of two ideal gases consisting of molecules
of type A and type B , which may react with each other according to the equation

2A ! B:

In the following we will neglect the internal degrees of freedom of the molecules
and consider the vessel as closed, i.e., the volume V as well as the internal energy
E remain constant. Show that in thermal equilibrium

N2
A

NB
D V

�
2�kBT

h2
m2
A

mB

�3=2
:

This is known as the law of mass action. Here, NA and NB denote the number of
molecules of type A and type B , respectively, and mA and mB are their respective
masses.

3.5. Consider a classical system of N identical particles with an interaction given
by the potential

V.r1; : : : ; rN / D
X

1�i<j�N
V2.r i ; rj /:

The potential V2, which describes the pair interaction, is symmetric. In thermal
equilibrium the N -particle probability density is

%N .r1; : : : ; rN / D 1

�3NN Š
expf.F � V.r1; : : : ; rN //=kBT g;

where F denotes the free energy and � the thermal wavelength. For nD 1; 2; : : : ;
N � 1 we introduce the marginal distributions

%n.r1; : : : ; rn/ D NŠ

.N � n/Š
Z

d3rnC1 : : : d 3rN %N .r1; : : : ; rN /:

Show that the following hierarchy of equations holds:

@%n.r1; : : : ; rn/

@r i
C 1

kBT

@Vn.r1; : : : ; rn/

@r i
%n.r1; : : : ; rn/

C 1

kBT

Z
d3r

@V2.r i ; r/

@r i
%nC1.r1; : : : ; rn; r/ D 0;
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where

Vn.r1; : : : ; rn/ �
X

1�i<j�n
V2.r i ; rj /:

What happens for the cases n D 1 and n D N ?

3.6. The virial expansion for the equation of state of a real gas reads

pV D NkBT

1X

lD1
al .T /

�
n�3

�l�1
;

where n denotes the particle density and � the thermal wavelength. The interaction
between the particles is described by a potential u.r/, where r is the distance
between the particles. The first two virial coefficients are

a1 D 1; a2 D �2�
�3

Z 1

0

�
e�u.r/=kBT � 1� r2 dr:

Compute the second virial coefficient and the corresponding approximation for the
equation of state for the following potential:

u.r/ D

8
ˆ̂<

ˆ̂:

C1 ; r < a

�u0 ; a < r < b

0 ; b < r:

3.7. Two fixed electric dipoles with dipole moments m and m0 are in thermal
equilibrium at a temperature T . Let the distance vector between these two dipoles
be R. For the case of high temperatures (i.e., mm0=kBTR

3� 1), determine the
average force hF i through which the two dipoles mutually interact. Show in
particular that the absolute value of this force is proportional to R�7.

Chapter 4

4.1. Consider a system of N spin-1/2 particles, fixed at the positions of the lattice
sites of a crystal lattice. The system shall be in a homogeneous magnetic field
B D Bez (ez is the unit vector in z-direction). We are only interested in the N spin
degrees of freedom and neglect all other degrees of freedom as well as the mutual
couplings among the spins and the couplings between the spins and the lattice
degrees of freedom. In this approximation the Hamiltonian operator of the system
reads
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H D �B

NX

iD1
S.i/z ;

where S.i/z is the z-component of the spin operator for the particle at lattice site i . 

denotes the gyromagnetic ratio.

(a) What determines the microstate of the system? Compute the number ˝.E;
B;N / of microstates with total energyE for fixedB andN . From˝.E;B;N /

determine the entropy by using Stirling’s formula. Make a rough drawing of the
entropy as a function ofE. Where does the entropy assume its maximum value?

(b) Compute and sketch the following quantities (cf. Sect. 4.4):

1. The temperature T as a function of the energy E.
2. The energyE as a function of the temperature T .
3. The specific heat

C D @E

@T

as a function of the temperature.

(c) Let N˙ be the average number of spins in the eigenstate
ˇ̌˙ 1

2

˛
of Sz. Show that

N�
NC
D e�"=kBT ;

where " � 
B . Compute and sketch the magnetization

M � 


2
.NC �N�/:

(d) From part (b) of this problem it follows that, in a certain region, the temperature
becomes negative. What property of the system under consideration is
responsible for this behavior? Think of possible physical conditions under
which one could realize such a system.

4.2. Landau theory of phase transitions and critical indices:
Consider a magnetizable material whose free energy F close to the critical
temperature Tc has the following form as a function of magnetizationM :

F.T;M/ D F0.T /C L2.T / �M2 C L4.T / �M4;

where

Lk.T / D lk0 C lk1 � .T � Tc/C lk2 � .T � Tc/
2 C : : : :
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The constants lkj satisfy

l20 D 0 and lkj > 0 otherwise.

Furthermore, we assume that

C0M � �T
�
@2F0

@T 2

�

M

¤ 0

is nonsingular. Setting

" � T � Tc

Tc

we can define the critical indices ˛, ˛0, ˇ, ı, 
 , and 
 0 by the singular behavior
close to " D 0:

CH.";H D 0/ / "�˛ for T > Tc;

CH.";H D 0/ / .�"/�˛0

for T < Tc;

M.";H D 0/ / .�"/ˇ for T < Tc;

M.0;H/ / H1=ı for T D Tc;

	T .";H D 0/ / "�
 for T > Tc;

	T .";H D 0/ / .�"/�
 0

for T < Tc:

CH denotes the heat capacity for fixed magnetic field H and

	T �
�
@M

@H

�

T

:

(a) Discuss the free enthalpy GDF �HM for fixed magnetic field H as a
function of the magnetization M above and below the critical temperature.
Which condition determines the magnetization if the magnetic field is given?

(b) Evaluate the critical indices ˇ, 
 , 
 0, and ı.
(c) Evaluate the critical indices ˛ and ˛0. Determine the jump �CH of the heat

capacity CH at the critical point:

�CH � lim
"!0CCH � lim

"!0�CH:

4.3. Cliques and neighborhoods:
Consider a two dimensional triangular lattice with a 6-neighborhood as shown in
Fig. P.1. Determine the cliques.

4.4. The energy spectrum:
Discuss the various energy states for an auto logistic model and for an M -level
model. For both models consider the case M D 3 corresponding to three possible
spin orientations.
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Fig. P.1 Triangular lattice
with a two dimensional
6-neighborhood

4.5. The Curie–Weiss model at the phase transition:
Show that the density %Y .y/ in the Curie–Weiss model in the vicinity of y D 0 for
ˇJ0 D 1 can be written in first approximation as

%Y .y/ D e�y4=4:

Realize a random variable with this density using the rejection method and generate
a time series as a sequence of such independent realizations. Compare the result
with a Gaussian white noise.

4.6. Divergent covariance at the phase transition:
A measure for fluctuations is the following quantity derived from the covariance
matrix:

1

N

NX

i;jD1
Cov.Xi ; Xj /:

Show that in the Curie–Weiss model close to the phase transition, i.e., at ˇJ0 D 1,
this quantity diverges as N1=2, while it remains finite for jˇJ0 � 1j > " > 0 even in
the limit N !1.

4.7. Density of states:
Apply the method for rewriting the partition function described in Sect. 4.6 to the
Curie–Weiss model and show that the density of states may be written in the form

Z.ˇ;�;N / D
Z

dy e�N�.y;�;ˇ/:

Chapter 5

5.1. Realize a white noise.

5.2. In the same way as in the previous problem, simulate the stochastic
processes for
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(a) Radioactive decay
(b) The Poisson process
(c) The chemical reaction A! X; 2X ! B .

5.3. Consider a harmonic oscillator interacting with a radiation field. Due to
this interaction there will be transitions between the energy eigenstates jni,
nD 0; 1; 2; : : :. The probability that a jump n � 1 ! n occurs within one time
unit shall be ˇn, and the probability of a jump n! n�1 shall be ˛n, where ˇ < ˛.
Simulate this system in a similar way to the chemical reaction in Problem 3.4 and
verify that the stationary distribution for the energy levels is given by

%.n/ /
�
ˇ

˛

�n
:

5.4. Consider the stochastic process X.t/ for t D 0; 1; : : :, defined by the equation

X.t/ D ˛X.t � 1/C ��.t/; X.0/ D 0:

Take the values ˛ D 0:8, � D 1, and take �.t/ to be a white noise.

(a) Determine the densities %.x; t/ and %.x; t j x0; t � 1/ and also the covariances
hX.t/X.t � 
/i. Why is this process a model for a red noise?

(b) Realize this process and compare the time series so obtained with the time series
of a white noise.

5.5. Simulation of fractal Brownian motion:
To generate realizations of fractal Brownian motions in time, one needs long-
range correlated random numbers. Seek information about so-called midpoint
displacement methods (Saupe 1988, Sect. 2.3.2) and the associated problems.

Such processes are more easily generated by taking a diversion through fre-
quency space. One makes use of the fact that the spectrum S.!/ of fractal Brownian
motion has the form

S.!/ / 1

!ˇ
; ˇ D 2H C 1:

Therefore, the Fourier transform of a realization of fractal Brownian motion is
given by

f .!/ D N.0;
C

!ˇ=2
/C iN.0;

C

!ˇ=2
/;

with some constant C . Based on this formula, write a program for an algorithm to
simulate fractal Brownian motion.

Compare your results with the discussion in Sect. 2.4.3 of Saupe (1988).
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5.6. AR.p/ processes. Decomposition into oscillators and relaxators:
An AR.p/ process in a vector space V

Xt D
pX

kD1
˛kXt�k C �t �t 	WN.0; �2/

has the characteristic polynomial

˛.z/ D 1 �
pX

kD1
˛kzk:

The characteristic polynomial has k zeros in C, which are either complex conjugated
pairs or real.

Represent the process as an AR.1/ process Zt in the vector space V n and find
a base transformation such that the components of Zt with respect to this base are
either univariate (each component by itself) or bivariate (two components) AR(1)
processes. What is the relation to the zeros (absolute value and phase) of the
characteristic polynomial?

Write a program which generates realizations of AR.2/ processes and makes
them visible and audible, and where the absolute value and the phase of the complex
zeros (oscillator) or the values of the two real zeros (relaxators) may be varied
interactively.

Chapter 6

6.1. The Hamiltonian operator for a spin-1/2 particle in a magnetic field B reads

H D ��B� �B;

where � is the Pauli spin operator and �B the Bohr magneton. For the z-axis along
the direction of the magnetic field, determine the density matrix

% D 1

Z
e�ˇH ; Z � Tr e�ˇH ;

first, in the basis where �z is diagonal and, second, in the basis where �x is diagonal.
Evaluate the expectation value E D hH i D Tr .%H/.

6.2. This problem concerns the ideal Fermi gas of spin-1/2 particles. We introduce
the following notations:

1. V denotes the volume, n�N=V is the particle density, � is the chemical
potential, and �0 is the chemical potential at T D 0.
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2. The Fermi distribution:

f ."/ D 1

eˇ."��/ C 1:

3. D."/ denotes the single-particle density of states, i.e., for an arbitrary function
g."/ of the single-particle energy " D ".p/ D p2=2m we have

Z
2
V d3p

.2�„/3 g.".p// �
Z 1

0

d"D."/ g."/:

(a) Determine the chemical potential � and the internal energy E of an ideal
Fermi gas at low temperatures up to order T 4.

(b) Show that the heat capacity CV of an ideal Fermi gas at low temperatures is
given by the expression

CV D 1

3
�2k2BTD.�0/:

(c) The energy of an electron in an external magnetic field B is given by

" D 1

2m
p2 ��e �B

(to avoid a confusion with the chemical potential � we denote the magnetic
moment of the electron by �e). The paramagnetic susceptibility 	 of an ideal
electron gas due to the spin of the electron in the limit of a weak magnetic
field is given by

	 D lim
B!0

�
M

VB

�
;

where V denotes the volume and M the magnetization. Show that for
arbitrary temperatures the following formula holds:

	 D �2e
V

Z 1

0

d" f ."/D0."/:

From this expression derive the following limiting cases:

lim
T!0 	 D

3

2
n�2e=�0; 	

T!1�! n�2e=kBT:

(d) Write a program to compute the internal energy E of the ideal Fermi gas
as a function of temperature and compare the result with the approximate
solution of part (a).
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6.3. Show that an ideal Bose gas in two dimensions has no Bose–Einstein
condensation.

6.4. Let nj be the number of photons in a certain radiation mode j D .k; ˛/.
Prove that

hNj i D 1

eˇ„!j � 1
Var.Nj /

hNj i2 D 1C
1

hNj i :

Furthermore, let pj .nj / be the probability of finding exactly nj photons in the
mode j . Show that pj may be written as

pj .nj / D hnj inj
�
1C hnj i

�njC1 :

Interpret these results.

6.5. We consider an ultra-relativistic and highly degenerate ideal Fermi gas with
spin 1/2. For this purpose we take the approximate single-particle dispersion relation
in the form

".p/ D c jpj

(c is the velocity of light). Determine the chemical potential � and the internal
energy E for low temperatures up to order T 2, and from this result derive the
heat capacity up to order T . By what factor does this result differ from that for
the nonrelativistic case.

6.6. We consider a semiconductor with a completely filled valence band and an
empty conduction band at T D 0. Let Eg be the energy gap between the uppermost
level of the valence band and the lowest level of the conduction band. At finite
temperatures, electrons will be excited from the valence band into the conduction
band. The conductivity of the semiconductor results both from the excited electrons
(in the conduction band) and the holes (in the valence band). We denote the density
(number per unit volume) of electrons in the conduction band by n and the density
of holes in the valence band by p. Furthermore, we assume that these electrons
and holes behave like free particles with effective masses me and mh, respectively.
If we define the uppermost level of the valence band as the energy zero, we find the
following approximate single-particle dispersion relations:

".p/ D
8
<

:
Eg C 1

2me
p2 for electrons in the conduction band,

� 1
2mh

p2 for holes in the valence band.
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We also assume that Eg��
 kBT and �
 kBT . Show that under these
conditions

n D p D 2
�
2�
p
memhkBT

h2

� 3=2
e�Eg=2kBT :

From this result, estimate the density n for Eg D 0:7 eV at room temperature by
assuming that me � mh � m (m denotes the mass of free electrons).

6.7. Dispersion relations in a solid:

(a) Suppose certain lattice vibrations in a Debye solid to have a dispersion relation
of the form

! D Aks

(! is the frequency and k the wave number of the lattice vibrations; A is a
constant). Show that the corresponding contribution to the specific heat at low
temperatures is proportional to T 3=s .

(b) Show that the contribution of phonons with the dispersion relation

! D Ak
in an n-dimensional Debye solid at low temperatures is proportional to T n.

6.8. Consider the specific heat of a solid as a function of temperature: CV D
CV .T /. We have CV .0/D 0 and for T �!1 the specific heat CV .T / tends towards
CV .1/D 3NkB (the Dulong–Petit law). Compute the area A enclosed by the graph
of the function CV .T / and a line parallel to the T -axis through CV .1/:

A D
Z 1

0

dT fCV .1/� CV .T /g :

What is the physical significance of this area A?

6.9. Compute the contribution of the internal degrees of freedom (vibrations and
rotations) to the heat capacity of the gas NH3 at 300 K. Use the following data:
Principal moments of inertia:

I1 D 4:44 � 10�40 cm2g;

I2 D I3 D 2:816 � 10�40 cm2g:

Normal modes:

N�1 D N�2 D 3336 cm�1; N�3 D N�4 D 950 cm�1;

N�5 D 3414 cm�1; N�6 D 1627 cm�1:

The frequencies of the normal modes are given in terms of inverse wavelengths:
N� � ��1 D �=c (c is the velocity of light).
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6.10. Consider an ideal Bose gas of particles with one internal degree of freedom.
For simplicity, assume that apart from the ground state (energy 0) each particle
may be in exactly one excited state (energy "�). Hence, taking into account the
translational degrees of freedom, the single-particle dispersion relation reads

".p/ D
(

p2=2m for the ground state

p2=2mC "� for the excited state:

Write down an implicit equation for the condensation temperature Tc of the gas.
Using this equation, show that for "�=kBT

0
c 
 1 the following relation holds

Tc

T 0c
� 1 � 2

3�.3=2/
e�"�=kBT

0
c ;

where T 0c denotes the condensation temperature of the ideal Bose gas without
internal degrees of freedom.

6.11. Consider an ideal gas of N diatomic molecules with an electric dipole
moment �. Ignore the induced dipole moments and assume that the electric field
acting on the molecules is equal to a homogeneous, constant, external field E .
Show that the absolute value of the electric polarization P in thermal equilibrium is
given by

P D N

V
�

�
coth

�
�E

kBT

�
� kBT

�E

�

(E � jE j; � � j�j). In addition, prove that for �E � kT the dielectric constant "
of the gas is approximately given by

" D 1C 4� N
V

�2

3kBT
:

Chapter 7

7.1. Figure P.2 shows the so-called Diesel circle on a p–V diagram. The associated
process will be performed with an ideal gas as a working substance. Let QH be
the amount of heat absorbed and QL the amount of heat emitted. Determine the
efficiency

�Diesel � 1 � QL

QH

of the Diesel process. Represent the Diesel process on a T –S diagram.
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2 3

4

1

QH injection

QL

S = const.

S = const.

p

V

Fig. P.2 The p–V diagram
for a diesel process

7.2. This problem examines the Joule–Thomson experiment, which is performed
with a real gas. The molecules of the gas are subject to a pair interaction described
by the potential V2.r/, r D jr i � rj j.
(a) Show that for the Joule–Thomson experiment the change in temperature as a

function of pressure has in general the following form:

ı �
�
@T

@p

�

H

D 1

Cp

"
T

�
@V

@T

�

p

� V
#
:

H denotes the enthalpy and Cp the heat capacity for fixed pressure. ı is
called the Joule–Thomson coefficient. What is the physical significance of this
coefficient?

(b) We now treat the real gas up to the second order in a virial expansion
(cf. Problem 3.6). Show that in this approximation the Joule–Thomson coef-
ficient may be expressed in terms of the second virial coefficient a2.T / in the
following way:

ı D N

Cp

�
T

dB

dT
� B

�
;

where

B.T / � �3a2.T / D 2�
Z 1

0

�
1 � e�V2.r/=kT

�
r2 dr:

N denotes the particle number and � the thermal wavelength.
(c) Compute the Joule–Thomson coefficient for the following cases:

1.
V2.r/ D ˛

rn
; ˛ D const. > 0; n > 0
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2.
V2.r/ D

8
ˆ̂<

ˆ̂:

C1; r < a
�u0 ; a < r < b; u0 > 0

0; b < r:

Discuss the temperature dependence of ı for both cases and interpret the result
with respect to the Joule–Thomson experiment.

Chapter 8

8.1. Show that for the case of a known expectation value� D hXi of a real random
variable X the quantity

O�3.X1; : : : ; XN / D 1

N

NX

iD1
.Xi � �/2

is an unbiased estimator for the variance.

8.2. Let X be a Gaussian real random variable with density

%X.x/ D 1p
2��2

exp

�
� 1

2�2
.x � �/2

�
:

Determine the maximum likelihood estimator for the parameters � and �2 for a
sample of size N .

8.3. Estimate the expectation value n times for given data y1; : : : ; yN and determine
the one-sigma confidence interval. Show that the true value is inside the confidence
interval for only roughly two third of these n cases

8.4. In Sect. 8.5 we derived the least squares estimator for a general parametric
model of the form

f .x j a1; : : : ; aM / D
MX

˛D1
a˛X˛.x/

using the singular value decomposition of the N �M matrix

Ki˛ D 1

�i
X˛.xi /; i D 1; : : : ; N; ˛ D 1; : : : ;M:
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(N denotes the number of data pairs andM the number of parameters of the model).
Consider the special case of a linear model with M D 2:

f .x j a1; a2/ D a1x C a2:

Write down the matrix K explicitly and construct the matrix D�KTK and the
pseudoinverse KC� .KTK/�1KT . Determine the least squares estimator for the
parameters a1 and a2. In addition, determine the base vectors v
 and u
 introduced
in Sect. 8.5 as well as the singular values w
 (
 D 1; 2) for the decomposition

K D w1 u1 ˝ v1 C w2 u2 ˝ v2:

Try again to visualize again the geometric meaning of this construction.

Chapter 9

9.1. Filters:
A filter may be regarded as a mapping from one time series onto another. A filter is
called stable if this mapping is bounded, i.e., if the image of a time series with finite
norm has also finite norm. It is called invertible if the mapping is injective. How are
stability and invertability related to the positions of zeros and poles?

9.2. Simulate a time series, say, an AR.2/ process (see Sect. 5.9.4, Example 3) of
N D 1024 data points, and determine the absolute values and phases of the Fourier
transform. Replace the phases by random values, equally distributed in Œ0; 2��, and
subject to the constraint derived in Sect. 9.1, so that the time series, obtained by the
inverse Fourier transform, is real. What a meaning has this time series?

9.3. Time-dependent spectrogram:
Generate three AR.2/ processes (see Sect. 5.9.4), each of length 4; 098 and with
damping rate 200, and with period 5; 10, and 30 respectively. Concatenate these time
series and determine the time-dependent spectrogram of the result. Furthermore:
Record some spoken words or other sounds and discuss the time-dependent
spectrograms.

9.4. Generate a harmonic wave with 8 and with 8:5 cycles within 1; 024 data points.
Calculate the periodogram and visualize it. Why do the second periodogram show
sidelobes, the first one from a time series with a whole number of cycles not?
Interpret the time series as a multiplication of an infinite time series and a boxcar
window, and calculate the Fourier transform of it as the convolution of the Fourier
transforms of the factors.
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Chapter 10

10.1. Write a program, by which, for a given realization of an AR.2/ process, the
parameters of the model are estimated with the Monte Carlo Markov Chain method
as explained in Sect. 10.3. Generate the sample by simulating an AR(2) model with
period T D 20 and damping rate 
 D 50 (see Sect. 5.9.4, Example 3).

10.2. Estimate coefficients and frequency of a model y.t/D a1 sin .!t/ C
a2 cos .!t/ C ��.t/, with �.t/	 WN.0; 1/. Use the Gibbs sampler for the
estimation of the coefficients a1; a2, and the Metropolis-Hastings method for the
estimation of the frequency !.

Chapter 11

11.1. You may gain some experience with the regularization method as follows:

(a) Least squares estimator with ill-conditioned matrices:
Use a bimodal spectrum as given in (11.78) and generate a set of data as
outlined in Sect. 11.4.4. Reconstruct the spectrum with the least squares method
and estimate the confidence intervals of the estimated values of h˛Dh.
˛/,
˛D 1; : : : ;M for M = 10,30,50. Correlate the growth of the size of these inter-
vals with the change in the condition of the matrix with elements K 0.!i ; 
˛/.

(b) Choose a specific energy functional and estimate the spectrum for a given
regularization parameter �. Plot the result including the standard confidence
intervals. Discuss the dependence of the result on the regularization parame-
ter �.

(c) Determine the regularization parameter using a particular strategy. Do this not
only for a single generated data set, but for several different sets and get an
impression of the variation of �. Estimate the mean and the variance of the
distribution of �. Repeat the same with some other strategy for determining the
regularization parameter and compare the means and variances.

(d) Solve parts (b) and (c) for a different energy functional. Examine the changes
and try to understand them.

11.2. Generate a random N � M matrix and construct from it, by manipulating
the singular values, a well-conditioned and an ill-conditioned matrix Ki;j . Use
these matrices to define a linear regression model, simulate data by choosing some
parameters and try to estimate these parameters, given the simulated data. Study
the estimates and their confidence intervals in dependence of the condition of the
matrixKi;j .

11.3. Simulate a hidden Markov model and apply the Viterbi algorithm to
the observations fy.t/; t D 1; : : : ; N g. Calculate the estimate based on fy.t 0/;
t 0 D 1; : : : ; tg and the estimate based on fy.t 0/; t 0 D 1; : : : ; N g.
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11.4. Write a subroutine for a Kalman filter and a state space model (for a univariate
variables x and y only) and use these to show that for the observation equation
y.t/ D x.t/ C �.t/ the Kalman filter estimate is, for given fy.t/; t D 1; : : : ; N g,
a better approximation to fx.t/; t D 1; : : : ; N g than the naive simple estimate
fy.t/; t D 1; : : : ; N g (see Fig. 11.12).

Chapter 12

12.1. Formulate a hidden Markov model with two hidden states, simulate some
data points, and estimate the parameters, given the data.

12.2. A casino manager uses from time to time an unfair die, so the casino can
be in two different states (fair die, unfair die). Observable are only the points
after each throw. Formulate a hidden Markov model for this situation. Simulate
data and estimate the parameters of the model, given the data. Plot the probability,
in dependence on time, that the casino is in the unfair state.

Chapter 13

13.1. For the test statistic ‘mean’ the standard deviation can also be estimated
analytically. Use normally distributed random numbers with zero mean and standard
deviation equal 2 as data and determine the bootstrap results for mean and standard
deviation. Vary the size of the bootstrap sample from 50 to 500 and compare
the results.

13.2. Two different sorts of scripts can be generated in the following way: One
defines a vocabulary, e.g., the numbers from 1 to 10, and for every sort a different
probability distributions for every word of the vocabulary. Given a collection of n1
scripts of sort 1 and n2 scripts of sort 2, estimate the probability of each word of
each sort (learning with teacher). Use the Bayes’ classificator to determine to which
sort newly generated scripts belong. Try to apply this method to realistic scripts.

13.3. Write a program for estimating with the help of the EM algorithm the
mean and standard deviation of three clusters of normally distributed random two-
dimensional data.
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Chapter 2

2.1. (a) Use A\ B D NA [ NB .
(b) Write B as the disjoint union of A and something else.
(c) Write A [ B and A as a disjoint union.

2.2. See Sect. 2.2.

2.3. The generating function is G.z/ D e�.z�1/.

2.4. Simulation of the occurrence of an event with probability q; 0 � q � 1 may be
performed as follows: Generate a random number r , uniformly distributed in Œ0; 1�,
and check whether r � q. If that is the case, the event has occurred.

2.5. See Sect. 2.2.

2.6. Express the difference S �S1 �S2 in terms of the relative entropy and use the
inequality x lnx � x ln y � x C y � 0.

2.7. %.x/ D 1p
2��

e�x2=2�2 .

2.8. (a) %Y .y/ D 1
n
y1=n�1,

(b) %Y .y/ D e�y ,
(c) %.y1; y2/ D 1p

2�
e�y21 1p

2�
e�y22 .

2.9. (a) P.k/ D �1C�2
kŠ

e�.�1C�2/,
(b) GI .z/ D e�1.z�1/; GK.z/ D e.�1C�2/.z�1/.

2.10. Use %Z.z/ D
R

dx1 dx2 ı.z� x1 � x2/%.x1; x2/.
2.11. Use the characteristic function of the Cauchy distribution.

2.12. g.y/ D ˇy � 1 lnˇy; see the discussion in Sect. 3.3.

2.13. For ˇ ¤ ˛ the density function shrinks to zero.

J. Honerkamp, Statistical Physics, Graduate Texts in Physics 38,
DOI 10.1007/978-3-642-28684-1, © Springer-Verlag Berlin Heidelberg 2012
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2.14. Use a minimization subroutine in the computer language you prefer.

2.15. .DT2/˚i .x/ D 2
p
2

Z
dy %�.

p
2x � y/˚i .y/:

Use partial integration to obtain

.DT2/˚i .x/ D � 1p
2

d

dx
.DT2/˚i�1.x/:

Then starting with .DT2/˚0.x/ D 2˚0.x/, the rest follows by induction.

2.16. See Sect. 2.6.

Chapter 3

3.1. The particles are considered to be indistinguishable. See Sect. 3.1.

3.2. Classical result:ZN DZN
1 D .kBT=„!/N . Quantum mechanical result:ZN D

ZN
1 D .2 sinh.„!=2kBT //

�N .

3.3. Use .@x=@y/z D �.@z=@y/x.@z=@x/�1y and apply this to .@V=@p/S .

3.4. Write the entropy of the entire system,

S D SA C SB;
as a function of the internal energies EA and EB , the volume V , and the number
of particles NA, NB . Find the maximum of the entropy S under the supplementary
conditions

EA C EB D E D const. and NA C 2NB D const.

3.5. Proceed from

@V.r1; : : : ; rN /

@r i
D @Vn.r1; : : : ; rn/

@r i
C @

@r i

NX

jDnC1
V2.r i ; rj /;

multiply with 1=�3N .N � n/Š and integrate over rnC1; : : : ; rN .

3.6. .pV=KkBT / D 1 � .2�=3/n
�

eu0=kBT .b3 � a3/ � b3
	

.

3.7. Handle the problem according to classical statistics. The interaction energy ˚
of the two dipoles may be written as

˚ D � 1

R5

˚
3.m �R/.m0 �R/�R2.m �m0/
 :
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Chapter 4

4.1. (a) S.E/ D �kBN
�
. 1
2
C E

"N
/ ln . 1

2
C E

"N
/C . 1

2
� E

"N
/ ln . 1

2
� E

"N
/
�

with " D

B . S.E/ has a maximum at E D 0.

(b) kBT=" D ln
�
1�2E="N
1C2E="N

	�1
,

E D �N"
2

tanh ."=2kBT /,
C D NkB."=2kBT /

2.cosh."=2kBT //
�2.

(c) M D N


2
tanh ."=2kBT /.

(d) There must be a finite upper limit for the energy of the system as is the case
for spin systems. Nuclear and electron spin systems can be prepared in such
a way that they have negative temperature (see, e.g., Purcell and Pound 1951;
Abragam and Proctor 1957, 1958; Klein 1956; Ramsey 1956).

4.2. (a) Given H , the magnetization M has to be determined from @G=@M D
2L2M C 4L4M3 �H D 0 (see Sect. 4.6).

(b) ˇ D 1=2, 
 D 
 0 D 1, ı D 3.
(c) ˛ D ˛0 D 0, �CH D �Tcl221=2l40.
4.3. The cliques of e.g. C3 are

�

� � �

� �

There are no cliques of type C4.
4.4. If xi can be 1; 2 or 3, then in the auto-model Jij xixj can take the values
1; 2; 3; 4; 6; 9 times �Jij . In the 3-level model, Jij xixj can take the values Jc;�Jc ,
and Jc may depend on the relative positions of i and j .

4.5. The rejection method: One has to look for a density %0.x/ for which random
variables are easily generated and such that with a constant C

C%0.x/ � %.x/

holds. Generate pairs f.xi ; yi /g so that xi is chosen according to the density %0.x/,
and yi according to a uniform density in Œ0; C%0.xi /�, and accept each of them if
yi � %.xi /. Then the accepted fxig possess the desired density.

Take here %0.x/ as the standard normal density. With %.x/ D 1
Z

e�y4=4 then

choose e.g. C%0.x/ D 1
Z

e1=4e�x2=2.

4.6. See Sect. 4.5.

4.7. See Sect. 4.5.
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Chapter 5

5.1. Generate a sample of normally distributed random variables.

5.2. See Sect. 5.5.

5.3. See Sect. 5.5.

5.4. %.x; t/ D N.0; �2=.1 � ˛2/, %.x; t jx0; t � 1/ D N.x0; �2/, see Sect. 5.1.

5.5. Generate pairs .ak; bk/ of normal random numbers with zero mean and
variance / k�ˇ=2. Take fak C ibkg as the Fourier components of X.t/. In (Saupe
1988) the polar decomposition of a complex random variable is used.

5.6. See Sect. 5.9.

Chapter 6

6.1. hH i D �BB tanh .�BB=kBT /:

6.2. (a) � D �0
�
1� �2

12
.kBT=�0/

2 � �4

80
.kBT=�0/

4 C : : :
	

,

E D 3
5
N�0

�
1C 5�2

12
.kBT=�0/

2 � �4

16
.kBT=�0/

4 C : : :
	

.

(b) Use CV D .@E=@T /V;N .
(c) DetermineM D �e.NC �N�/ in terms of D."/ and f ."/.

6.3. Show that the particle number N is given by

N D A

�2

Z 1

0

dx

z�1ex � 1 :

A denotes the area of the gas and � the thermal wavelength. Examine the behavior
of the integral for z! 1 and compare this with the behavior of h3

2
.z/ in that limit.

6.4. Determine the probability of the state fnj g: p.fnj g/ DQj pj .nj /.
One obtains that the ratio p.nj C 1/=p.nj /D�=.1C �/, �DhNj i is indepen-

dent of nj in contrast to the classical Poisson distribution (Boltzmann gas). Also,
the relative variance Var.Nj /=hNj i2 of the ideal Bose gas is larger than that for a
classical Boltzmann gas.

6.5. CV D .2�7=3kB=3
1=3hcn1=3/NkBT , whereN denotes the particle number and

n the particle density.

6.6. Calculate N D n C p, n and p in terms of �. Then find � and substitute.
n D p D 3:3 � 1013cm�3.

6.7. Find g.!/ defined by g.!/d! D dnk (n D dimension of the solid) and study
the energyE as integral over the frequency contributions.
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6.8. Write CV as @E=@T and discuss the expansion of E.T / for large T . The area
A corresponds to the zero point energy of the solid.

6.9. C rot
V D 3

2
NkB, C vib

V � 0:47NkB.

6.10. The implicit equation reads

N D V

�3.Tc/

�
h3
2
.1/C h3

2
.e�"�=kBTc/

	
:

The limit "!1 leads to an equation for T 0c .

6.11. Use classical statistics to solve this problem and treat the molecule as a
rigid rotator whose axis coincides with the directions of the dipole moment. The
following relation holds between the electric displacement D, the electric field
strength E , and the polarization P :

D D "E D E C 4�P :

Chapter 7

7.1. Proceed from

dQ D dE C p dV or dQ D dH C V dp

and make use of the fact that CV D dE=dT and Cp D dH=dT may be considered
independent of temperature.

7.2. (a) Use that the enthalpy is constant. ı measures the temperature difference
achieved during an expansion. ı D 0 for an ideal gas.

(b) Use the equation of state in the form V D .NkB=p/.T C N
V
B.T /V / and

calculate .@V=@T /p.
(c) For the computation of B.T / for the first case, make a partial integration and

express the remaining integral by a � -function.

Chapter 8

8.1. Use that h.Xi � �/2i D Var.X/.

8.2. O� D 1
N

PN
iD1 xi , O�2 D 1

N

PN
iD1.xi � �/2.

8.3. Compare Sect. 8.1.
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8.4. K D

0
B@

x1
�1

1
�1

: : : : : :
xN
�N

1
�N

1
CA :

With S DP
i .1=�

2
i /; Sx D

P
i .xi=�

2
i /; Sy D

P
i .yi=�

2
i /; Sxy D

P
i .xiyi=�

2
i /

one obtains

Oa1 D S Sxy � SxSy
S Sxx � S2x

; Oa2 D Sy Sxx � SxSxy
S Sxx � S2x

:

Furthermore w1;2 D
p
.Sxx C S ˙ E/=2 with E Dp.Sxx � S/2 C 4S2x .

Chapter 9

9.1. See Sect. 9.3 and compare with Sect. 5.9.

9.2. See http://webber.physik.uni-freiburg.de/HonStatphys.htm

9.3. See http://webber.physik.uni-freiburg.de/HonStatphys.htm

9.4. See http://webber.physik.uni-freiburg.de/HonStatphys.htm

Chapter 10

10.1. See http://webber.physik.uni-freiburg.de/HonStatphys.htm

10.2. See http://webber.physik.uni-freiburg.de/HonStatphys.htm

Chapter 11

11.1. (a) For determination of the confidence intervals see Sect. 8.5. For the
condition of the matrix use the singular value decomposition and determine
the ratio of the largest and smallest singular value.

(b) One should observe that the confidence intervals increase with decreasing
regularization parameter and that there is an optimum value of the regularization
parameter for which there is the best compromise between the reconstruction of
the spectrum the and size of the confidence intervals. This optimum value may
also be determined by minimization of a discrepancy between the true spectrum
and the reconstructed one.

http://webber.physik.uni-freiburg.de/HonStatphys.htm
http://webber.physik.uni-freiburg.de/HonStatphys.htm
http://webber.physik.uni-freiburg.de/HonStatphys.htm
http://webber.physik.uni-freiburg.de/HonStatphys.htm
http://webber.physik.uni-freiburg.de/HonStatphys.htm
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(c) From such Monte Carlo simulations one gets an idea of the power of a strategy
for the determination of the regularization parameter. The best strategy is the
one that produces a distribution of the regularization parameter with the smallest
variance and with a mean closest to the optimum regularization parameter.

(d) The proper choice of the energy functional depends on ones expectations for the
spectrum. For spectra like those chosen in (a), the square of the second derivate
will be a good choice. For spectra that are piecewise constant and interrupted by
jumps, an energy functional depending on the first derivative (second example
in Sect. 11.4.3) will do better.

11.2. See http://webber.physik.uni-freiburg.de/HonStatphys.htm

11.3. See http://webber.physik.uni-freiburg.de/HonStatphys.htm

11.4. See http://webber.physik.uni-freiburg.de/HonStatphys.htm

Chapter 12

12.1. See http://webber.physik.uni-freiburg.de/HonStatphys.htm

12.2. See http://webber.physik.uni-freiburg.de/HonStatphys.htm

Chapter 13

13.1. See http://webber.physik.uni-freiburg.de/HonStatphys.htm

13.2. See http://webber.physik.uni-freiburg.de/HonStatphys.htm

13.3. See http://webber.physik.uni-freiburg.de/HonStatphys.htm

http://webber.physik.uni-freiburg.de/HonStatphys.htm
http://webber.physik.uni-freiburg.de/HonStatphys.htm
http://webber.physik.uni-freiburg.de/HonStatphys.htm
http://webber.physik.uni-freiburg.de/HonStatphys.htm
http://webber.physik.uni-freiburg.de/HonStatphys.htm
http://webber.physik.uni-freiburg.de/HonStatphys.htm
http://webber.physik.uni-freiburg.de/HonStatphys.htm
http://webber.physik.uni-freiburg.de/HonStatphys.htm
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Römer, H., Filk, T.: Statistische Mechanik. VCH, Weinheim (1994)
Roths, T., Maier, D., Friedrich, C., Marth, M., Honerkamp, J.: Determination of the relaxation time

spectrum from dynamic moduli using an edge preserving regularization method. Rheol. Acta
39, 163–173 (2000)

Rubinstein, R.Y.: Simulation and the Monte-Carlo Method. Wiley, New York (1981)
Samorodnitzky, G., Taqqu, M.: Stable Non-Gaussian Random Processes. Chapman & Hall,

New York/London (1994)
Saupe, D.: Algorithms for random fractals. In: Peitgen, H., Saupe, D. (eds.) The Science of Fractal

Images. Springer, Berlin/Heidelberg (1988)
Schelter, B., Winterhalder, M., Eichler, M., Peifer, M., Hellwig, B., Guschlbauer, B.,

Lücking, C.H., Dahlhaus, R., Timmer, J.: Testing for directed influences among neural signals
using partial directed coherence. J. Neurosci. Method 152, 210–219 (2006a)



References 545

Schelter, B., Winterhalder, M., Timmer, J. (eds.): Handbook of Time Series Analysis. Wiley-VCH,
Berlin (2006b)

Schlittgen, R., Streitberg, H.: Zeitreihenanalyse. R. Oldenbourg, Munich (1987)
Schneider, I. (ed.): Die Entwicklung der Wahrscheinlichkeitsrechnung von den Anfängen bis 1933.

Wissenschaftliche Buchgesellschaft, Darmstadt (1986)
Shannon, C.: A Mathematical Theory of Communication. Bell Syst. Technol. J. 27, 379–423

(1948)
Shwartz, A., Weiss, A.: Large Deviations for Performance Analysis. Chapman & Hall, New

York/London (1995)
Sommerlade, L., Thiel, M., Platt, B., Plano, A., Riedel, G., Grebogi, C., Timmer, J., Schelter, B.

Inference of Granger causal time-dependent influences in noisy multivariate time series.
J. Neurosci. Method 203, 173–185 (2012)

Stanley, H.E.: Phase Transition and Critical Phenomena. Clarendon Press, Oxford (1971)
Strang, G., Nguyen, T.: Wavelets and Filter Banks. Wellesley-Cambridge Press, Wellesley (1996)
Straumann, N.: Thermodynamik. Springer, Berlin/Heidelberg (1986)
Stroud, A.: Approximate Calculation of Multiple Integrals. Prentice Hall, Englewood Cliffs (1971)
Tikhonov, A.N., Arsenin, V.Y.: Solutions of Ill-Posed Problems. Wiley, New York (1977)
Ursell, H.D.: The evaluation of Gibb’s phase-integral for imperfect gases, Proc. Cambridge Phil.

Soc. 23, 685 (1927)
Verlet, L.: Computer “Experiments” on Classical Fluids. II. Equilibrium Correlation Functions,

Phys. Rev. 165, 201 (1968)
van Kampen, N.G.: Stochastic Processes in Physics and Chemistry. North-Holland, Amsterdam

(1985)
von Randow, G.: Das Ziegenproblem. Rowohlt, Reinbek (1992)
Voss, H., Timmer, J., Kurths, J.: Nonlinear dynamical system identification from uncertain and

indirect measurements. Int. J. Bifurc. Chaos 6, 1905–1933 (2004).
Wan, E.A., Nelson, A.T.: Neural dual extended Kalman filtering: applications in speechenhance-

ment and monaural blind signal separation. In: IEEE Proceedings in Neural Networks for
Signal Processing, Munich, pp. 466–475.

Wegner, F.: Corrections to Scaling Laws, Phys. Rev. B 5, 4529 (1972)
Wilson, K.G.: Renormalization Group and Critical Phenomena. I. Renormalization Group and the

Kadanoff Scaling Picture, Phys. Rev. B 4, 31743184 (1971)
Wilson, K.G., Kogut, J.: The renormalization group and the � expansion. Phys. Rep. 12 C, 75–200

(1974)



Index

Acausal filter, 362
Acoustic branch, 271
Adiabatic compressibility, 83
Adiabatic process, 300
Algorithm

backward, 474
forward, 473
Gibbs sampler, 412
heat bath, 189
Metropolis, 189
Metropolis–Hastings method, 413
Viterbi, 447

Aliasing effect, 358
All-pole filter, 362
All-zero filter, 362
˛-stable Levy process, 212
Anergy, 307
Anisotropic Heisenberg model, 291
Anisotropic Ising model, 129
Anti-aliasing filter, 358
Antiferromagnetic substance, 294
A posteriori probability, 17, 405
Approximation, in the decomposition of a time

series, 392
A priori probability, 16
ARMA model, 433
ARMA.p; q/ process, 213
AR.p/ model, 214, 219, 416
Autobinomial model, 129
Autologistic model, 129
Automatic classification, 505
Auto model, 128
Autoregressive filter, 362
Autoregressive moving average filter, 362
Autoregressive moving average process, 351
Autoregressive process, 213, 421, 429
Avogadro’s number, 263

Band-pass filter, 360
Band-stop filter, 360
Bartlett window, 365
Baxter model, 150
Bayesian estimator, 405
Bayes’ theorem, 16, 18
Belief function, 317
Bernoulli distribution, 10
Bessel filter, 366
Bias, 319, 329
Bimodal distribution, 23
Binomial distribution, 10, 23
Boltzmann density, 62
Boltzmann distribution, 14, 31
Bonferroni correction, 426
Bootstrap method, 487
Borel space, 6
Born-Green-Yvon equation, 104
Bose–Einstein condensation, 247
Bose–Einstein distribution, 243
Boxcar window, 370
Breit–Wigner distribution, 22
Brownian motion, 196
Butterworth filter, 366

Canonical density, 62
Canonical system, 60
Carnot cycle, 304
Carnot efficiency, 304
Cauchy distribution, 22
Central limit theorem, 38
Chandrasekhar limit, 242
Chapman–Kolmogorov equation, 163
Characteristic exponent, 41
Characteristic function, 21
Chemical potential, 70
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Chemical reaction, 174, 175
Cholesky method, 211
Classification error, 503
Classifiers, 500
Clausius–Clapeyron equation, 112
Clique, 124
Cluster analysis, 505
Coexistence phase, 111
Coherence, 379
Coherence spectrum, 376
Coiflets filter, 391
Condensation region, 247
Confidence interval, 325, 326, 343
Confidence region, 342
Consistent estimator, 319
Correlation, 21
Correlation time, in simulations, 187
Covariance

function, 348
matrix, 20

Critical exponents, 114
in mean-field approximation, 144

Critical opalescence, 114
Critical point, 50
Critical state, 114
Cross periodogram, 377
Cross-spectrum, 375, 376
Cumulants, 21
Curie constant, 134
Curie law, for paramagnetic substances, 134
Curie temperature, 293
Curie–Weiss law, 144
Curie–Weiss model, 139

Data windowing, 369
Daubechies filter, 391

of order 2, 403
De Broglie wavelength, thermal, 231
Debye ansatz for phonon spectrum, 269
Debye function, 272
Debye temperature, 272
Deconvolution problem, 438
Degenerate regime, 237
Degree of degeneracy, 237
De Haas–van Alphen, effect of, 283
Density, 9

of a canonical system, 60
distribution, 9
function, 9
marginal, 14
stable, 41
of states, 55
strictly stable, 41

Detailed balance, 168, 413
Detail, in the decomposition of a time series,

392
Deviation, 334
Diamagnetic substance, 281
Diamagnetism, 281
Diesel circle, 527
Diffusion process, 192, 202

multivariate, 192
Dilation equation, 396
Discrepancy method, 438
Discrete wavelet transformation, 392
Dissipation, 198
Distribution, 8, 9

Bernoulli, 10
bimodal, 23
binomial, 10
Boltzmann, 14
Cauchy, 22
of dwell time, 186
Gaussian, 10
Maxwell–Boltzmann, 37
multivariate, 13
normal, 10
Poisson, 11

Down-sampling, 386
Dulong and Petit law, 273
Dwell time distribution, 186
Dynamical moduli, 445
Dynamical structure function, 94

Eight-vertex model, 150
Einstein

ansatz for phonon spectrum, 269
relation, 200

Elementary events, 6
Elliptic filter, 366
EM, See Expectation maximization (EM)
Entropy, 25, 55

for the classical ideal gas, 57
for a Gaussian random variable, 27
for ideal Bose gas, 252
of independent random variables, 29
relative, 27

for general density functions, 28
Equipartition theorem, 87
Equiripple filter, 365
Error

bar, 327
of the first kind, 484
of measurement, 336

constant absolute, 337
constant relative, 337
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propagation, 328, 334
of the second kind, 484

Estimation, 318
of �=4, 324

Estimator, 40, 318
consistent, 319
for the expectation value, 319
for �20 , 345
unbiased, 319, 329
for the variance, 320

Euler–MacLaurin sum formula, 244
Euler method, 197
Event, 6
Exchange coupling constant, 290
Exergy, 307
Exergy efficiency, 309
Expectation maximization (EM)

algorithm, 506
method, 468

Expectation value, 19
Experimental outcome, 7
Exponent, characteristic, 41
Extensive variable, 73

Factorial cumulant, 177
Fermi

edge, 235
energy, 236
momentum, 236
sea, 235
surface, 235
temperature, 236

in white dwarf stars, 242
Fermi–Dirac distribution, 235
Ferrimagnetic substance, 294
Ferroelectric substance, 149
Ferromagnetic substance, 281, 293
Filling fraction, 285
Filter, 358

acausal, 362
all-pole, 362
all-zero, 362
autoregressive, 362
bank, 383

Haar, 389, 401
causal, 359
equiripple, 365
finite impulse response, 362
infinite impulse response, 362
invertible, 530
moving average, 362
nonrecursive, 362
recursive, 362

stable, 530
FIR filter, 362

least-squares, 365
Fluctuation–dissipation theorem, 85, 198
Fokker–Planck equation, 192
Fractal Brownian motion, 211
Fractal Gaussian noise, 211
Free energy, 63
Free energy function, 48
Free enthalpy, 69
Fugacity, 229
Functions of random variables, 9

Gain of a filter, 360
Gamma function, 36, 56

incomplete, 343
Gas constant, 263
Gaussian distribution, 10

Fourier transform, 22
multivariate, 13

Gaussian stochastic process, 195
Gaussian white noise, 164
Gauss model, 130
Generating function, of modified Bessel

function, 181
Gibbs differential form, 73
Gibbs field, 125
Gibbs function, 73
Gibbs paradox, 57
Gibbs phenomenon, 365, 371
Gibbs sampler, 190
Goat problem, 18
Grand canonical

for quasi-particles, 288
Grand canonical system, 71
Granger causality, 427, 430
Greenhouse effect, 265

Haar filter bank, 389, 401
Hall current, 284
Hall effect, quantized, 284
Hall resistivity, 284
Hall voltage, 284
Hamiltonian function, 54
Hammersley–Clifford theorem, 126
Hamming window, 365
Heat, 60, 298

bath, 60
bath algorithm, 189
capacity, 79

for constant pressure, 80
for constant volume, 79
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of conversion, 111
pump, 305
radiation, 259

Heating process, 300
Heisenberg model, 290

anisotropic, 291
classical, 151
isotropic, 290

Heitler–London approximation, 291
H0 hypothesis, 484
Hidden Markov model, 433, 467
Hidden system, 432
High-pass filter, 360
History of the concept of probability, 6
Hitting method, 323
Holes, 237
Homogeneous function, 156

generalized, 157
Hypernetted-chain equation, 104
Hypersurface of constant probability, 342

Ice model, 150
Ideal gas, classical, 56
IID, 164
IIR filter, 362
Ill-conditioned, 437
Ill-conditioned matrix, 346
Ill-posed problem, 346
Image processing, 433
Imaginary coherence, 377
Importance sampling, 322
Independence of random variables, 16
Independent and identically distributed, 164
Independent sample, 331
Index, 41
Inference, 434
Intensive variable, 59
Inverse problem, 434
Irreversible process, 299
Ising model, 129

anisotropic, 129
one-dimensional, 135
two-dimensional, 146

Isobaric expansion coefficient, 82
Isobaric expansivity, 82
Isochoric tension coefficient, 83
Isothermal compressibility, 81

critical exponent of, 115
Isotherms

for a Bose gas, 250
in a van der Waals gas, 108

Isotropic Heisenberg model, 290
Itô type, stochastic integral of, 194

Jackknife method, 489
Joule–Thomson coefficient, 528
Joule–Thomson experiment, 528

Kalman filter, 450
backward, 452
dual, 463
extended, 454
forward, 451
unscented, 460

Kalman gain, 452
Kirchhoff’s law, 261
Kolmogorov system of axioms, 6

Lack of information, 26
�-transition, 253
Lamé elastic constants, 270
Landau

free energy, 153
level, 283
theory of diamagnetism, 281

Langevin
equation, 193
process, 349

Large deviation property, 49
Latent heat, 111
Law of mass action, 517
Laws of thermodynamics, 306
Least-squares (LS) estimator, 336, 341, 409,

436
Least-squares FIR filter, 365
Legendre transform, 48
Levy process, 212
Lifetime density function, 333
Likelihood, 331
Limit theorem, central, 38
Linear congruence method, 509
Linear predictor, 421, 423
Liouville equation, 169
Log likelihood function, 331
Long-range dependence, 211
Lorentz distribution, 22
Low-pass filter, 360
LS estimator, See Least-squares (LS) estimator
Lyapunov function, 313

Macrocanonical system, 71
Magnetic moment, 131
Magnetic susceptibility, in mean field

approximation, 144
Magnetization, 131
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Magnon, 293
MAP, See Maximum a posteriori (MAP)

estimator
Marginal density, 14
Markov

assumption, 163
field, 124
process, 163

piecewise deterministic, 183
temporally homogeneous, 163

property, 163
Marrying parents, 378, 432
Master equation, 167
Maximum a posteriori (MAP) estimator, 405,

435, 436
Maximum entropy method, 442
Maximum entropy principle, 29, 54
Maximum likelihood (ML) estimator, 331,

338, 405
Maxwell construction, 110
Maxwell relations, 85
Maxwell–Boltzmann distribution, 37
Mean squared error (MSE), 319
Median, 24
Metropolis algorithm, 189
Metropolis sampler, 189
Meyer filter, 391
Microcanonical system, 54
Minimum entropy production, principle of,

313
Missing data, 417
Mixed state, 222
ML estimator, See Maximum likelihood (ML)

estimator
Model selection, 434
Molecular dynamics calculation, 101
Moment, mth, 20
Monte Carlo

integration, 321
method, for random fields, 188

Morlets, 391
Moving average, 361
Moving average filter, 362
MSE, See Mean squared error (MSE)
Multilevel logistic model, 129
Multiplicative noise, 194
Multiresolution, 395
Multivariate spectra, 352

Neighborhood, 123
Neural network, 502
Neutron star, 242
Normal distribution, 10

covariance matrix, 21
higher moments, 20

Nuisance parameter, 407
Null hypothesis, 484
Number of microstates, 55
n-vector models, 150
Nyquist frequency, 355

Observation equation, 432
Occupation number

average, of ideal Fermi gas, 235
average, for quasi-particles, 288
representation, 176, 229

˝-expansion, 201
One-step process, 173
Optical branch, 271
Orbitals, 228
Ornstein–Uhlenbeck process, 196, 210

Padé approximation, 100
Paramagnetic substance, 281
Paramagnetic system, ideal, 133
Paramagnetism, 286
Parametric model, 337
Partial coherence, 378, 379, 427
Partial correlation function, 423
Partial directed coherence, 430, 432
Partial phase spectrum, 379
Partial spectral matrix, 378, 430
Particle bath, 71
Partition function, 62, 125

grand canonical, 71
macrocanonical, 71
T -p system, 69

Pattern, 122
Pauli equation, 171
Percus–Yevick equation, 104
Periodogram, 355
Phase

of a filter, 360
spectrum, 376
transition, 50

first order, 112
Phonon, 268
Photon, 254
Planck’s radiation law, 256
Point estimation, 318
Poisson distribution, 11, 23
Poisson process, 173, 182
Potts model, 130
Power of a test, 489
Power spectrum, 349
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Pressure, 66
Probability, 7

conditional, 14
distribution, 8
joint, 15

Process without memory, 163
Product of random variables, 35
Pseudo-inverse, 339
Pure state, 222

Quantile, 23
of standard normal distribution, 24

Quasi-particles, 241, 287
Quasi-static process, 300

Radial distribution function, 89, 177
Radiation pressure, 263
Radioactive decay, 173, 181
Random number, 9

generator, 39, 509
Random sample, 318, 336
Random variable, 9

Bernoulli distributed, 11
binomally distributed, 11
	-distributed, 36
	2-distributed, 36, 344
Fk;q -distributed, 37
gamma distributed, 51
Gaussian distributed, 10
Poisson distributed, 12, 23
t -distributed, 37
uniformly distributed, 10

Random vector, 13
Random walk, 172, 173, 180
Rayleigh–Jeans formula, 257
Realization, 6
Recursive filter, 362
Red noise, 165, 196, 349, 352
Regularization method, 444
Regularization parameter, 444
Rejection method, 521, 535
Relative frequency interpretation, 317
Relaxation-time spectrum, 444
Relaxator, 218
Response function, 79, 197
Reversible process, 299, 300
Riemann zeta function, 246
Roton, 295

Sample, 318
independent, 331

Sampling frequency, 347
Sampling time, 347
Scale, of a base function, 396
Scaling function, in multiresolution, 395
Scaling relations, 116
Self-consistent method, 438
Self-similar processes, 210
Set of events, complete and disjoint, 7, 15,

25
Short-time expansion, 166
Significance level, 483
Simulation, of a piecewise deterministic

Markov process, 184
Singular value, 340

decomposition, 339, 344
Sixteen-vertex model, 150
Six-vertex model, 150
Smoothed pseudo-Wigner distribution, 383
Smoothing filter, 361
Solar constant, 263
Space of events, 6
Specific heat, 79

critical exponent of, 114
for ideal Bose gas, 250

Spectral matrix, 353, 375
Spectrogram, 380
Spectrum of a process, 349
Spin wave, 293
Spontaneous expansion, 302
Spontaneous magnetization, 293
Stable density, 41
Standard deviation, 20
Standard method, 324

for Monte Carlo integration, 322
Standard normal distribution, 10
State space model, 433
Static structure function, 93
Stationary distribution, 164
Stationary quantities, simulation, 187
Statistical dependence, 16
Statistical independence, 21
Statistical system with dissipation, 198
Stefan–Boltzmann constant, 257
Stefan–Boltzmann law, 262
Stochastic differential equation, 192

numerical integration, 197
Stochastic integral, 193
Stochastic process, 162

Gaussian, 195
Stochastic time step, algorithm with, 186
Stop-band, 360
Stratonovich type, stochastic integral of,

194
Strictly stable density, 41
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Structure function
dynamical, 94
static, 93

Student t -distribution, 37
Sum rule for random variables, 35
Superconductivity, 296
Superfluid 4He, 252
Superfluidity, 295
Susceptibility, 79, 132, 198
Sweep, 190
Symlets, 391

Taper, 369
Temperature, 59
Temporally homogeneous Markov process,

163
Tensor product, 340
Test
	2-Test, 493
F -Test, 492

for least-squares estimators, 496
Kolmogorov–Smirnov Test, 495
likelihood-Ratio Test, 497
quantity, 483
statistic, 484
t -Test, 491
z-Test, 491

Texture, 123
Thermodynamic limit, 49
Thermodynamic potential, 230

ideal Bose gas, 243
ideal Fermi gas, 234
for molecules with inner degrees of

freedom, 275
photon gas, 258

� -point, 100
Throw of a die, 7
Time–frequency distribution, 381
Transfer function, 360
Transfer matrix, 135

for the two-dimensional Ising model,
147

Transition probability, 163
Tschebyshev filter, 366
Two-time covariance, 165

Unbiased estimator, 319
Uncertainty relation, 55
Uniform prior, 409

Valence electrons, 240
Van Leeuwen, theorem of, 281
Vapor pressure curve, 112
Variance, 20

of normal distribution, 20
Virial coefficients, 97
Virial expansion, 97
Virial theorem, 91
Viterbi algorithm, 447
Volume bath, 68

Waiting time distribution, 186
Wavelet, 396
Weighted average, 334
Weiss domain, 295
White dwarfs, 241
White noise, 128, 164, 165
White random field, 133
Widom relation, 158
Wien’s displacement law, 257
Wien’s radiation law, 257
Wiener–Khinchin theorem, 356
Wigner–Ville distribution, 382
Wigner–Ville spectrum, 382
Window function, 364
Work, 298

Yule-Walker equations, 422

Zero point pressure, 239
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